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	A new hybrid quasi-Newton search direction (  ) is proposed. It uses the update formula of BFGS with a certain conjugate gradient parameter by a nested direction. The global convergence analysis and superlinear rate are proved using exact line search. Finally, the computation comparisons are made with original hybrid parents, through the efficiency in terms of iteration numbers and CPU-running time showing the superior of  .  Additionally, the results marked preference of   from other acceptable hybridization formula.
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1. INTRODUCTION (10 PT)
A minimization unconstrained nonlinear optimization problem
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whenever,  is an objective twice continuously differentiable function. For the problem (1), minimum value can be obtained numerically when the analytical methods are stuck. This is done by iterative procedures with line search   and step size  from the formula
	
	
	(2)


where,   is number of iteration with last step  represents minimum of (1) with desirable error in terms of current value  .
Many scientists developed quasi-Newton methods as Broyden[1], Fletcher[2], Goldfrab[3], Shanno[4] and Powell[5] after Davidon introduced them[6]. These methods are used for minimizing (1) by employing an approximation Hessian matrix in search direction . Broyden, Dennis, and Moré [7] proved the iterative methods of quasi-Newton are locally q-linearly convergence when the generated iterative algorithm sequence of  is bounded, but Dennis and Moré[8] showed this sequence is convergent to the true Hessian matrix and for this it is required to be  q-superlinear convergence rate.  
          BFGS stands at Broyden-Fletcher-Goldfrab-Shanno methods. These methods use the direction search having Hessian matrix updated iteratively. It starts from a chosen positive defined matrix , usually identity matrix,  with updating it by formula
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where,
	
	 ,  
	(4)


This  belongs to one parameter Broyden family form of rank two (for details see [9] pp:44). Powell in 1976 gave the BFGS methods global convergence analysis on convex objective function which results  with any initial point and  and it converges to the solution with positive Hessian matrix. This is obtained by superlinear convergent rates [5]. However, for non-convex function; the global convergent property was proved by researchers in [10]. The methods belong to Broyden class, the class of updating Hessian matrix approximation. Additionally, Davidon-Fletcher-Powell (DFP) methods are another quasi-Newton with a particular case of Broyden class.
On the other hand, the CG methods are large iterative methods. The first idea began with a quadratic objective function, which the method terminates at most n iterations along with exact line search. There was attempt to gain more efficient algorithms by combining the steepest descent with conjugate properties [9] (pp. 63).  
Hybridization is a procedure of combining two algorithms to obtain new algorithm having more efficient properties from the parent algorithms. 
In 2008 [11], there was the idea to hybrid the quasi-Newton method with steepest descent after modifying the step size given in [12], which presented a new step-size for the method. Authors, in their research [11], combined each of DFP and BFGS with CG under exact line search satisfying Wolfe condition and they saw that there was an improvement in terms of performance. In 2010, Ibrahim, M. et al. [13] employed the new step size that presented by Yuan in [12], and they used two stages in line search, firstly, they imposed exact line search then in second iteration; inexact line search with Armijo condition was used. Once more, Sofi, A. with others in 2013 proposed bounded Hessian matrix approximation in search direction containing component of BFGS and Fletcher-Reeves (FR) conjugate gradient parameter with exact line search and both Wolfe’s conditions. They showed an enhancement in computations [14]. Another hybridization was found between BFGS and conjugate descent direction and Armijo line search[15]. Furthermore, FR- parameter of CG is combined with DFP and exact line search[16]. The search directions hybridized of BFGS with CG are classified into two types. The first one is poor hybrid that is a linear combination of projection of Hessian matrix into gradient and parameter of different kinds of conjugate gradient, whereas the second one is combining all direction of CG and finding the optimal combining parameter. As a results, they found the optimal value of direction search hybrid parameter [17]. Finally, new hybridization of BFGS with CG was presented [18], that applied to the direction search parameter of Aini, Rivaie, and Mustafa(ARM) [19]. 


2. THE PROPOSED  AND ITS ALGORITHM 
[bookmark: _Hlk78354310]In this work, we suggest  which is a hybrid direction starts from the gradient projected by approximation Hessian matrix update of quasi-Newton of type BFGS, else, the next projection is composited with gradient by adding  preceding direction multiplied by a parameter. It is given as follows:
	
	
	(5)


where,  and 
	
	
	  (6)


This conjugate gradient parameter is designed by Mouiyad, Mustafa, and Rivaie (MMR) [20]. However, in this paper,  will have different values since it depends on previous direction computed by (5) Moreover, the exact line search is employed in the algorithm with   direction.
The algorithm along with  direction will be compared to its original component as well as the hybrid algorithm suggested by  [18], since they showed the ARM hybridization algorithm is more recommended from many designed hybrid methods before. 
Now, the following is proposed algorithm to apply using the new hybridization method.  
Step 1: Initializations:  identity matrix, , tolerance  ,  ,  
Step 2: Termination criteria, if   or maximum number of iteration reached stop.
Step 3: Find exact step size  .
Step 4: Compute  and 
Step 5: Update  by (3) and find   with (6)
Step 6: evaluate search direction by (5)
Step 7: set  go to step 2.

3. THE CONVERGENCE ANALYSIS OF  
In this section, the convergence analysis is showed by presenting assumptions, properties in order to prove the convergence of our algorithm.

