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Abstract

This paper studies the problem of the designing the robust local and centralized fusion Kalman
filters for multisensor system with uncertain noise variances. Using the minimax robust estimation
principle, the centralized fusion robust time-varying Kalman filters are presented based on the worst-case
conservative system with the conservative upper bound of noise variances. A Lyapunov approach is
proposed for the robustness analysis and their robust accuracy relations are proved. It is proved that the
robust accuracy of robust centralized fuser is higher than those of robust local Kalman filters. Specially, the
corresponding steady-state robust local and centralized fusion Kalman filters are also proposed and the
convergence in a realization between time-varying and steady-state Kalman filters is proved by the
dynamic error system analysis (DESA) method and dynamic variance error system analysis (DVESA)
method. A Monte-Carlo simulation example shows the robustness and accuracy relations.
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Kalman filter
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1. Introduction

The aim of the multisensor information fusion is how to combine the local estimators or
local measurements to obtain the fused estimators, whose accuracy is higher than that of each
local estimator [1]. For the centralized fusion optimal Kalman filter, all the local measurement
data are carried to the fusion centre to obtain a globally optimal fused state estimation [2].

The darwback of the Kalman filter is that it only suitable to handle the state estimation
problmes for systems with exact model parameters and noise variances. However, in many
application problems, there exist uncertainties of the model parameters and/or noise variances.
Under these uncertainties the performance of the Kalman filter will degrade [3], and an inexact
model may cause the filter to diverge. This has motivated the designing of the robust Kalman
filters, which guarante to have a minimal upper bound of the actual filtering error variances for
all admissible uncertainties.

In order to design the robust Kalman filters for the systems with the model parameters
uncertainties, two important approaches are the Riccati equation approach [4-6] and the linear
matrix inequality (LMI) approach [7-9]. The disadvantage of these two approaches is that only
model parameters are uncertain while the noise variances are assumed to be exactly known.
The robust Kalman filtering problems for systems with uncertain noise variances are seldom
considered [10, 11], and the robust information fusion Kalman filter are also seldom researched
[12, 13].

In this paper, using the minimax robust estimation principle, the local and centralized
fusion robust time-varying and steady-state Kalman filters are presented based on the worst-
case conservative system with the conservative upper bound of noise variances. The
convergence in a realization between the time-varying and steady-state Kalman filters is
rigorously proved by the dynamic error system analysis (DESA) method [14] and dynamic
variance error system analysis (DVESA) method [15]. Furthermore, a Lyapunov equation
approach is presented for the robustness analysis, which is different from the Riccati equation
approach and the LMI approach. The concept of the robust accuracy is given and the robust
accuracy relations are proved, it is proved that the robust accuracy of the centralized fuser is
higher than that of the local robust Kalman filter.
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The remainder of this paper is organized as follows. Section 2 gives the problem
formulation. The robust centralized fusion time-varying Kalman filters are presented in Section
3. The robust local and centralized fusion steady-state Kalman filters are presented in Section
4. The robust accuracy analysis is given in Section 5. The simulation example is given in
Section 6. The conclusion is proposed in Section 7.

2. Problem Formulation
Consider the muiltisensor linear disceret time-varying system with uncertain noise
varaince.

x(t+1)=@(t)x(t)+ 7 (t)w(t) (1)
(0= H(Ox(0) (1) & (). =1L @

Where trepresents the discrete time, x(t)e R" is the state,y,(t)eR™is the
measurement of the i th subsystem, W(t) € R"is the input noise, 7(t)is the common disturbance

noise, & (t)e R™ is the measurement noise of theith subsystem, @(t), 7°(t)and H (t) are known

time-varying matrices with appropriate dimensions. L is the number of sensors.

Assumption 1. w(t), »(t)and¢ (t) are uncorrelated white noises with zero means and
unknown uncertain actual variancesQ(t), R, (t)and R, (t)at timet, respectively, Q(t),R,(t)

and R, (t) are known conservative upper bounds of Q(t),R,(t)and R, (t), satisfying:
Q(t)<Q(t).R,(t)<R,(t),R. (t)<R. (t),i =1L, Vvt ©))

Assumption 2. The initial state x(0) is independent of w(t), »(t)andv,(t)and has

mean value x and unknown uncertain actual variance P(0]0)which satisfies:
P(0]0)<P(0]0) 4

Where P(0]0)is a known conservative upper bound of P(0]0).

