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Abstract
In this paper, a class of even-order half-linear functional differential equations with damping is
studied. By using the generalized Riccati transformation and the integral averaging technique, six new
oscillation criterias are obtained for all solutions of the equations. The results obtained generalize and
improve some known results.
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1. Introduction

In this paper, we consider the oscillatory behavior of solutions for the n-th order half-
linear functional differential equation with damping of the form:

%[r(t)cb(x("'” )]+ pOP )+ f &, x(g1) =0, t=t,. (1)

Where nis even, ®(u) =|u|“*u, «is areal number and « >0. For simplicity, we note :

I =[t;, ),
R* =(0,0),R® =[0,).

Throughout this paper, we assume that:

(Hy) r(t) e CH(I,R"),r'(t) >0, p(t) e C(1,R?).

(H2) 9(t) € C(LR®),g(t) 2t,¢’'(1) 20, limg(t) = oo

(H3) f(t,x)eC(IxR,R).

In order to discuss conveniently in the following context, several definitions will firstly be
given.

Definition 1. The function x(t) e C"*([T,,»),R),T, >t, is called a solution of (1), if
r)®(x"?(t)) e CX([T,,«),R) and x(t) satisfy (1) on an interval [T, o).

Definition 2. A nontrivial solution of (1) is said to be oscillatory if it has arbitrarily large
zeros; otherwise, it is called nonoscillatory. (1) is said to be oscillatory if all its solutions are
oscillatory.

Very few people have studied the oscillatory behavior of even-order half-linear
functional differential equations with damping. So, much research, especially some on the
Philos oscillation criteria of (1) and the other related results, will be done in this paper by

referring to [1-8]. Moreover, functional inequalities in this paper hold for all sufficient large t if
there is no special explanation.
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2. Main Results
The following lemma is a well-known result; let us see [1, Lemma 2.2.1] and [2].
Lemma 1. Let U be a positive and n-times differentiable function on an interval [T,x)

with its n-th derivative u‘™ non-positive on [T,») and not identically zero on any interval of the
form[T ',o0), T'>T . Then there exists an integer 1,0<1<n-1, with n+1 odd and such that for
some T" >T":

D" uP >0,te[T ), (j=L1+L---,n=1);
u >0,te[T o), (i=12,---,1-1) ,when|>1.

Lemma 2 [8]. Assume that x(t) satisfies all the conditions in Lemma 1 and
x" D (t)x™M (t) <0,t > t,; then there exists constants 8 € (0,1) , and M >0 such that:

X'(6 t) = Mt"2x" (1),

For all sufficient large t.
Theorem 1. If the following conditions are true:

(Ha) [ TE@r®] 7 dt =0, Where e(t) = exp [ p(u)r*(u)du ;
(Hs) Suppose that there exists q(t) e C(I,R°), F(x) e C(R,R) such that:

f (t,x)sgn(x) > q(t)F (x)sgn(x), —F(-x) > F(x) >k |x|*™" x,
Then a>0,x>0,k>0;

(He)tim sup [ | E (s)a(s)ds = o -

Then (1) is oscillatory.
Proof. Assume that X(t) is an eventually positive solution of (1), then there exists

t, 2 t,, such that:

x(t) >0,x(g(t)) >0, forall t>t,.
From (1) and (Hs), we obtain:

[E@r®® (x" ()] +kE (Dat)x“(g(t) <0, t=t,. )
Hence,

[E@)rt)@(x"P@NI'<o, t>t,. (3)
From (3) and (H.), then there exists t, >t such that:

xX"()>0, t>t,. 4)
From (4) and (1), we obtain:

[rOC"@)7T<0,  txt,. ®)
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It follows from r'(t) >0 that:

xM(t)<0, t>t,. (6)
From Lemma 1, we obtain:

X(t)>0, t>t,. @)
From (3) and (4), we obtain:

[EOrOC" @) T+KE®at)x* (9(1)) <0, t=t, . )

In view of x(t)>0,x'(t) >0, then there exists T >t, and >0, forall t>T , we have x(g(t)) > .
Hence,

[EQr)(x" ) ]+kE(t)q(t)o” <0, t>T . 9)
We get that:

EQre)(" @) +ks* [ [E(s)a(s)ds < ET)r(T)(x" (1))
Hence, we have a contradiction to the condition (Hg). The proof is complete.

Theorem 2. Assume conditions (H,) and (Hs) hold, and the following condition is true
(H;) Suppose that there exists p(t) e C'(I,R*), p'(t) >0, and 1>0 such that:

|iﬂ? sup | t;[kp(S)E(S)Q(S) —Ap'(s)lds = .

