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 This study aims to design a robust and optimal controller to overcome the 

problems related to the existence of disturbances and uncertainties during 

takeoff and landing operations of vertical take-off and landing (VTOL) 

aircraft. The dynamics are decomposed into two phase’s parts which are the 

minimum phase and the non-minimum phase. These two-part are controlled 

by proposing a robust nonlinear controller represented by sliding mode 

control (SMC). Also, the chattering effect due to the fast-switching surface 

in SMC is eliminated by utilizing a proposed sigmoid function which acts as 

the sigmoid function. The controller's main parameters are tuned optimally 

based on the particle swarm optimization (PSO) algorithm. In addition, the 

controller guaranteed the system stability based on the Lyapunov and Routh 

theories. The main output parameter responses represented by the 

positioning of the centre of mass and angle of rolling are determined with 

bounded control inputs. The performance of the proposed controller is tested 

by tracking VTOL parameters to the desired trajectories. The simulated 

results not only showed a significant tracking trajectory but also system 

stability guaranteed. In addition, the results showed an improved rate of 72% 

and 84% compared with those results obtained from the literature. 
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1. INTRODUCTION  

Fixed-wing combat aircraft is considered one of the most important tools of modern armies because 

of their combat, defence, and reconnaissance missions. The main important requirement for this type of 

aircraft is large and flat areas for take-off and landing. These areas are known as airports, whether they are on 

land or on ships. These airports are far from the battlefield and cannot always be provided near them. 

Therefore, there was a need to think about adding the vertical take-off and landing (VTOL) feature to fixed-

wing aircraft as in helicopters. That supports these types of aircraft to land almost anywhere and eliminates 

the need for long airport runways. This helps to reduce the risks associated with the movement of the aircraft 

when taking off and landing, especially on battlefronts. The VTOL aircraft have many applications and 

usages such as reconnaissance, search and rescue, logistics and other fields. The most important feature is the 

use of secret places that can be hidden for take-off and landing. The landing gear of this type of aircraft is 

less complicated than that of fixed-wing aircraft. However, it needs flat land without ripples to land and takes 

off, which reduces its work in all types of terrain and limits its capabilities. It is noteworthy that there are 

numerous types of VTOL vehicles, which it was listed through a reference [1]. The most worrying of the 
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engineering designers is the necessity of having high stability of the plane for vertical take-off and landing. 

This is represented by preventing rotations around its own three axes (yaw-roll-pitch), especially in difficult 

weather conditions such as high wind. During the take-off and landing of VTOL aircraft, due to the presence 

of a vertical thrust downward, uneven forces appear on both ends of the wing in the vertical direction, which 

causes a roll moment reaction about the aircraft's longitudinal axis. The slight lateral acceleration of the 

aircraft will be generated as presented in the current interesting study. This phenomenon makes the plane 

unstable. The problem of the stability of the aircraft at vertical take-off and landing has been solved by 

introducing the error tracking system that occurs with the stability of the aircraft in the horizontal plane. 

To study the stability of the aircraft during take-off and landing, simplified two-dimensional 

mathematical models have been developed that simulate well the dynamic behaviour of the aircraft. These 

mathematical models have proven their efficiency and quality for various scientific applications over the past 

years. Then provide the available automated control algorithms for the desired results. Real experiments on 

control equipment are very expensive in terms of manufacturing technology as well as in terms of testing 

stages or trials. The presence of these models allows researchers to develop models of control units of various 

types to simulate the control of aircraft movement during take-off and landing and increase its stability [2]-

[4]. These controller structures were built on one tracking control algorithm such as approximation input-

output linearization [5], system inversion [6], linear optimal control [7], internal-model based approach [8], 

backstepping [9], and Lyapunov function technique [10]. To achieve the reality of dynamic systems, 

(certainty) coefficients are introduced to examine and develop the proposed controls to be more realistic 

before they are applied to the systems in real life. Researchers have introduced many control strategies during 

the take-off and landing of aircraft (VTOL), to make them more stable and safe under various conditions. 

