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In this study, an inventory model is developed for pharmaceutical products
that deteriorate over time with an exponential demand rate. The discussion
of exponential demand is rarely explored but has the advantage that the
demand value toward total cost remains positive. This study assumes
allowable shortages and complete backlogging, making it necessary to
design an optimal policy for deteriorating goods with an exponential demand
rate. The model shows that the initial stock decreases over time, potentially
leading to shortages before the next order arrives. The optimal solution
indicates that the inventory reaches the zero point at t; = 0.0000011 and
the cycle length T; = 0.012 resulting in an average minimum total cost of
TC = $17,133.9 per cycle by Wolfram Alpha. Sensitivity analysis measures
the changes of the results in the increasing value of TC for all parameters.
Exponential function variables (a and b) produces t; and T; stable values.
On increasing the cost of each damage (D) and constant damage rate ()

produces a t; stable value, but the value of T; increases. An increase in
storage costs (h) results in a decrease in the value of ¢, and T;. Increasing in
the cost of shortages (s) resulted in an increase in the value of t; and a
decrease in the value of T;.
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1. INTRODUCTION

The pharmaceutical world needs a system of distribution and sales provisions to build company
development and achieve company goals [1]-[6]. Therefore, pharmaceutical companies require a well-
functioning distribution and sales system to meet their objectives and reduce inventory issues, like stock
shortages or running out of stock [7]. Pharmaceutical goods are divided into two types, namely drugs and
non-medicines. Medicines, produced by pharmaceutical companies and ordered by pharmacists, are items
that can expire if stored for extended periods, leading to losses and challenges in inventory management.
Procurement of inventory aims to ensure that the company's operational activities run well related to
purchasing, storing, maintaining, and selling goods. The significance of having an inventory model that can
adapt to fluctuating demand and address the issue of damaged goods in stock [8].

According to Fadli et al. [8], two key factors were is examined in developing the inventory model,
the deterioration of goods and the demand levels for those goods [9]-[11]. Deterioration typically results
from prolonged storage, leading to losses [12]-[16], complete backlogging may occur when customers
choose to switch to other companies due to delayed orders or choose to wait until goods are available again.
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Pharmaceutical goods, commonly known as medicines, are easily perishable items, which is a
problem faced by the pharmaceutical inventory system in overcoming shortages and profits [17]-[19].
According to Uthayakumar and Karuppasamy [20], a small portion of the shortages that occur are unfulfilled
customer demand for pharmaceutical supplies, resulting in shortage costs. Time-dependent pharmaceutical
inventory models play an important role in the healthcare industry as demand levels are in a dynamic state
with optimal costs [21].

Numerous studies have explored pharmaceutical inventory models, introducing various conceptual
frameworks, such as Sutrisno et al. [22] deal with inventory systems using the linear quadratic Gaussian
method, inventory management using the ABC method and as EOQ model, or system of optimal inventory of
supplies of deteriorating goods of water supplies [23], Uthayakumar and Tharani [21], the key challenge is
managing damaged stock while addressing dynamic demand patterns, such as quadratic and exponential
demand when formulating an inventory model for damaged pharmaceutical goods, the research focuses on
demand influenced by quadratic time with complete backlogging. Uthayakumar and Karuppasamy [20],
developed an inventory model for the healthcare industry [24] with quadratic demand, linear carrying costs,
and shortage, so in this research the demand fuction model was developed into an exponential function.

This study explores develop a model that can minimize the total cost of inventory for managing
deteriorating pharmaceutical goods under exponential demand levels which are rarely discussed but have the
benefit of the value of demand towards total cost will always be a positive value, with assumptions of
permitted shortages and complete backlogging. The model developed is different from the previous model by
Uthayakumar and Tharani [21], in terms of the demand function being an exponential function, the model is
in quadratic function. The solution utilizes the Wolfram Alpha. To determine changes in variable values to
produce optimal solutions and minimize the average total inventory costs for each cycle, a sensitivity analysis
is carried out.

2. METHOD
The process undertaken in this study is outlined as follows:
1) Identify and establish the symbols and assumptions required to develop the inventory model for
damaged pharmaceutical goods. The symbols and assumptions employed are detailed below:

aandb : The quantity of item a, is set at 100. The quantity of item b is set at 50
D, : Each damaged item cost
h : Holding cost of inventory per unit of time.
H : Total cost of holding inventory.
I(t) . Inventory amount at ¢.
s : The cost of shortages per unit of time.
S : Shortage total costs.
0 : Rate of deterioration for available items (on hand); 0 < 6 < 1.
T: : The cycle length
ty : Time of inventory when achieving zero point
t;and Ty : The optimal point
TC : The average total cost of damaged inventory per unit of time
Several assumptions are made in the development of a deteriorating inventory model, as outlined
below:

- The deterioration rate is constant.