Then (1) is oscillatory.
Proof. Assume that x(t) is an eventually positive solution of (1), proceeding as the

proof of Theorem 1, we obtain (8) holds. Consider the function:

(n-1) ¢
W(t) = p(t)E(t)r(t)[);T(t()t))J, t>t, . (10)

ThenW (t) >0, and:

Wi - p'(t)E(t)r(t)[X(nl) (t)J , POEEQrOK" )T ap@EOrOK" )" X' (9())g'®)

x(g(t)) x“(g(1)) x“(g (1)
(n-1) “ (n-1) a
< p'(t)E(t)r(t)( o (t()t))J » LU (12)
From (3), (7), (8) and (11), we obtain:
W) < -kp(E M) + ZHOEDN gz%‘)) M 7y, (12)
Let ; _ EMrME" M) we get:
x“(9(T))
W'(t) < —kp(t)E(®)q(t) + 20'() - (13)
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Integrating the above from T to t, we obtain:
W (t) SW(T) - [ [ Tkp(S)E(s)a(s) — 20'(5)]ds - (14)

In (14), lett — oo.BecauseW(t)>0, we have a contradiction to condition (H;). The proof is

complete.
Theorem 3. Assume condition (H4) and (Hs) hold, and the following condition is true

(Hs) Suppose that there exists p(t) e C'(1,R*) such that:

(P (SN E(S)r(s) Jds=co, T>t,, (15)
(@ +1)“(p(s)G(s))”

lim sup [ - [ko($)E (s)a(s) -

Wherein G (s) = Mg '(s)g"2(s) , 6,M in Lemma 2, E(s) in (Ha4). Then (1) is oscillatory.
Proof. Assume that x(t) is an eventually positive solution of (1), proceeding as the
proof of Theorem 1, we obtain (8) holds. Consider the function:

(n-1) “
W(t)=p(t)E(t)r(t)(XX(9—gg;)] ot (16)

Then W (t) >0. From (8) and Lemma 2, we obtain:

W' (t) < kpME®a® + 20w ) - — 2V

(a+l)]a
o0 Y posorore T O BT ()

By using the inequality:

1
AU _ Bu(a+1)/a < aa Aa+

Then A>0,B>0,u>0, we have:

ey o (P ) EM®)r(t)
W'(t) < kp(t)E(t)q(t)+(aﬂ)m(p(t)e(t))a, t>T. (19)

Integrating the above from T to t, we get:

! __(PYTEE)N(s)
W (t) <W(T) - [ [kp(s)E(s)a(s) (a+1)“*1(p(s)G(s))“]ds'

BecauseW (t) > 0, we have:

- t (PN TEE)r(s)
Ilrls;up jT[kp(s)E(s)q(s) (@ 1D (p(5)5(5))" 1ds <W (T). (20)

Hence, we have a contradiction to the condition (Hg). The proof is complete.
Theorem 4. Assume the condition (H4) and (Hs) hold, and the following condition is true

(Hs) Suppose that there exists p(t) € C'(I,R*) such that:

(p' () E(s)r(s) lds = o , (21)

|irI1 iup tinJ.Tt(t - S)n[kp(S)E(S)q(S) - (a +1)‘”1(p(S)G(S))a
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Where n > 1 and function E(s),G(s) is given by (H4) and (Hs). Then (1) is oscillatory.

Proof. Assume that x(t) is an eventually positive solution of (1), proceeding as the
proof of Theorem 3, and function W (t) is given by (16), we get (19) holds.
From (19), we obtain:

(p' () “ M E(s)r(s) <W'(s), s>T.

KoSIEEAE) ~ e o))

Multiplying two sides by (t —s)" and integrating the above from T to t (t >T) , we get:

[ -5 Top@E(s)ate) ~— LD EONE)_ye ot syw(syas.

(@ +D)"(p(5)G(9))"
Since:
(t—s)"W'(s)ds=n[_(t—s)" W (s)ds—W (T)({t-T)",

I; I
We get:

1.t . (p'(3))“ME(s)r(s) t-T., N t .

t—nJT(t—S) [kp(s)E(S)q(S)_(a+1)“+1(p(s)c;(s))“]ds SWCF)(T) —t—nIT(t—S) W (s)ds.
Therefore:

1, o (P E)EE)(s) t-T,,

7 S TooE() - A S s W )"
Then:

lim sup ti [ £(t-5)"Tkp(s)E(s)a(s) - (Of’i i)sz)l(pz()sg((:))) 1ds < o0

Hence, we have a contradiction to the condition (He). The proof is complete.
By Philos integral average conditions, the new oscillation theorems are given for
Equation (1). Consider the sets:

D, ={(t,s):t>s2>t,}, D={(t,s):t=s>ty}.