The controller type proportional, integral and derivative (PID) has been used a lot with linear models because 

it is still really simple and easy to control and implement later as in [11]-[15]. Waslander et al. [16], a 

comparison of two nonlinear controllers based on integral sliding mode and reinforcement learning is 

presented. More recently, the studies focused on robust controllers when disturbances and uncertainties were 

available [17]-[21]. All control systems applied in the field of aircraft seek to make the angle of rolling close 

to zero and reduce the hover fluctuation of the aircraft during vertical take-off and landing as well as 

suppression of the undesired vibrations. Generally, there is a lot of work that has to be done using the 

available control theories to practical implementation and down to complex details. 

The essential motivation of this study is possessed from [16], [17], [20] because the stabilization 

issue of the VTOL at the centre of mass for the aircraft is still there waiting to be treated. This can be done by 

producing force control actions for the VTOL able to track the desired trajectories with a minimum error. 

And also able to eliminate unwanted bounded disturbances. Moreover, the characterization of the 

contribution of this research according to the comparisons with the literature that includes different types of 

nonlinear controllers for VTOL can be enumerated as follows: i) the control law for both the minimum phase 

and the non-minimum phase dynamic parts is developed based on very accurate analytical derivation using 

sliding mode control (SMC). In addition, the stability based on Lyapunov and Routh criteria is guaranteed 

and ensures optimal control forces for fast control action by using the particle swarm optimization algorithm 

technique; ii) very fast tracking trajectory and minimum tracking error for different initial states; iii) the 

chattering phenomena of the sliding mode control are eliminated by minimizing the output of the signum 

function with the minimum value as possible; and iv) the proposed controller is capable to overcome the 

effects of undesirable disturbances and parameters uncertainties effectively.  

In this study, the dynamic mathematical model of the VTOL based on Newton's law is derived and 

analysed. The derived dynamic decomposed into the minimum phase dynamic part and the non-minimum 

phase dynamic part. The first part is used to control the vertical dynamic of the flight and the latter part is 

used to control both the horizontal and roll dynamic of the flight. Optimal SMC with bounded input control is 

proposed to obtain trajectory tracking and stability. This work aims to provide a tracking automatic control 

with a high potential to control the movement of the aircraft during vertical take-off and landing. This was 

achieved by making the angle of rolling close to zero and reducing the hover fluctuation of the aircraft during 

vertical take-off and landing as well as suppressing the undesired vibrations. 

 

 

2. MATHEMATICAL MODEL OF VTOL 

According to Figure 1 and based on the principles of Newton’s law, and let the small coefficient, 𝜀0, 

which describes the relationship between the lateral force, 𝜀0𝑙, and the rolling moment of the VTOL aircraft, 

the dynamic model is derived as [5], [6]: 
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Figure 1. Planar VTOL aircraft 

 

 

−𝑚�̈� = −(𝑇 + 𝛿1 (𝑡))𝑠𝑖𝑛(𝜃) + 𝜀0 (𝑙 + 𝛿2 (𝑡))𝑐𝑜𝑠(𝜃) 

−𝑚�̈� = −(𝑇 + 𝛿1 (𝑡)) 𝑐𝑜𝑠(𝜃) + 𝜀0 (𝑙 + 𝛿2 (𝑡)) 𝑠𝑖𝑛(𝜃) − 𝑚g (1) 

  𝐼𝑧�̈� =  𝑙 + 𝛿2(𝑡)                                                                                                                                  
 

The dynamic model given in (1) can be rescaled with the following are define 𝑥 = −𝑋/g, 𝑦 = −𝑌/g, 𝑢1 =
𝑇/(𝑚g), 𝑢2 = 𝑙/𝐼𝑍, 𝜀 = 𝜀0𝐼𝑍/(𝑚g), 𝜉1(𝑡) = 𝛿1(𝑡)/(𝑚g), 𝜉2(𝑡) = 𝛿2(𝑡)/𝐼𝑍. Then, the dynamic model can 

be written as (2). 