- Shortages are allowed, and complete backlogging occurs.

- The lead time is assumed to be zero.

- During shortage periods, the backlogging level is a variable depending on the waiting time for the next

replenishment, witht; < t < T;.

One of the goals of the inventory model is to obtain minimum costs to determine inventory costs.

The following is the definition of components, the total cost of supplies is as follows:

i) Purchasing cost refers to the price per unit when sourced externally or the production cost per unit
when produced internally. It may vary depending on order size, especially if suppliers offer
discounts for larger quantities [25].

ii) Ordering costs are the expenses incurred when placing orders with suppliers, including
administrative, transportation, loading/unloading, and receiving fees [26].

iii) Holding costs, or storage costs, are the expenses of maintaining inventory over time. These include
warehouse rent, obsolescence, administrative fees, staff salaries, utilities, capital tied up in
inventory, taxes, insurance, and damage costs [27].
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2)

3)

4)

3

iv) Deteriorating costs, or damage costs, are expenses from goods losing quality due to prolonged
storage or damage, including the value of inventory lost to deterioration [28].

v) Shortage costs are incurred when inventory fails to meet demand on time. They include
administrative expenses, lost profits, production or distribution delays, extra costs, and potential
customer loss [29].

In the inventory model formulation, there are two influencing factors of goods that are experiencing
deterioration or damage and level demand is time dependent. Deterioration of pharmaceutical goods is a
thing that must be addressed in the healthcare system. So, the medicines play a role important role in
patient care so a planning is a necessity. At the start of the inventory cycle, the quantity of goods will
reach its maximum inventory level as [21]:

10)=2¢

With:
1 (0) : the current inventory total, t = 0
Q : maximum inventory level during the ordering cycle.

Goods inventory will progressively decrease assuming demand follows an exponential function over
time. The differential equation representing this exponential demand function is typically formulated as:

D(t) = —Ae®

D(t) : demand varies with time.

A :initial request.

e :variabel coefficient t at the demand level.

a :aconstant at the request level.

t :time

Conduct the numerical computations using Uthayakumar and Tharani [21] data up to 3 variations to
each parameter to examine model formulation.

Conduct a sensitivity analysis to identify which variables have the most significant influence on
achieving accurate results and to evaluate changes in the model [17]. The analysis tests the impact of
parameter variations on the optimal solution by adjusting each parameter by plus or minus 1 [30].
Provide an interpretation of the resulting model.

RESULTS AND DISCUSSION

3.1. Mathematical formulation of models for inventory management

The methodology is structured based on several steps, namely formulating an inventory model for

pharmaceutical goods prone to deterioration, where demand levels follow an exponential pattern. Performing
numerical calculations on data previously used by [21], to complete the model formulation with Wolfram
Alpha software. Perform sensitivity analysis and provide an interpretation of the model obtained. On interval
[0, t,], the inventory amount will be:

d;—(;) =-D(t)—0l(t),0<t <t

%“ = —Ae® —QI(t),0<t <t 1)

The amount of inventory when shortages occur in the interval [t;, T;] is formulated as (1).

aw _ _,

n et <t<T, )

Subject to initial conditions of 1(0) = Q and I(t;) =0

3.2. Inventory model solution for deteriorating pharmaceutical goods with exponential demand levels

As (1), (2) suggested before, the inventory model obtained in the interval [0, t;] is as (2).

I(t) = — 9% (etr@-m=6t _ g-aty g < ¢ < ¢, 3)
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For the maximum amount of inventory obtained by providing the initial value boundary condition is 1(0) =
I, then calculate Q as (3).

1(t) = — 25 (e — 1) “)
If the inventory level at t = 0, then calculate Q as (4).
Q= - B‘j;a (etr@-v _e)o<st<t, (®)

Total requests in the interval [0, t,] are as (5).

atq _
[ D(tydt = [} (Ae®)de = 21 (6)
The total number of items undergoing deterioration in the interval [0, t,], or Dy is calculated as (6).
t
Dr=Q— [, D(t)dt (7
Dy = —Aet19-at1 o4 At 0% +Aat, e 1 ®)
6-a
Total storage (H) in the interval [0, t,] according to [31].
H= [*(a+bO)I(t)dt
po-ats ((@+Dbt)(6 —a) + a(ae —ef%) +
— A 9
fa(6-a) gb_a((ez _ aZ) + (aZeBt1 _ ezeatl)) ( )
Total shortages in the interval [t,, T] as (10).
Ty
S = —ftl 1(t)dt
S = (—Aeh'T, + T\? — Aet1t,? + t,?) (10)