Assumption 3. The system (1) and (2) is uniformly completely observable and
completely controllable.
Defining:

Vi (t)=n(t)+& (t),i=1-,L (5)

Where v, (t)are white noises with zero means and the conservative and actual
variances are given as:

R, (t)=R,(t)+R. (t),R, (t)=R, (t)+R, (t),i=1--,L (6)
R, (1)=R,(t),R, ()=R,(t),i=] )
From (3), we have:

R, (t)<R, (t),i=1--,L,Vt (8)
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3. Robust Centralized Fusion Time-varying Kalman Filters
Introduce the centralized fusion measurement equation:

Y (1) = H, ()x(t)+v, (t) )
With the definition:
=[yr (). (O] H (O =[H () H O] v () =]V (1) ()] (@0)

And v, (t) has the conservative and actual variance matrice R and R, as:

R, R, R, R, R, R,
R, . . i _ |R .o
R = .’7 . ’ R = ~77 . D D 11
“lf . R R i . R R ()
R, . R, R, R, R,

R.(t) <R (t) (12)

Based on the worst-case conservative system (1) and (9) with Assumptions 1-3 and
conservative upper bounds Q(t)andR_(t), the globally optimal centralized fused time-varying
robust Kalman filters are given as:

% (L) =% ()% (t-1t=1)+ K (1) y, (1) (13)

t)=[1, - K ()H () ]@(t-1) (14)
K, (1)=P. (tt=1)H (O H ()R (t1E=1) ] () +R. ()] (15)
P(t+11t) =@ (1)R (1) (1)+ F ()R (1) (16)

The fused conservative filtering error variance P, (t |t)is given as:

P(tIt)=[1, - K (t)H (t)]P.(t|t-T1) (17)
It can be rewritten as the Lyapunov equation:

P.(tIt)=%, ()P (t-11t=1)¥] (t)+[ 7, - K, (t)H (1)]

r(t-1)Q(t-1)r" (t-1)[1, - K (t)H, (t)] +K (DR, (DK, (t)

(18)

With the initial values %, (0/0)=,andP,(0[0)=P(0/0), wherel is the nxnidentity
matrix.
The actual prediction and filtering errors are obtained as:

(tit)+ () (t) (19)
% (t]t- K. (t)v, (1) (20)

K (t+1]t)=x(t+1) =R (t+1]t) = (t+1)X
% (t1t)=x(t) =% (t]t)=[1, K (t)H (t)]%(
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Substituting (19) into (20) yields:
% (t1t) =, ()% (t=1[t=1)+[1, =K () H () ] 7 (t)w(t-1)- K (t)v,(t) (21)

The actual fused filtering error variance F_’C(t\t)zE[f(C (t]t)%; (t|t)], according to (21), we
have:
P.(tIt) =%, ()P (t-11t-1)¥] (t)+[ 7, - K (t)H (1)]
<P (E=1)Q(E=1) 7 (=11, - K, (), ()] +K, ()R, (0K (1)
With the initial value P, (0[0)=P(0]0).

Theorem 1. For multisensor uncertain system (1) and (9) with Assumptions 1-3, the
actual centralized fusion time-varying Kalman filters with the conservative upper bound Q(t)

(22)

R.(t)and P, (0]0) are robust in the sense that for all admissible actual variances Q(t),R (t)and
. (0 | 0) satisfying (3), (4) and (12), for arbitrary timet, we have:

P(t|t)<P(t[t) (23)

AndP,(t|t)is the minimal upper bound ofPP,(t|t)for all admissible uncertainties of noise
variances. We call the actual fused Kalman filters as the robust centralized fusion Kalman filters.

Proof. Defining 4P, (t|t)=P,(t|t)-P (t|t), subtracting (22) from (18) vyields the
Lyapunov equation.