 

�̈� =  −(𝑢1 +  𝜉1(𝑡))𝑠𝑖𝑛(𝜃) + 𝜀 (𝑢2 + 𝜉2 (𝑡))𝑐𝑜𝑠(𝜃)               

�̈� =  −(𝑢1  +  𝜉1 (𝑡))𝑐𝑜𝑠(𝜃) +  𝜀 (𝑢2  +  𝜉2 (𝑡))𝑠𝑖𝑛(𝜃) − g (2) 

�̈� = 𝑢2  +  𝜉2 (𝑡)                                                                                                                                          
 

Suppose that 𝑥1 = 𝑥, 𝑥2 =  �̇�, 𝑦1 =  𝑦, 𝑦2 =  �̇�. Then, the scaled mathematical dynamic equation of 

VTOL becomes as below; 

 

�̇� = 𝑥2  

�̇�2 = −(𝑢1  +  𝜉1 (𝑡)) 𝑠𝑖𝑛(𝜃)  +  𝜀 (𝑢2  +  𝜉2 (𝑡))𝑐𝑜𝑠(𝜃)  

�̇� = y2  

�̇�2 =  (𝑢1  +  𝜉1 (𝑡))𝑐𝑜𝑠(𝜃) +  𝜀 (𝑢2  +  𝜉2 (𝑡))𝑠𝑖𝑛(𝜃) − g (3) 

�̇� = 𝜔    

�̇� = 𝑢2  +  𝜉2 (𝑡)  

 

where 𝑥1(𝑡) and 𝑦1(𝑡) are represent the positioning of the centre of mass for the aircraft, 𝜃(𝑡) is the angle of 

rolling, �̇�2(𝑡) and �̇�2(𝑡) are represent the linear and angular velocities respectively, the ε is defined as the 

constant of coupling between the lateral force and the rolling moment and g is the gravitation acceleration. 

The control inputs, 𝑢1 and 𝑢2, represent the thrust and rotational moment respectively. The uncertainties of 

the systems are defined by 𝛿1, 𝛿2, and 𝛿3. It is clear from the model given in (1) that the aircraft model is not 

only underactuated but also in a non-minimum phase when ε≠0 concerning the nominal output 𝑦. Consider, 

 

𝑑1(t) = 𝛿1(t) = −ξ1(t)sin𝜃 +  ε ξ2cos𝜃  

𝑑2(t) = 𝛿2(t) = ξ1(t)cos𝜃 +  ε sin𝜃       (4) 

𝑑3(t) = 𝛿3(t) = ξ2                                         

 

in this study, the differences between outputs of the VTOL system and the assumed desired trajectory, 

(𝑥𝑑 , 𝑦𝑑), can be defined as the tracking error:  

 
�̇�1 = 𝑒2                                                                                                          

�̇�2 = −(𝑢1  +  𝜉1 (𝑡))𝑠𝑖𝑛(𝜃) +  𝜀 (𝑢2  +  𝜉2 (𝑡))𝑐𝑜𝑠(𝜃) − �̈�𝑑                 

�̇�3 = 𝑒4                                                                                                         (5) 

�̇�4 = −(𝑢1  +  𝜉1 (𝑡))𝑐𝑜𝑠(𝜃) +  𝜀 (𝑢2  +  𝜉2 (𝑡))𝑠𝑖𝑛(𝜃) − g − �̈�𝑑  

�̇� = 𝜔                                                                                                           

�̇� = 𝑢2  +  𝜉2 (𝑡)                                                                                       
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from (5), the following expression can be driven [5]. 

 

[
𝑒2̇

𝑒4̇
] = [

−𝑠𝑖𝑛𝜃 𝜀𝑐𝑜𝑠𝜃
𝑐𝑜𝑠𝜃 𝜀𝑠𝑖𝑛𝜃

] [
𝑢1

𝑢2
] + [

𝜉1𝑠𝑖𝑛𝜃 +
𝜉1𝑐𝑜𝑠𝜃 +

𝜀𝜉2𝑠𝑖𝑛𝜃
𝜀𝜉2𝑐𝑜𝑠𝜃

] + [
−𝑥�̈�

−g − 𝑦�̇�
]  (6) 

 

