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In molecular biology, constructing a genome based on substantially many
reads from multitudes of deoxyribonucleic acid (DNA) strings has become
an insurmountable task; one which has been continuously addressed by the
introduction of various assembly algorithms based on three steps called the
overlap-layout-consensus strategy. In the overlap step, the De Bruijn graph is
one of many graphs that illustrate the data of all the assembly algorithms. In
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1. INTRODUCTION

The discovery of a deoxyribonucleic acid (DNA) structure by Watson and Crick [1] as a three-
dimensional double helix was a revolutionary contribution to biology because it was an accurate description of
a once complex molecule. However, studies of the DNA structure and its functions have been proven difficult
without help from other fields of research because of the discrete nature of DNA. Hence, discrete mathematics
(especially the theory of graphs) has a special value for the researchers in the area of molecular biology [2].
The intersection between molecular biology and mathematics has occured often in history, as it did in 1987 [3]
when Head proposed the DNA splicing system that modelled the recombination behaviour of DNA strings in
the presence of enzymes by treating the nucleotide bases in DNA as letters in an alphabet.

Through the years, many other DNA recombinant models have since been introduced, such as sticker
systems [4], weighted sticker systems [JS], probabilistic sticker systems [6]], and bonded insertion-deletion
systems [[7]-[9)]. However, the concept of graphs was first combined with DNA recombinant models in 1995,
called graph splicing systems [10]. This new model not only birthed numerous variants and results [[11]—[14],
but it also showed that graphs were viable and useful tools to depict the true molecular structure of DNA. In this
paper, it is shown that De Bruijn graphs illustrate the non-sequential pattern repetition found in DNA strings
during recombination, where these results will aid in the future development of efficient DNA computing
devices.
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2. METHOD

In molecular biology, the recognition, assembly, and recombination of a structure of human genome
is challenging because of its massive size, where its DNA string is composed of 3 x 10° pairs of bases. One
of the methods for reading these DNA strings is sequencing by hybridisation [[15], [16]], which consists of two
stages. The first stage is a biochemical stage in which a set of all possible substrings that forms the DNA chain
(considered as reads) is found. The second stage is the computational stage which is based on graph theory
[L5], where either the vertices or the arcs (directed edges) correspond to the DNA substrings (reads). In these
graphs, the DNA strings correspond to either Hamiltonian cycles or Eulerian paths. The definitions of these
concepts are presented in the following.

Definition 1 [17] (Hamiltonian cycle): a cycle passing through all the vertices of a graph is called a Hamiltonian
cycle. A graph containing a Hamiltonian cycle is called a Hamiltonian graph.

Definition 2 [17] (Euler path): an Euler path is a path that travels through all edges of a connected graph. A
graph containing an Euler path is called an Euler graph.

Many assembly algorithms have been used in the second stage of this method [18]-[20], where
the overlap-layout-consensus strategy is featured most often. In the overlap step, many modern assembler
algorithms use the De Bruijn graph because it has proven time and again to successfully solve the problem
of substantially large amounts of information gained from the next-generation sequencers [21]-[26]. The De
Bruijn graph, introduced in [27]], gave a solution of the superstring problem, which was defined as finding a
circular superstring that contains each possible substring of length k (k-mer) which occurs exactly once over a
given alphabet.

In De Bruijn’s solution, a directed graph where each vertex corresponds to a word of length
(k—1) of the alphabet ((k — 1)-mer) is constructed. Two vertices are linked by an arc (directed edge) if
there is some k-mer whose (k — 1)-suffix corresponds to the first vertex and its (k — 1)-prefix corresponds
to the other. Therefore, all the edges of the De Bruijn graph represent all possible k-mers, thus an
Eulerian path (or a Hamiltonian cycle) in the De Bruijn graph represents the shortest superstring that
contains each k-mer exactly once. In fact, there exist n* k-mers in an alphabet containing n symbols.
For example, given the alphabet consisting of the symbols « and B, there exist 2> = 8 3-mers given by
aao,aof,afa,afB,Baoc,Baf,BBa,BBS. These 3-mers form the circular superstring acxaffBofaa
which is the shortest superstring containing all the 3-mers because it contains each 3-mer exactly once. Thus,
the representation of the overlap of words of (k— 1) length in the DNA strings as a directed graph is achievable
using De Bruijn’s solution. The pattern of a DNA string refers to some group of alphabets in a DNA string that
repeat in a specific way, whether sequential or non-sequential. Two types of patterns considered in this paper
are namely n copies of the same element a, and n distinct elements. In the following, the definition of a De
Bruijn graph is presented.