AP, (t[t) =%, (1) 4P, (t—1]t—1)%] (t)+U (t) (24)

U, (t)=[4, - K, () H, (1) |7 (t-1)(Q(t-1)-Q(t-1)) " (t-1)[1, - K () H. ()]

_ ; (25)
K. ((R(0)-R.(0)K? (1)
Applying (3), (12) and (25) yields thatU_ (t) >0, and from (4) we have:
AP.(010)=P,(0]0)-P,(0]0)=P(0]0)-P(0[0)=0 (26)

Hence from (24), we haveAPC(1|1)20. Applying the mathematical induction method vyields
AP, (t|t)20, for all timet, i.e. the inequality (23) holds. TakingQ(t)=Q(t),R.(t)=R,(t)and
P(0]0)=P(0]0), then comparing (18) with (22), we have P, (t|t)="P.(t|t). For arbitrary other
upper bound P, (t|t), we have P, (t|t)=P (t|t)< P (t|t) which yields thatP,(t|t)is the minimal
upper bound of P, (t|t). The proof is completed.

Corollary 1. For uncertain multisensor system (1) and (2) with Assumptions 1-3 and
conservative upper bounds Q(t)andR, (t), similar to the robust centralized fusion time-varying

Kalman filters, the robust local time-varying Kalman filters are given by:
(t t) R, )y (t) i=1-,L (27)
i (t )=[ K (H (¢ )] (t=1), K ()=R(t[t-1)H ()R, (t) (28)
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R, () =H(OR(tIt-1)HT(1)+R, (t) (29)
Rt+1lt)=2(t)R(tI)@" (1)+ 7 ()Q(H) 7 (1) (30)
P(tIt)=[1,-K (t)H(t)]P(t|t-1) (31)

The conservative local filtering error variance P, (t|t) can be rewritten as the Lyapunov
equation [2].

P(tIt)=% ()P (t-1t-1)# (t)+[ 1, - K, (1) H (t) | (t-1)Q(t-1) 1" (t-1)

<[ 1, -K; (t)H (t)] +K; (DR, (1)K (t)

(32)

With the initial values P (00)=P(0]0) . And the actual filtering error variances are given by the
Lyapunov equations.

P(tIt)= ()|5,(t Ht=1)¥" (t)+[ 1, - K () H (1) |7 (t-1)Q(t-1) I (t-1)

(33)
x[1, =K (OH O] +K (R, (1)K (2)
Similarly, the local time-varying Kalman filters are also robust, i.e.,
P(tIt)<P(t]t), i=L--,L (34)

4. Robust Local and Centralized Fusion Steady-state Kalman Filters

Theorem 2. For multisensor uncertain time-invariant system (1) and (9) with
Assumption 1 and 3, where @(t)=@, 7" (t)=1",H(t)=H ,Q(t)=Q,R,(t)= R,:R; (t)= R. ,and
Q(t)=Q.,R,(t)=R,, R. (t)=R, are all the constant matrices, then the actual centralized fusion

steady-state Kalman filters are given by:

R (t[t) =R (t-1[t-1)+ K,y (t) (35)
¥,=[1,-KH]@, K=5H[H I H! +R] (36)
S, =03 0" +IQI" |, P=[1,-K.H,]Z, (37)

The prediction error variance X, satisfies the steady-state Riccati equation:

20=¢[20—20HC (H.ZH! +R.)" HCZC}DHFQFT (38)
Where the superscript s denotes “steady-state”, the fused conservative filtering error
variance P.is given as:

P =¥.P¥ +[I,-KH]IQr I, -K.H.]" +KRK] (39)

c c C

The fused actual filtering error variance P, is given as:
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P, =¥.P¥ +[1, - KH]IQr I, -KH, ] +KRK (40)

The actual centralized fusion steady-state Kalman filters (35) are robust in the sense
that for all admissible uncertainties of noise variances Q and ﬁv, satisfying (3) and (8), we have:

P <P (41)

And P, is the minimal upper bound of P, .

Proof. Ast — «, taking the limit operations for (13)-(18), (22) and (23), we obtain (35)-
(41). TakingQ =Q,R, =R_, from (39) and (40), we havel5C =P, . IfPis arbitrary other upper
bound of P, for all admissible Q and R_ satisfyingQ <Q,R, <R_, then we have P, = P. <P, which
yields that P, is minimal upper bound of P,. The proof is completed.