3.1.  Some assumptions 
The required assumptions to obtain desire solutions are assumed as follows:-
(i) The objective function f is twice continuously differentiable.
(ii) The Hessian matrix is Lipschitz continuous at , that is, there exist a positive constant c satisfying 

     for all  in neighborhood of 
 (iii) If  and the level set  is convex, there exist positive constants  satisfying 
    
and  is Hessian matrix of .

3.2.  Sufficient descent property of  .
Each iteration must satisfy sufficient descent property, i.e.,   in addition to hold all above assumptions. It is obvious from equations (5) and (6), we have


                                                                                              by assumption 3.1. (iii)


Since it is exact line search,  , then 
      where,          
So, it is sufficient descent. 
To show the global convergence, the following lemma is needed. 
3.2. 1. Lemma: If is generated by exact line search and let part (iii) of assumption 3.1.  holds. Then 

Proof: refers to [18].
3.2. 2. Theorem : Suppose the assumptions 3.1. and Lemma 3.2.1. fulfilled. Then

Proof: suppose 






but, we have
So, 



since  is bounded, then ,



but  by assumption





Hence, the global convergence is obtained. 

3.3. Superlinear Convergence of  .  
For proving the superlinearity convergence, we need lemma 4.9 and 4.10 in [21], which they state under the hypotheses 3.1; there exists a sequence  of numbers such that 
	
	
	(7)


and 
	
	
	(8)


where,   and are defined in (4). These lead to the boundedness of the sequences   and
	
	
	(9)


3.3.1. Theorem: Suppose assumptions 3.1 (i) and (iii) are holds,  and the sequence  are bounded. If  holds for all sufficiently large  with 
, then  
Proof:
                 

                                                 
                                                  
                                                  
,  are bounded sequence by (7), (8) and this leads to  be coverage. 
Therefore, 

since it is given that,

which is implies that,

On the other hand, 
, with  
Hence,  .

4. NUMERICAL RESULTS 
In this part, The performance profile plots suggested in [22] is displayed. It is the cumulative distribution function that presents the performance of a problem solver by computing the probability of its efficiency. Further, it is a good way to highlight the differences among approaches; in case, if there is a significant difference in the area of interests. In other words, the performance profile plot does not show small variant among algorithms.
 In this paper, this way is used to reveal the comparison of different algorithms based on CPU time and number of iterations to obtain the solution with desired error. MATLAB 2018a codes is used with an exact line search using secant method to approximate the step size with combination parameter  and  or maximum number of iterations which is the number of variable times 1000 on a list of 13 test functions collected in each of [23] and [24] showed in Table 1. MATLAB codes for comparison of algorithm performance profiles were written in [25] and they are utilized here. Moreover with initiating the starting point, the notation  for some integer  is used as a column of ones. Additionally, the operator   refers to kronecker product in two matrices to reduce the running time in MATLAB inputs. However, for the second comparison in this research; the 13th test function is not running. The results are appeared in these four figures. In the Figure 1 (a) and (b), the performance profile reveals the winning algorithm with our new direction . As a sequence, the probability of solving all function tests listed in Table 1 with various corresponding initial points is one. This means that, the distribution function curve shows an enhancement in number of iterations and CPU running time for the procedure with using  direction in comparison with its original components. Finally, the Figure 2 (a) and (b), demonstrate how the solver with direction  is superior the designed one by ARM [19]. Therefore, the plots show the ability with 100% of hybrid  to solve all test functions given in Table 1, except the last one, while the other fails approximately 20% to do so again with running time and iteration numbers.

Table 1. List of test functions with some initial points
	ID
	Functions
	

	1
	Zettl
	(100,100), (-100,-100), (100,200), (-100,100)

	2
	Zakharov
	(1,1,1,1), (100,100,100,100), 

	3
	Dixon & Price
	(12,12), (-10,10,-10,10), (100,100,100,100)

	4
	Generalized Rosenbrock
	(-100,100), (10.5,10.5),   

	5
	Extended Rosenbrock
	 

	6
	Raydan 1
	(7,7), (1,1,1,1,1,1)

	7
	Fletcher
	(-100,100,-100,100), 

	8
	Extended White & Holst
	, 

	9
	Extended Beale
	,  

	10
	Camel & Six Hump
	(50,50), (-5,5)

	11
	Generalized Quartic
	, , ,  ,  , ,

	12
	Extended_DENSCHNB
	(1,1,1,1,1,1), 

	13
	Generalized Tridiagonal 1
	, ,  ,  














(a)                                                                                   (b) 

Figure 1. Performance profile for BFGS, CG-MMR and HQNEI (a) Number of iterations and (b) CPU running time among them.














(a)                                                                                   (b) 

Figure 2. Performance profile for HQNEI and Hybrid-ARM, (a) Number of iterations and (b) CPU running time between them.

5. CONCLUSIONS
In this paper, a new direct search  is introduced. It is a type of line combination of projection of BFGS Hessian matrix update together with the direction parameter  defined in (6). The   direction improves the performance of algorithms in terms of number of iteration and CPU running time in comparison with its originator components. Additionally, it shows that the imposed hybrid algorithm is superior to the one defined in [18].
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