Definition 3 [28] (De Bruijn graph): a De Bruijn graph is defined as a directed multi graph in which each vertex
corresponds to a (k — 1)-mer and two (k — 1)-mers are linked by a directed edge if and only if there exists a
k-mer where one of the (k — 1)-mers is its suffix and the other is its prefix.

Mathematically, let I be a read of length n. The symbol ¥[i, j] denotes the substring of " from the
i-th to the j-th alphabets. The read I" contains n —k+ 1 overlapping k-mers which are y[1,k], y[2,k+1]....,
Yln—k,n—1], y[n —k+ 1,n]. Now, split each k-mer into left and right (k — 1)-mers i.e. y1[1,k— 1], »[2,k],
BI3,k+ 1], ... osr1[n—k+1,n—1], Yy—ri2[n — k+2,n], these (k — 1)-mers need not be distinct. Again,
connect each left (k — 1)-mer to its corresponding right (k — 1)-mer by a directed edge. Hence, the De Bruijn
graph of I" is presented as:

Y[2,k+1] (3,k+2] '

k=124 2.4 B3+ 1] B2
Yln—k+1,n|
—

e Yok[n—kyn—2] M

Yokpi[n—k+1,n—1] Yo—ki2[n—k+2,n]

where the (k — 1)-mers correspond to the vertices of the De Bruijn graph and the k-mers correspond to the
directed edges.

The concepts presented in this section, along with the method of mathematical induction, are utilised
to obtain the results presented in section 3, where some properties of different De Bruijn graphs and its examples
are presented. Following that, the generalisation of these De Bruijn graphs is presented. The results presented in
this research serve as a theoretical basis to reducing the required storage allocation of numerous computations
by the development of an algorithm that can provide the number of loops and multiple edges in the De Bruijn
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graph. Note that the length of the patterns considered in this paper is n > 3 because in the case n =2, the De
Bruijn graph with the pattern of n copies of the same element ¢, does not contain self-loops and the De Bruijn
graph with the pattern of # distinct elements does not contain multiple edges.

3.  RESULTS AND DISCUSSION

In this paper, we consider De Bruijn graphs when the patterns for n copies of the same element &
and n distinct elements of a DNA string are repeated once (one time) and twice (two times) non-sequentially.
Note that a once repetition means that the pattern occurs twice, while a twice repetition means that the pattern
occurs three times. Moving on, some properties of these graphs are presented in section 3.1 along with some
examples in section 3.2. Lastly, a generalisation of these properties is presented in section 3.3.

3.1. The De Bruijn graph of once and twice repetition of a pattern

Firstly, the De Bruijn graphs of a DNA string containing n copies of the same element «
occurring two times and three times non-sequentially, and n distinct elements occurring two times and
three times non-sequentialy, are found. Here, n copies of the same element ¢ are indicated by aa...o

n
where n > 3; while n distinct elements are indicated by @jon...0, where n > 3. For both cases of
De Bruijn graphs, a one time non-sequential repetition of a pattern is recognised when the sequences
(aa...a)o(aa...c)w, or (oa;...0p)0 (0 ... 0,0, appear in a DNA string, such that @;,i = 1,2

n n
are arbitrary sequences of letters. Meanwhile, a two time non-sequential pattern repetition occurs when the
sequences (QX...X)w (X ... ac ..o or (j0y...0,)0 (010 ...0 a0 ...0 appear
q ( )i ( )an( )@z or (... 0)@1 (0. .. 0,) @ (010, ... Oy) 3 app