Similarly, the actual local steady-state Kalman filters are given by:

2 (L) =% & (t-1]t-1)+ Ky (t),i=1-,L (42)
=1, ~KH]® K=SHT(HZHT+R,) P =[l,-KH]Z, (43)
The prediction error variance 2, satisfies the steady-state Riccati equation.

Zi=¢[2i—EiHT(HZiHT+RV|)_]HZi}DT+FQl“T (44)

The conservative and actual local filtering error variances satisfy the steady-state
Lyapunov equations.

R

P +[1,-KH|TQI[I,-KH] + KR, K (45)

WPy +[1,-KH|TQI™ 1, -KH] + KR, K (46)

0|
Il

The actual local steady-state Kalman filters (42) are robust, i.e.,

ne)

<P ,i=1-,L (47)

And P, is the minimal upper bound of P, .
Theorem 3. Under the conditions of Theorem 2, and assume that the measurements

y;(t),i=L---,Lare bounded, then the robust time-varying and steady-state Kalman filters
% (t|t)and % (t]t), % (t[t)and X (t[t)given by (27) and (42), (13) and (35) have each other

the convergence in a realization, such that:
[%(tI)-% (t|t)] >0, ast >0, iar (48)
[ (t[t)=%:(t[t)] >0, ast >0, iar (49)

Where the notation “i.a.r" denotes the convergence in a realization [15], and we have
the convergence of variances.

P(t[t)>P, P(t|t)>P,ast>o,i=1--,L (50)
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P(t|t)>P, P(t|t)> P, ast—>w (51)

Proof. According to the complete observability and complete controllability of each
subsystem, the time-varying local Kalman filters (27) have the convergence that [16]:

P(t|t-1)> % ,ast »ow,i=1-,L (52)
From (28) and (31), we have:

Y (1) > ¥ K (t)> K, ,R(t/lt)>P,ast 5o, i=1-,L (53)

Setting ¥, (t) =%, +A4%,(t), K, (t)=K, +4K;(t)in (27), applying (53) yields A%, (t) - 0
4AK;(t) >0, ast —> . Subtracting (42) from (27), and defining & (t)=% (t[t)-% (t|t), we
have:

6,(1)=#,6,(t-1) +u (1) (54)

Withu, (t) = A%, (1) % (t-1]t=1)+ 4K, (1) y; (t). Noting that ¥ (t) is uniformly
asymptotically stable [17], and 4K, (t)y,(t)is bounded, applying Lemma 4 to (27) yields the
boundedness of % (t|t). Hence we haveu, (t)— 0. Applying Lemma 4 to (54), noting that ¥;is

a stable matrix, so it is also uniformly asymptotically stable, henceéi(t)—>0, i.e. the

convergence (48) holds. The convergence of (49) can be proved similarly.
From (33) and (46), defining 4 (t)= PR (t|t)— P, yield the Lyapunov equation.

4(t) =4 (t-1)F +U, (1) (55)

U (t)=[1,- K (O)H]rQr [1,-K ()H] +K, ()R, K/ (t)

-[1,-KH])FQr ' [1, -KH]-KR, K + ¥R (t-1[t-1)4¥] (t) (56)

+AY (OB (t-1[t-1)¥; +A¥, (1) 4% (1)

From (33), noting that¥;(t)is uniformly asymptotically stable, applyingK; (t) - K;,
A%, (t)>0and Lemma 3 vyields P (t-1[t—1)is bounded. From (56) vyields thatU,(t)—0.
Applying Lemma 3 to (55) yields 4 (t) >0, ast >, i.e.,, B (t|t)— P holds. Similarly, we can
prove (51) holds. The proof is completed.

5. The Accuracy Analysis
Definition 1. The tracetr P(t|t) of the upper bound P(t|t) of the actual filtering error

variances 5(t|t) for all admissible uncertainties is called the robust accuracy or global accuracy
of a robust Kalman filter, and tr I5(t | t) is called as its actual accuracy.

From this definition, the smaller tr P(t|t) or trP(t|t) means the higher robust accuracy

or actual accuracy. The robust accuracy gives the lowest bound of all possible actual accuracies
yielded from the uncertainties of noise variances.