The utilizing of the input state linearization is necessary because the relative degree for the vector of 

(5) corresponding to the output is [2 2]. This is can be done by adopting the control law presented in [22], 

[23]. So, 

 

[
𝑢1

𝑢2
] = [

−𝑠𝑖𝑛𝜃 𝜀𝑐𝑜𝑠𝜃
𝑐𝑜𝑠𝜃 𝜀𝑠𝑖𝑛𝜃

]
−1

[
𝜆1+𝑥𝑑̈

𝜆2 + g + �̇�𝑑
] (7) 

 

by the following steps, the 𝜆1 and 𝜆2 can be designed [5]. 

 

[
−𝑠𝑖𝑛𝜃 𝜀𝑐𝑜𝑠𝜃
𝑐𝑜𝑠𝜃 𝜀𝑠𝑖𝑛𝜃

]
−1

= [
−𝑠𝑖𝑛𝜃 𝑐𝑜𝑠𝜃
1

𝜀
𝑐𝑜𝑠𝜃

1

𝜀
𝑠𝑖𝑛𝜃] (8) 

 

Therefore, converts (5) to, 

 

�̇�1 = 𝑒2                         

�̇�2 = λ1 + 𝛿1(𝑡)  

�̇�3 = 𝑒4                  

�̇�4 = λ2 + 𝛿2(𝑡) (9) 

�̇� = 𝜔                   

�̇� = 𝑢2  + 𝛿3 (𝑡)  

 

then the following formula can be drawn from (7) and (8); 𝑢2 =
1

𝜀
 𝜆1𝑐𝑜𝑠𝜃 +

1

𝜀
 𝜆2𝑠𝑖𝑛𝜃 +

g

𝜀
𝑠𝑖𝑛𝜃 +

1

𝜀
�̈�𝑑𝑐𝑜𝑠𝜃 +

1

𝜀
�̈�𝑑𝑠𝑖𝑛𝜃. Based on that, the following equation is provided; 

 

�̇�1 = 𝑒2                       

�̇�2 = 𝜆1 + 𝛿1(𝑡)  

�̇�3 = 𝑒4                         

�̇�4 = 𝜆2 + 𝛿2(𝑡) (10) 

�̇� = 𝜔                  

�̇� =
1

𝜀
 𝜆1𝑐𝑜𝑠𝜃 +

1

𝜀
 𝜆2𝑠𝑖𝑛𝜃 +

g

𝜀
𝑠𝑖𝑛𝜃 +

1

𝜀
�̈�𝑑𝑐𝑜𝑠𝜃 +

1

𝜀
�̈�𝑑𝑠𝑖𝑛𝜃 + 𝜉2(𝑡)  

 
a new variable, 𝜒, instead of 𝜔 is considered for eliminating 𝜆1 and 𝜆2 in �̇� as (11) [22], [23]. 

 
𝜒 = 𝜀𝜔 − 𝑒2𝑐𝑜𝑠𝜃 − 𝑒4𝑠𝑖𝑛𝜃 (11) 

 

From (11), it can be seen that if  𝑒2 → 0, 𝑒4 → 0, then  𝜒 → 𝜀𝜔, and if 𝜒 → 0, then 𝜔 → 0, so that 𝜒 

can be used instead of 𝜔 [22], [23]. Also, it can be seen that �̇� includes 𝜆1 and 𝜆2, �̇�2 includes 𝜆1, and �̇�4 

includes 𝜆2, so by combining 𝜔, 𝜒, 𝑒4 the 𝜒 could be designed. Thus, the differential equation �̇� can get with 

�̇�, �̇�2, and �̇�4. Therefore, the elimination of 𝜆1, 𝜆2 is possible [22]. So, from (11), one can get (12). 