3.3. Average total pharmaceutical inventory costs
The average total cost of pharmaceutical inventory over the interval [0, T;] per item per unit time
(TC) is as [21]:

TC = —(A+ h H + DDy + s5)
1

TC = {A +h2 o (9 ((a +bt,)(0 — a) + a(aeb — 9eh) + — ((02 —a?) + (a%ef —
QZeat1)) ) +DC{ Aetle aty _ EABfilgeat+Aatleat}+S(_Aet1T1 + Tl _Aetltlz + t12)} (11)

The first-order derivative of TC concerning t; and Ty is as:

aTC 6DT as

= (h— +D. 58 a—tl) (12)

aTC 1 1 1 1 1 s

TH__?A_H_ZhH_H_ZDCDT_H_ZSS-FESB_H (13)
because 'ZT aT = 0. The solutions to the derivative in (8)-(10) are as:

DT __ A(fet1-e%9+ae’ty)
at; 0-a

(14)
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—at
:—tH =4 * (Zb —2a+ a%e% — faeth + et — geatr) (15)
1
a5
= —( 3Aett + 2T, 2 o tl) (16)
2~ et 42t (17)
at;

Substitute (14)-(16) into (12) and (17) into (13), then the following is obtained:

@zl(h—+D Pr s

at; T\ adt € dty dtq
% = % h (Ae —2a+a%e% — fae® + pe¥r — fetr) ) + D, (A—(eeat1;ie+aeat1)
s(—34et + 21, 2 Ly t1)> (18)
Z—f: — iz A =gz hH = 15 DDy — 135S + 15 S
Z—Tz= —%A ! thT((a+btl)(9 —a) + a(aef" 969t1)+ ((92—a2)+
(azegtl _ ezeatl)) ) _ ?Dc (A(Geat1 He_a:meatl)) _ ?s(—AetlTl + T,% — Aet1t,? + t12) +
Tlls(—Ae’:1 + 2ty) (19)

The optimal values of t; and T, are denoted by t,*, and T, which are obtained by satisfying the conditions
necessary to minimize the average total cost function.

aTC

=0 (20)
aTC

and 6_’1‘1 =0 (21)

3.4. Numerical calculations
In numerical calculations, data provide by Uthayakumar and Tharani [21] is used to test the model

formulation. The calculations are solved until the optimal values t,*, T, *and TC are obtained using (18) and (19).
Iteration 1
— Step 1:setT; = 1 in (18) and determine t;.

1 Ae

E(h( )
( 3Aett + 2T, Lt tl)) =0
= 0.00331808

A(Geatl—ea9+aeat1) n

—2a+ a%e?1 — ae®® + befh —96‘”1))+DC( —

— Step 2: substitute ¢, in the (19) and determine T, with the value of t; = 0.00331808.

—T%ZA 1 heAT((a +bt,)(0 — a) + a(ae® —0efh) + — ((62 —a?) + (a?eft —

2 A(fe*1-e%9+aety) 2 2
9 e“fl)) ) - ?Dc( — ) - Tl—zs(—AeflT1 + T,% —Aefit? + t,2) +

—s(—Aett +2t;) = 0
1
T, = 0.0728988

— Step 3: substitute T; in the (18) and obtain t, with T; = 0.0728988.
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A(Ge”’tl—ea9+aeat1) n
6-a

1(, (4

T—1<h( 2 —2a + a?e%1 — gaebtt + pebh —Heatl))+DC(
s(—34et + 21, 2 Lt tl)) =0

t, = 0.0000177137

— Step 4: repeat all steps 2 and 3 until there is no change in reaching the values t; and T;. The next
calculation process is carried out in the same way as before, namely:

Iteration 2:

T, =0.099999

t; = 0.000033331
Iteration 3:

T, = 0.059999

t; = 0.0000119997
Iteration 4:

T, = 0.01795901
t; = 0.00000107508

Iteration 5:
= 0.0119977

Based on the results of the t; and T, values, it can be said that the solution has reached convergence,
where the respective values of t; and T, are close to each other so that the values of t,* and T;"(optimal
values) are 0.0000011 and 0.012 subsequently, the iterative calculation ceased.

— Step 5: calculate TC by substituting the values of ¢, and Tj.