Assume that H € C(D,R) satisfies the following conditions:

() HEt)=0,t>t,; H(ts)>0,(ts)eD,;

(i) H has a non-positive continuous partial derivative with respect to the second
variable in D, .
Then the function H has the property P(Denoted asH(t,s)eP ).

Theorem 5. Assume the condition (H4) and (Hs) hold, and the following condition is true
(Hi0) H(ts) e P, and that there exists functions h(t,s) e C(D,,R) and p(t) e C*(I,R") such that:

HWES) L L)y 15) = —h(t, s)H"“D(ts), (t,5)e D, (22)
s p(s)
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And,

LI () - 2O Ty, - (o)

lim su
P (a +1)“"G*(s)

t—>o H (t,to)

Where functions E(s),G(s) are given by (H4) and (Hs). Then (1) is oscillatory.

Proof. Assume that x(t) is an eventually positive solution of (1), proceeding as the
proof of Theorem 3, and function W (t) is given by (16), we get (17) holds.
From (17), we obtain:

ko®EMa) <-wW'(t)+ 2 Dwty - 2O

- —W ey, =T (24)
p(t) [pMEM®)r®I™

Replacing t by s, multiplying two sides by H(t,s) and integrating the above from Ttot (t >T),
we get:

aG(s)

t t g p'(s) 3 (aH)le
[ H(t.9)ko(s)E(s)a(s)ds < [ H (t,s)[-W'(s) + S W (s) OEOOF" W (s)ls
<HETW T+ [ LD 4 (1,5 2Oy 5) - 2COH L)y e gy

0s p(s) [P(S)E(s)r(s)I"

t al(a+l) _ aG(s)H (t,s) (a+l)la
<SH@ETW(T)+[ Ll ht,s)| H (t,s)W (s) EE) (G W (s)}ds (25)

The right end of (25) is integrable functions for using the inequality (18), then for t>s>T , we
have:

GGEHWLS) e P(EE)(S)] NS [
h(t, H o/a+1) t,s)\W it S SV VA G < . 26
=)l W ) OO B )6 (s) (20)

Form (25) and (26), we have:

P(S)E(s)r(s) | h(t,s) |

(27
(@ +1)"G"(s) lds < H(t,T)W(T) < H (t,t)W (T) - (27)

[ TH (t, )k ($)E(s)a(s) -

Therefore:

E(S)r(s) [N ) [
(@ +1)*G*(s)

E(S)r(s) [h(t,s) [
(@ +1)“*G“(s)

<H(LL)] | kp(S)EE)E)s +HELW ), t>t,

[ IH @ 5)ko()E(s)a(s) - 282

—{] L+ [ H @ ko(9EE)(s) - 2 1ds

Which implies:
- 1 gt PE)EE)r(s) [ h(t,s) [ T
“rfliUpm | o [H(ES)ko(S)E(s)a(s) - (@+1)"G"(s) Jds <[ o SAS)EE)H(S)ds +W(T) -

Hence, we have a contradiction to the condition (H10). The proof is complete.
If condition (H1o) does not hold, then we can use the following oscillatory theorem to
Equation (1).

Oscillation criteria for Even-order Half-linear Functional Differential Equations... (Shouhua Liu)



4888 ® ISSN: 2302-4046

Theorem 6. Assume the condition (Hs4) and (Hs) hold, H(t,s)e P, and the following
conditions is true.

(H11) 0 <infJliminf FES) Lo
s>t ton  H tvto)

1 B P(S)E(S)r(s) I h(t,s) I

(H12) limsup (@ +1)“G(s)

ds < o, where E(s),G(s) is given by (H4) and
t—>o H (t’tO)

(Hs);
(H13) That there exists ¢(t) € C(I,R) such that:

[ B ()

o T e[ty , o),
T [p(s)E(S)r(s)I'”
Then ¢, (s) = max{p(s),0}; and:
(1) lim sup —— [ {TH (t.)kp(S)E(s)a(s) - PEE()r(s) NG, s) |M]d52(p(T).