n n n
in a DNA string, such that w;,i = 1,2,3 are arbitrary sequences of letters.
The De Bruijn graph of one time non-sequential repetition of a pattern a... o, where n > 3 is given

n
in Lemma 1 while the De Bruijn graph of one time non-sequential repetition of a pattern o 05...a,, where
n > 3 is presented in Lemma 2.
Lemma 1: Given a DNA string R and a substring ¢ ...o C R with length n, where n > 3. For the one time

n
non-sequential repetition of the substring oter...o C R, the string R contains (2n —2) 3-mers and the De

n
Bruijn graph of R contains (2n — 4) self-loops.
Lemma 2: Given a DNA string R and a substring a0 ... o, C R with length n, where n > 3. For the one time
non-sequential repetition of the substring o ;... o, C R, the string R contains (n —2) 3-mers that occur two
times and the De Bruijn graph of R contains (n — 2) pairs of vertices connected by two directed edges.
In the following lemmas, the De Bruijn graph of two times non-sequential repetition of a pattern
aco...o, where n > 3 and the De Bruijn graph of two times non-sequential repetition of a pattern ;05 .. .ay,

n
where n > 3 are presented.
Lemma 3: Given a DNA string R and a substring a¢... C R with length n, where n > 3. For the two

n
times non-sequential repetition of the substring ao ... C R, the string R contains (37— 3) 3-mers and the

n

De Bruijn graph of R has (3n — 6) self-loops.

Lemma 4: Given a DNA string R and a substring a1 ... o, C R with length n, where n > 3. For the two
times non-sequential repetition of substring o @; ..., C R, the string R contains (n —2) 3-mers that occur
three times and the De Bruijn graph of R contains (n — 2) pairs of vertices connected by three directed edges.
In the next section, some examples are provided to illustrate the results in Lemma 3 and Lemma 4.

3.2. Examples of the De Bruijn graph of non-sequential pattern repetitions

In this section, the results in Lemma 3 and Lemma 4 are illustrated by Example 1 and Example 2,
respectively:
Example 1: Let AGTTTTCTTTTGTTTTA be a DNA string with length 17. Notice that the substring TTTT
appears three times non-sequentially, hence it is a two times repetition. Therefore, all the 3-mers of this string
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are given by:
AGT,GTT, TTT, TTT, TTC, TCT,CTT, TTT, TTT, TTG, TGT,GTT, TTT, TTT, TTA.

To construct the De Bruijn graph of the DNA string, first split each 3-mer into left and right 2-mers. Then,
connect each left 2-mer to its corresponding right 2-mer by a directed edge, given by:

AGT GTT TTT TTT TTC TCT CTT TTT TTT TTG TGT GTT
GT TT TT TT

AG TC CT TT TT TT TG GT

TT TTT TT TTT TT TTA T A,

as shown in Figure[I]

From Figure [T} the number of 3-mers which form the 2-mer TT and form six self-
loops on the vertex TT in the De Bruijn graph of the DNA string is equal to nine, which are
TTT, TTT, TTC, TTT,TTT, TTG, TTT,TTT, and TTA. This result coincides with Lemma 3, where, for
n = 4, the number of 3-mers which form the 2-mer TT in the De Bruijn graph is given by 3(4) —3 =9, and
the number of self-loops on the vertex TT is given by 3(4) —6 = 6.

TIT
.- PRcL ( \l{ﬁ',l ;,Ii?m
- - !
(A} far] | |“p>” Y
TG __— Wi
%GI - f’ T E:;T TTC \\ETI{:'rr
CTF— TCT

Figure 1. The De Bruijn graph of AGTTTTCTTTTGTTTTA with substring TTTT repeated two times
non-sequentially

Example 2: Let AGTCTGCAGTCTACAGTCTTT be a DNA string with length 21. The substring AGTCT
appears three times non-sequentially, thus making it a two times repetition. Therefore by Definition 3, all the
3-mers of this string are given by:

AGT,GTC, TCT,CTG, TGC,GCA, CAG, AGT,GTC, TCT, CTA, TAC, ACA, CAG, AGT, GTC, TCT, CTT, TTT.