 

𝜔 = �̇� =
1

𝜀
(𝜒 + 𝑒2𝑐𝑜𝑠𝜃 − 𝑒4𝑠𝑖𝑛𝜃) (12) 

 

Then, 

�̇� = 𝜀�̇� − �̇�2𝑐𝑜𝑠𝜃 + 𝑒4�̇�𝑠𝑖𝑛𝜃 − 𝑒4̇𝑠𝑖𝑛𝜃 − 𝑒4�̇�𝑐𝑜𝑠𝜃                                                              

    =  𝜀 (
1

𝜀
𝜆1 cos𝜃  +  

1

𝜀
   𝜆2 sin𝜃 + 

𝑔

𝜀
sin𝜃 +  

1

𝜀
 �̈�𝑑cos 𝜃 +  

1

𝜀
 �̈�𝑑sin 𝜃 +  ξ2(t))  

         −(𝜆1 − 𝜉1(t)sin𝜃 +  𝜀𝜉2(t)cos𝜃)cos𝜃 − ( 𝜆2 + 𝜉1(t)cos𝜃)                              (13) 

         + 𝜀𝜉2(t)sin𝜃)sin𝜃 +
1

𝜀
 ( 𝑒2 sin𝜃 − 𝑒4 cos𝜃)(𝜒+𝑒2 cos𝜃 + 𝑒4 sin𝜃)               

    = 
1

𝜀
( 𝑒2 sin𝜃 − 𝑒4 cos𝜃)(𝜒+𝑒2 cos𝜃 + 𝑒4 sin𝜃) + g𝑠𝑖𝑛𝜃 + �̈�𝑑cos 𝜃 + �̈�𝑑sin 𝜃    

 

hence, the dynamics part of the non-minimum phase is obtained from (12) as (14). 
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�̇̅� = 𝑞(𝑒1, 𝑒2, 𝑒3, 𝑒4, 𝜃, 𝜒, 𝑌𝑑) (14) 

 

where �̅� = [𝜃 𝜒]𝑇,  𝑌𝑑 = [�̈�𝑑 �̈�𝑑], and, 

𝑞(𝑒1, 𝑒2, 𝑒3, 𝑒4, 𝜃, 𝜒, 𝑌𝑑) = [

1

𝜀
(𝜒 + 𝑒2 cos𝜃 + 𝑒4 sin𝜃)

 
1

𝜀
( 𝑒2sin𝜃 − 𝑒4cos𝜃)(𝜒 + 𝑒2cos𝜃 + 𝑒4 sin𝜃) +  g sin𝜃 + �̈�𝑑  cos 𝜃 + �̈�𝑑sin 𝜃 

] 

 

It is evident from the latter equations that the 𝑞(. ) is related to [𝑒1 𝑒2] at zero states but it does not 

to [𝑒3 𝑒4]. Therefore, the following can be derived [22], [23]. 

 
𝜕q (𝑒1,𝑒2,𝑒3,𝑒4,𝜃,𝜒,𝑌𝑑)

𝜕(𝑒3    𝑒4)
|

Π
= Π 2×2 (15) 

 

 
𝜕q (𝑒1,𝑒2,𝑒3,𝑒4,𝜃,𝜒,𝑌𝑑)

𝜕(𝑒1    𝑒2)
|

Π
≠ Π2×2 (16) 

 
Based on (15) and (16), it is clear that the model given in (10) can be decomposed into two parts. 

The first one is the minimum phase part that is associated with control of vertical flight dynamics and the 

second one is the non-minimum phase part that is associated with control of the coupled horizontal and roll 

flight dynamics. The two parts models are presented in (17) and (18) respectively. 

 
�̇�3 = e4(t)           

�̇�4 = λ2 + 𝛿2(𝑡)
            (17) 

 
�̇�1 = 𝑒2                                                                                                                                         

�̇�2 = λ1 + 𝛿1(𝑡)                                                                                                                          

�̇� =
1

𝜀
(𝜒 + 𝑒2𝑐𝑜𝑠𝜃 − 𝑒4𝑠𝑖𝑛𝜃)                                                                                              

�̇� =
1

𝜀
  (𝑒2 sin𝜃 − 𝑒4 cos𝜃)(𝜒 + 𝑒2 cos𝜃 + 𝑒4 sin𝜃) + (g + �̈�𝑑) sin𝜃 + �̈�𝑑cos 𝜃

 (18) 

 

 