H( T) 7 (@ +1)“G“(s)

Then (1) is oscillatory.
Proof. Assume that x(t) is an eventually positive solution of (1), proceeding as the

proof of Theorem 3, and function W (t) is given by (16), we get (25) holds.
From (25), we obtain:

j H (t,s)kp(s)E(s)q(s)ds

H (t T)
al(a+l) . a t G(s)H(t,s) (e a
<W(T)+ H(tT)j |h(t,s)|H (t,s)W (s)ds H(t,T)JT[p(s)E(s)r(s)]l"’W (s)ds .
Let,
_ 1 t al(a+l)
At) = Hen [;Ihtt.s)|H (t,s)W (s)ds, (28)
(a+l)/
B(t) = H(tT) j R(S)H (t, )W (s)ds, (29)
Which,
G(s)
R(s)=———M~2 . 30
O EEO T 0
Then,
i T)j H (t, s)kp(s)E(s)q(s)ds <W (T) + A(t) - B(t) . (31)

From (27), we have:
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| h(t,s) "
( +1)a+lRa(S)

lim sup

nSUP T)J [H (t,s)ko(s)E(s)a(s) -

Jds <wW (T). (32)

From (32) and (H14), we have:

WT)zeT), Telt,,»), (33)
And,
"'I‘;“p it T)I H (t,s)ko(s)E(s)a(s)ds = o(T) . (34)

Joint (31) and (34) to produce:

Ii?liwnf[B(t) —A@®)]<W(T) - Ii|:nsup H (tlT) jTl H (t, s)ko(s)E(s)q(s)ds <W (T)—p(T) <. (35)

We claim that:

[ R(sW ' (5)ds < oo . (36)
Otherwise, if:
[ R(sW ' (s)ds = oo (37)

From (Hi1), then there exists >0 can be used in:

inf timinf LS Lo oo (38)
s>ty t—oo H t’tU)

Let x>0 be an arbitrary constant from (37), then there exists T, >T can be used in:

[RsW @D (s)ds > L t5T, . (39)
an
Thus,
B(t) = H(t i [ ROHE W ' (s)ds = H(t ol [ HE )] TR ' (uydu]
1t T)I [ RO @2 ] RO - s
. | OH(L9), 4 _ LHET) (40)
SR HET)
From (38), then there existT, > T, , can be used:
%zn, t>T,. (41)

Joint (40) and (41) to produce:
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By u, t>T,.
For u >0 is arbitrary then,

lim B(t) = o . (42)

too

Consider next sequence {t, }._, < [ty,>),limt, = , can be used in:
lim[B(t,) — A(t,)] = Iirp inf[B(t) — A(t)] .

From (35), then there exists M can be used in:
B(t,)-At,)<M, n=12,... . (43)
From (42),

lim B(t,) = .. (44)

From (43), we have:

lim A(t,) =< . (45)

From (43) and (44), when n is sufficiently large, we have:

Bt) ~ BE) 2

At . M 1

Therefore when n is sufficiently large,

At)) 1
B(t,) 2

From (45), we have:

a+l
AL

e B (L) “o

On the other hand using the Holder inequality, we have:

1 tn [Ny, S) | o arany al(a+l)
Alt) = n R s)H t ,S)W(s)ds
(n) H(tn,T)J.T Ra/(a+1)(s) ( ) (n ) ( )
1 ty | h(t 15) |a+l 1/(cr+1) 1 th (a+))/a al(a+l)
< . ds [————."R(S)H(t ,s)W s)ds .
e R o Ty [ RO G s 2 5]
Therefore:

a+l
A(a+1)la (tn) < i[ 1 J'Ttn| h(tn;S) | ds]lla[ [25
a H(t,T) R”(s) H(, T

Noted that B(t) is definedby the above equation was when n is sufficiently large.

) [ TR(S)H (t,, s)W 2/ (s)ds] .
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A(rz+1)/a (tn) 1 [ 1 J‘ t | h(tn,S) |a+1

el lla.
= T Ri(s)

B(t,) a H(t,T)

That is,

a+l a+l
A (tn) < 1 j tnlh(tnrs)l dS .
B (t,) a“H(,T)'T R“(s)

From (38),

Therefore when n is sufficiently large,

HtT) |
H(t )

From (47) and (48), we get:

a+l a+l
A (tn) 1 J' tn|h(tn’s)| dS

<
B (t,) a7H(t.t) % R(S)

From (46) and (49), we get:

a+l
Lo LSy

lim S =001
e H(t, )" R(s)
Which implies:
a+l
lim sup ! | LI
oo H(t,ty)7 0 R(s)

(47)

(48)

(49)

Notice (30), this is contrary to condition (H12). Therefore, our assertion (36) is established.

However, by (36) and (33):

[ 7R(s)p, @' (s)ds < [ “R(sW ' (s)ds < o .

Notice (30), this is contrary to condition (H13).The proof is complete.
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