TC = {A + ha e ((a +bt,)(8 — a) + a(ae — 9efh) + — ((92 —a?) + (a%ef —

t O-aty_,4_ at at
926““)))+DC{ —Aet16-aty eAa_A;lee +Aatqe }+s(—Ae T, 4 Ty — Aetit,? + t12)}
TC =17,133.9

The result TC obtained was $17,133.9 which shows the average minimum total cost per cycle.

3.5. Sensitivity analysis calculations

For this sensitivity analysis, the calculations for t,, Ty, and TC are performed by varying each
parameter while keeping the others constant as shown in Figure 1 by using (18) and (19) to calculate the
values of the ¢, and Ty, then (11) to calculate TC. Forthermore, parameter determination is carried out when
for each a =100t0 102, b =48t050, Dc=1to3,7=8to 10, s=51t0 7, and 8 = 0.0009 to 0.002. The results
of the sensitivity analysis are presented in Table 1.

Based on the data presented in Table 1, the following conclusions can be drawn. On increasing the
values of h, b, and D, resulted in different values of t; and T; but at the same time the value of T, increased.
Increasing the value of 5§ resulted in a decrease in the value of t; but at the same time the value of T; and T,
values increased. Increasing the 6 value results in an increase in the t; and T, values, but at the same time the
value of TC decreases. An increase in the value of a results in a decrease and increase in the value of TC, but
at that time the same as the values of t; and T; increase. The study compares the demand rate modeled by an
exponential function with the results devired from a quadratic function [21] as shown in Figure 1. According
to the figure, the values of TC, T;, and t, are nearly identical. However, it is observed that the exponential
function yields a minimum TC of $445.25 per cycle, demonstrating better performance than the quadratic
function.
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Figure 1 compares exponential and quadratic demand in three metrics. Figure 1(a) shows that the
total cost TC is higher in exponential demand. Figures 1(b) and 1(c) show that the values of T, and t, is
greater in the quadratic model. This indicates that the exponential pattern has more impact on the cost, while
the quadratic has more impact on the time parameter. This research indicates that cost optimization with
higher exponential demand is not associated with stock management in a delayed fulfillment system. The
proposed method can leverage demand adjustment and the delayed fulfillment system without negatively
impacting cost efficiency and stock availability.

Table 1. Sensitivity analysis result

Parameter  Variation t, T, TC

6 0.0009 11 0.13 108,374.04
0.001 0.0000011 0.012 17,133.9

0.002 2.2 0.06 7,130.05

a 100 0.0000011 0.012 17,133.9

101 0.0000099 0.09 1,020.5

102 0.0403905 0.021 10,792.29

b 48 11.3412 0.045 250.65

49 1.0109 2,224.98

1
50 0.0000011  0.012 17,133.9
D¢ 1 0.01 0.046 2,835.63

2 1.12357 1.09 9,455.64
3 0.0000011 0.012 17,133.9
h 8 0.0561452 1.13729 29.09
9 0.0551883 0.075 1,062.5
10 0.0000011 0.012 17,133.9
s 5 0.00001 0.00999  21,260.08
6 0.00001 0.00999  21,260.09
7 0.0000011 0.012 17,133.9
TC h
20,000 1
10,000 0.5
Vo 4 A
0 0
Quadratic Exponential Quadratic Exponential
BT W7
(@) (b)
t
0.4
0.2
A
0
Quadratic Exponential
mt
(c)

Figure 1. Comparison of request rates between exponential and quadratic demand level (a) in terms of TC,
(b) in terms of Ty, and (c) in terms of t;
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4. CONCLUSION

Based on the outcomes of the inventory model for deteriorating goods with an exponential demand
rate, the following summary can be provided. The model begins with an inventory level of Q and decreases
continuously over time within the interval [Q , t;] during one cycle. Consequently, shortages may occur, and
there is a waiting period until the next order is initiated (T;), assuming zero lead time, ensuring that orders
arrive promptly upon placement. The derived inventory model is expressed by (11).

In the optimal solution, t; and T; are 0.0000011 and 0.012 with an average total minimum cost was
$17,133.9 per cycle. The results of sensitivity analysis to changes in value produce the value TC decrease in
all parameters. On increasing the values of h, b and D, resulted in different values of t; and T; but at the
same time the value of T, increased. Increasing the value of 5 resulted in a decrease in the value of t; but
at the same time the value of T; and T, values increased. Increasing the 8 value results in an increase in
the t; and T, values, but at the same time the value of TC decreases. An increase in the value of « results in a
decrease and increase in the value of TC, but at that time the same as the values of t; and T, increase. For
further research, the possibility to also include the storage level due to in real implication, the storage level
indeed affect maximum total cost.
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