Theorem 4. For multisensor uncertain system (1) and (2) with Assumptions 1-3, the
accuracy comparison of the local and fused robust Kalman filters is given by:

Robust Centralized Fusion Kalman Filters with Uncertain Noise Variances (Wen-juan Qi)
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P(tIt)<P(t[t),i=1-,L (57)
P(tIt)<P(t|t)<P(t]t),i=1-L (58)
P (t[t)<trP(t]t), P (t[t)<tP (t|t)<trP(t]t),i=1-,L (59)
P<P,P <P <P,i=1-,L, (60)
trP <trP,i=1-,L, tr P <trP, <trP (61)

Proof. According to the robustness (23) and (34), we have (57) and the first inequality
of (58). The second inequality of (58) has been proven in [18]. Taking the trace operations for
(57) and (58) yields the inequalities (59). As t — o, taking the limit operations for (57), (58) and
(59) yields (60) and (61). The proof is completed.

From the inequalities (59), we can see that all admissible actual traces trlsi(t|t) and
tr P (t|t) are globally controlled by the upper boundtrP (t|t)and trP,(t|t), respectively, and

the robust accuracy of the centralized robust fuser is higher than that of each local robust
Kalman filter.

6. Similation Example
Consider a three-sensor time-invariant tracking system with uncertain noise variances.

X(t+1) = Dx(t)+ Iw(t), v, (t) = Hx(t)+ (1) + & (1).i =1.2.3 (62)
o e

WhereT, = 0.25is the sampled period, x(t)=[x,(t),x, (t)] is the state, x,(t)and x,(t)
are the position and velocity of target at timetT,. w(t), »(t)and¢ (t) are independent Gaussion
white noises with zero mean and unknown uncertain actual variancesQ , R and R, respectively.
In the simulation, we takeQ=1,Q=0.8,R =diag(1.5,2.5), R, =diag(1,2),R. =diag(3.6,2.5),
R. =diag(3,1.8), R, =diag(8,0.36), R, =diag(6,0.25), R, =diag(0.5,2.8),R, =diag(0.38,2), the

initial values x(0)=[0 0]", x=0,P(0]0)=diag(1.1,1.2),P(0]0)=1,.

The comparisons of the filtering error variance matrices and their traces of the robust
steady-state local and centralized fusion Kalman filters are shown in Table 1 and Table 2.
These matrices and their traces verify the accuracy relations (60)-(61).

The traces of the conservative and actual robust filtering error variances are compared
in Figure 1. We see that the traces of the local and fused robust time-varying Kalman filters
quickly converge to these of the corresponding steady-state Kalman filters, which show the
robust accuracy relations (59) and (61) hold.

Table 1. The Conservative and Actual Accuracy Comparison of P and F_>, i=1,2.3,c
P P P P

1 2 3 c
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03416 03750| |0.3278 0.3405| |0.2383 03233| |0.1956 0.2805
R P, P R
0.6442 026691 [0.7994 0.2545] [03119 0.1770] [0.2726 0.1478
{0.2669 0.2956} {0.2545 0.2689} {0.1770 0.2495} {0,1478 0.2191}

{0.8247 0.3416} {1.0554 0.3278} {0.4360 0.2383} {0.3771 0.1956}

Table 2. The Conservative and Actual Accuracy Comparison of P, trP ,i=1,2,3,c

trP,trP trP,, trP, trP,, trP, trP , trP,

1.1998,0.9398 1.3959,1.0683 0.7593,0.5613 0.6576,0.4917

trP,
trP,
trP,
trlsJ T
trP, ]
N _ trP,
0.61 Sl Py 7
04 4; trP, |
O 2 h 1 1 1 1 1 1 1 1 1
0 10 20 30 40 50 60 70 80 90 100
t/step

Figure 1. The Traces of the Conservative and Actual Local and Fused Kalman Filters

In order to verify the above theoretical accuracy relations, taking p =200 Monte Carlo

simulation runs, the mean square error (MSE) values at timet of local or fused robust Kalman
filters are defined as:

MSE, (t) =— " (x" (1) - (¢ t))T (X7 (t)-2"(t]1)),0=1,2.3,c (64)

™

x| =
I

Where x/ (t) or %" (t|t) denotes the jth realization of x(t)or%,(t|t).
According to the ergodicity [19], we have:

MSE, (t) > tP,, as t >0, p > 0, (0=1,2,3,c) (65)

The MSE curves of the local and fused time-varying robust Kalman filters are shown in
Figure 2, which verify the accuracy relations (59) and (61), and verify the ergodicity (65).