Once again, the De Bruijn graph is constructed by the same procedure as in Example 1, in this case given by:

AGT, GTC TCT CTG TGC GCA, CAG AGT, GTC TCT CTA TAC
GT TC

AG CT TG GC CA AG GT TC CT TA

AC ACA CA CAG AG AGT, GT GTC TC TCT CT CTT TT TTT TT,

as shown in Figure 2]

Observe from Figure [2] that the string R contains three 3-mers which appear three times, which are
AGT,GTC, and TCT. These 3-mers form three pairs of vertices, namely (AG,GT), (GT,TC), and (TC,CT),
which are each connected by three directed edges in the graph. This result coincides with Lemma 4, whereby
n =5, then the string R contains 5 —2 = 3 3-mers that occur three times. Moreover, for n = 5, the De Bruijn
graph of R contains 5 — 2 = 3 pairs of vertices connected by three directed edges.

In the next section, the generalisations of the results in Lemma 1, Lemma 2, Lemma 3, and Lemma 4 for m
times non-sequential pattern repetition are obtained.
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Figure 2. The De Bruijn graph of AGTCTGCAGTCTACAGTCTTT with substring AGTCT repeated two
times non-sequentially

3.3. The De Bruijn graph of m times non-sequential pattern repetitions

Now, the results in section 3.1 are generalised for m times non-sequential repetition of substrings
with n copies of the same element o and n distinct elements. Here, the structure of the substrings contained in
the DNA string are presented as:

(ao..q)o(ao...a)wn...0n1(0a...a)o,(ao...q)

n n n n

and,
(... (00 ... 0) 0. .. 0y 1 (Q O ... 0) Oy (00 ... O)
respectively, where w; with i = 1,2,..., m, are arbitrary sequences of letters.

The properties of the De Bruijn graph of m times non-sequential repetition of a pattern Q... o,

n
where n > 3 is presented in Theorem 1.

Theorem 1: Given a DNA string R and a substring o... C R with length n, where n > 3. For the m times
n
non-sequential repetition of substring a¢r...o C R, where m > 2, the number of 3-mers in the string R is

n
equal to (m+1)(n—1) and the De Bruijn graph of R has (m+ 1)(n—2) self-loops.
Proof: Suppose the pattern of m times non-sequential repetition of the substring a¢... o, is written as:

n
ao...0cmpoa...0 R () S0 10 AR 0 A () R 0 A 0 AR 0 A1)}
1 () m—1 m m+1

n n n n

where @; fori=1,2,...,(m+ 1) are arbitrary sequences of letters.
The proof is done by mathematical induction. First, let m = 2. Then by Lemma 3, the result is true.
Next, assume that the result is true for m = k, which means that for:

oA ... 0D oA ... 0. . 1 OOL... OO OO ... O (D]
—_— = —_——

n n n n

there are (k+ 1)(n— 1) 3-mers in the string R, which give 2-mer of the form ao and form (k+1)(n—2)
self-loops on the vertex oca in the De Bruijn graph.

Now, let m = k+ 1. Then the pattern is written as:

Oc...0m ... 0r0C... 000 =00...00M ... W1 00...L0OC...0LW 1 OO. .. 0Ly 2
—— —— —— ———— N —r ——

n n n n n n

The De Bruijn graph of non-sequential pattern repetitions in DNA strings (Wan Heng Fong)
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where @; fori=1,2,...,(k+2) are arbitrary sequences of letters. It can be seen that this pattern increases
the substring by ao... o w42 as compared to the pattern in the case m = k. Therefore, the number of 3-mers

increases by n — 1, i.g. the number of 3-mers in this case which give 2-mer of the form o is given by:
k+1)(n—1)4+n—1=(k+2)(n—1)

Also, the number of self-loops increases by n — 2, shown as follows:
(k+1)(n—=2)+n—2=(k+2)(n—2)

Thus, the result is true for m = k+ 1. Hence, the proof is complete.