3. THE DESIGN OF THE OPTIMAL CONTROLLER 

This study uses feedback inversion represented by a conventional sliding mode controller to resolve 

the output-tracking problem for the minimum phase dynamics given by (17). The SMC is selected as (19): 

 

𝜎1 = 𝑐𝑒3 + �̇�3  ,           𝑒3(𝑡) = 𝑦1 − 𝑦𝑑  ,          𝑒4(𝑡) = 𝑦2 − �̇�𝑑 (19) 

 

where 𝑐 is a positive scalar parameter used to guarantee the system trajectory to hit the sliding surface when 

𝑡 → ∞, i.e. 𝑐 > 0, then the controller is selected: 

 

 𝜆2 =  −𝑐𝑒4 − ℎ1sgn(𝜎1) (20) 

 

where ℎ1 ≥ |𝑑2(𝑡)|, and sgn is the signum function that is proposed in this study as a sigmoid function, 

sgn(𝜎𝑖) = 𝑐 tanh(𝜎𝑖) where 𝑖 = 1,2, to reduce or overcome the chattering effect related to the SMC [24]. 

The Lyapunov function is defined as 𝑉1 =
1

2
𝜎1

2, then the following can be derived [25], [26]. 

 

𝑉1̇ =  𝜎1�̇�1 = (𝑐�̇�3 + �̇�4)  = 𝜎1(𝑐𝑒4 + (𝜆2 + 𝑑2))   = 𝜎1(𝑐𝑒4 + (−𝑐𝑒4 − ℎ̅1sgn(𝜎1) + 𝑑2))    

     = 𝜎1(−ℎ̅1sgn(𝜎1) + 𝑑2)) = 𝑐(−ℎ̅1|𝜎1| + 𝑑2𝜎1) ≤ 0                        (21) 

 

Therefore, for any differential output command 𝑦𝑑 , 𝑦1(𝑡) → 𝑦𝑑 , 𝑦2(𝑡) → �̇�𝑑  as 𝑡 → ∞. Thus the vertical 

dynamics and both the horizontal and roll dynamics of the aircraft do not affect each other because the 

minimum phase dynamics and the non-minimum phase dynamics are completely decoupled. Here, the main 

goal is to design SMC using the above sigmoid function to stabilize the system regarding the non-minimum 

phase dynamics. So, for (18), let denote, 

 

𝜇1 = 𝑒2 , 𝜇2 = [𝑒1 𝜃 𝜒]𝑇
, 𝑒1 = 𝑥1 − 𝑥𝑑 , 𝑒2 = 𝑥2 −  �̇�𝑑 (22) 
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then, (18) is written as; 
 

�̇�1 = 𝜆1 + 𝑑1(𝑡)                           

�̇�2 = 𝑝(𝑒1, 𝑒2, 𝑒3, 𝑒4, 𝜃, 𝜒, 𝑌𝑑)    
 (23) 

 

where  𝑝(𝑒1, 𝑒2, 𝑒3, 𝑒4, 𝜃, 𝜒, 𝑌𝑑) = [
𝑒2

1
𝜀(𝜒+𝑒2 cos 𝜃+𝑒4 sin 𝜃)

1
𝜀(𝜒+𝑒2 cos 𝜃+𝑒4 sin 𝜃)(𝑒2 sin 𝜃−𝑒4 cos 𝜃+�̈�𝑑 cos 𝜃+(�̈�𝑑+g  ) sin 𝜃

] 

 

based on Taylor's expansion, (23) can be written as, 
 

�̇�2 =
𝜕𝑝

𝜕𝑒2
|Π 𝑒2 +

𝜕𝑝

𝜕[𝑒1 𝜃 𝜒2]
|Π  [𝑒1 𝜃 𝜒2]𝑇 + Π(𝑒1, 𝑒2, 𝑒3, 𝑒4, 𝜃, 𝜒, 𝑌𝑑)

=  𝐴 ̃21 𝜇1 + 𝐴 ̃22 𝜇2 + Π(𝑒1, 𝑒2, 𝑒3, 𝑒4, 𝜃, 𝜒, 𝑌𝑑)                                  
 (24) 