Robust Centralized Fusion Kalman Filters with Uncertain Noise Variances (Wen-juan Qi)
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1.6

1.4 trP,

MSE

trP,

0.6 4 _
trP,

trP,

c

MM+ ""rrTT—T—T—T"T—TT T T T—T T T

20 30 40 50 60 70 80 90 100110120130140150160170180190200210220230240250260270280290300
t/step
MSEl —E— MSE2 —A— MSE3 —%— MSEc

Figure 2. The Comparison of MSE, (t) and tP,,0=1,2,3,c

7. Conclusion

For multisensor system with uncertain noise variances, using the minimax robust
estimation principle, the Icoal and centralized fusion robust Kalman time-varying Kalman filters
are presented. Based on the Lyapunov equation approach, their robustness are proved and
their robust accuracy relations are also proved. It is proved that the robust accruacies of the
centralized fusion Kalman filters are higher than those of the local robust Kalman filters. The
convergence problem of the robust local and centralized fusion time-varying and steady-state
Kalman filters is proved by the dynamic error system analysis (DESA) method and the dynamic
varaince error system analysis (DVESA) method. This extension of this paper to systems with
uncertain noise variances and model parameters is under study.
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Appendix
Lemma 1. Let A be the rxr positive semi-definite matrix, i.e. A4 >0, then the following
rLxrL matrix A, is also positive semi-definite, i.e.,

A A
A= >0 (A1)
A

rbxrL

Proof. Consider the characteristic polynomial of A;

A=A, A A
A A=Al A
|4, =20 |=| . . . . (A.2)
A A A=A,
Adding all the other columns to the first column yields:
LA-Al, A A
LA-A1. A-1l A
[ T T : (A3)
: A . :
LA-Al, - A A=A,

Subtracting the first row from each row starting off with the second row to the Lth row
yields:

LA-A1, A - 4
|4, =21, |= ? _%I' . ? =[LA- 2L, |]-41,] (A4)
0 0 =Al
Which yields the characteristic equation:
|4, = A1, |=|LA=aL]|-aL] T =0 (A.5)
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Its all eigenvalues are determined by:
|LA=Z1|=0, [-A1,|=0 (A.6)

Since A>0, thenLA>0, so thatLA has all the eigenvalues A4 >0,i=1,---,r which are
also the eigenvalues of A;. The other eigenvalues of A;are determined by|—/1|r|H =0, ie.

(—/1)'“") =0, which yields all the other eigenvalues of A;are 4, =0,i=r+1,---,rL. Therefore all
eigenvalues 4, of A, are non-negative, i.e., A; > 0. The proof is completed.

Lemma 2. Let R be the m, xm, positive semi-definite matrix, i.e. R, >0, the following
mxm block-diagonal matrix R; is also positive semi-definite, i.e.,

R, = diag(R,,~-R )20 (A7)

With m=m, +---+m_.
Lemma 3. [14] Consider the time-varying Lyapunov equation.

P(t)=FR (t)P(t-1)F," (t)+U (1) (A.8)

Wheret>0, the outputP(t)and the inputU(t)are thenxnmatrices, and thenxn

matrices F, (t) and F, (t) are uniformly asymptotically stable, i.e., there exist constants 0< p, <1
andc; >0 such that:

|Fi(Li)|<cipi vtziz0,j=1,2 (A.9)

Where the notation| |denotes the norm of matrix, F(t,i)=F;(t)F,(t=2)---F (i+1),
F;(i,i)=1,. IfU(t)is bounded, thenP(t)is bounded. IfU(t)—>0, thenP(t)—>0, ast—co.
Notice thatU (t) is called to be bounded, if |U (t)| < ¢ (constant), for arbitrary t> 0.

Lemma 4. [15] Consider a dynamic error system.
S(t)=F(t)s(t-1)+u(t) (A.10)

Wheret>0,5(t)eR",u(t)eR", and F(t)is uniformly asymptotically stable. If u(t)is
bounded, then &(t) is bounded. Ifu(t) - 0, then§(t) >0, ast »> .
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