In the sequel, the properties of the De Bruijn graph of m times non-sequential repetition of a pattern
a0y ...0,, where n > 3 are presented in Theorem 2.
Theorem 2: Given a DNA string R and a substring ¢ 0% ... o, C R with length n, where n > 3. For the m times
non-sequential repetition of substring o ;... o, C R, where m > 2, the string R contains (n —2) 3-mers that
occur m+ 1 times and the De Bruijn graph of R contains (n — 2) pairs of vertices connected by m+ 1 directed
edges.
Proof: Suppose the pattern of m times non-sequential repetition of the substring @0 ..., is given by:

(10 ...00)01 (00 ... 00 ... Oy 1 (O ... O) Oy (00 . . . Oy) Dyt

where @; fori=1,2,...,(m+1) are arbitrary sequences of letters.
The proof is done by mathematical induction. First, let m = 2. Then, by Lemma 4, the result is true.
Next, assume that the result is true for m = k, which means that for:

(a10g...0) 01 (010 ... 0) ... 1 (00 ... 00) 00 0. .. C) Dy

there are (n—2) 3-mers in the string R occurring k+ 1 times, which are o;_r 0104, i = 3,4,...,n. These
3-mers form (n —2) pairs of vertices of the form (o4_r0_1,0;—10;), i =3,4,...,n, connected by k+ 1
directed edges in the De Bruijn graph.

Lastly, let m = k+ 1. Then the pattern is written as:

(a10g...0) o) ... (0 ... 0) O
= (0 0n...0)0)...0 1 (10 ... 0O (0O ... 0%) W1 (0O ... O) W12

where @; fori=1,2,...,(k+2) are arbitrary sequences of letters. It can be seen that this pattern increases
the substring by (Qio;... 0, )@ as compared to the case of m = k. Therefore, the 3-mers of the form
Qi_204_10, i =3,4,...,n are repeated one more time which implies that the pairs of vertices of the form
(Qi—20_1,04_10), i =3,4,...,n, are connected by one more directed edge in the De Bruijn graph. Thus, in
the case m = k+ 1, there are (n—2) 3-mers in the string R occuring (k+ 1)+ 1 =k+2 times, and these 3-mers
form (n — 2) pairs of vertices connected by (k-+ 1)+ 1 =k+2 directed edges in the De Bruijn graph. Hence,
the result is true for m = k+ 1 and the proof is complete.

4. CONCLUSION

In this paper, based on the definitions of a Hamiltonian cycle, Euler path, and De Bruijn graph as
well as using mathematical induction, the De Bruijn graphs of once and twice non-sequential repetitions of
n copies of the same element o and n distinct elements where n > 3 in DNA strings have been presented.
It has been shown that these De Bruijn graphs with specific non-sequential repetitions of substrings produce
strings with distinctive properties, which have been illustrated by examples provided. These results have been
generalised for m times non-sequential repetition as follows: if the DNA string contains a pattern (... a,)

n
repeated m times non-sequentially where n > 3 and m > 2, then the string has (m+1)(n—1) 3-mers and
its De Bruijn graph contains (m+ 1)(n —2) directed self loops; while in the case of a pattern of the form
(ay...o) repeated m times non-sequentially where n > 3 and m > 2, then the string contains (n—2)
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3-mers occurring m+ 1 times and the De Bruijn graph contains (n—2) pairs of vertices linked by m + 1
directed edges. The results presented in this article have provided meaningful and helpful advancement in
developing new algorithms to reduce the storage load and increase efficiency in the computation of assembly
algorithms for DNA strings. In the future, researchers may also develop a graphical user interface (GUI) to
illustrate the properties of various De Bruijn graphs which correspond to different pattern repetitions.
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