 

where, 
 

𝐴 ̃21 =
𝜕𝑝(𝑒1,𝑒2,𝑒3,𝑒4,𝜃,𝜒,𝑌𝑑)

𝜕𝑒2
|

Π
= [1 𝜀−1 Π]𝑇  ,  𝐴 ̃22 =

𝜕𝑝(𝑒1,𝑒2,𝑒3,𝑒4,𝜃,𝜒,𝑌𝑑)

𝜕(𝑒1 𝜃 𝜒2)
|

Π
=  [

0 0 0
0 0 𝜀−1

0 g 0
]  

 

Π(𝑒1, 𝑒2, 𝑒3, 𝑒4, 𝜃, 𝜒, 𝑌𝑑) = 𝑝(𝑒1, 𝑒2, 𝑒3, 𝑒4, 𝜃, 𝜒, 𝑌𝑑) − 𝐴 ̃22 𝜇2 − 𝐴 ̃21 𝜇1  
 

The sliding variable for (23) is defined as, 
 

𝜎2 = 𝜇1 − 𝑴𝜇2 (25) 
 

where 𝑴 = [𝑚1 𝑚2 𝑚3] and M is selected in such a way that let 𝐴 ̃22 + 𝐴 ̃21𝑀 Hurwitz. According to 

(25), the sliding time, 𝑡𝑠, exists if and only if the sliding mode exists. Therefore, for 𝑡 ≥  𝑡𝑠 which let 𝜎2 =
0, then the following can be derived based on (24). 
 

�̇�2 = 𝐴 ̃21 𝑀𝜇2 + 𝐴 ̃22 𝜇2 + Π(𝑒1, 𝑒2, 𝑒3, 𝑒4, 𝜃, 𝜒, 𝑌𝑑)

    = (𝐴 ̃21𝑀 + 𝐴 ̃22) 𝜇2 + Π(𝑒1, 𝑒2, 𝑒3, 𝑒4, 𝜃, 𝜒, 𝑌𝑑)
 (26) 

 

The controller parameters are selected as: 
 

𝜆1 = 𝑀𝑝(𝑒1, 𝑒2, 𝑒3, 𝑒4, 𝜃, 𝜒, 𝑌𝑑) − ℎ̅2 sgn(σ2) (27) 
 

where ℎ̅2 ≥ |𝑑1(𝑡)|. Again, the conventional Lyapunov function is 𝑉 =
1

2
𝜎2

2, Therefore,  

 

 �̇� = 𝜎2(�̇�1 − 𝑀�̇�2)   = 𝜎2(𝜆1 + 𝑑1(𝑡) − 𝑀�̇�2)                                                                              

       = 𝜎2{𝑀𝑝(𝑒1, 𝑒2, 𝑒3, 𝑒4, 𝜃, 𝜒, 𝑌𝑑) − ℎ̅2 sgn(σ2)  + 𝑑1(𝑡) − 𝑀𝑝(𝑒1, 𝑒2, 𝑒3, 𝑒4, 𝜃, 𝜒, 𝑌𝑑)} (28) 

= 𝜎2{𝑑1(𝑡) − ℎ̅2 sgn(σ2) } =  𝜎2𝑑1(𝑡) − ℎ̅2 |σ2| ≤ 0                                                         
 

now by executing the vector M which is equal to 𝑀 = [ 𝑚1 𝑚2 𝑚3] and let 𝐴 ̃22 + 𝐴 ̃21𝑀 to be Hurwitz. 

Then, the following get. 
 

𝐴 ̃22 + 𝐴 ̃21𝑀 = [
0 0 0
0 0 𝜀−1

0 g 0
] + [

1
𝜀−1

0
] [𝑚1 𝑚2 𝑚3] = [

0 0 0
0 0 𝜀−1

0 g 0
] + [

𝑚1 𝑚2 𝑚3

𝜀−1𝑚1 𝜀−1𝑚2 𝜀−1𝑚3

0 0 0
]  

 

          = [

𝑚1 𝑚2 𝑚3

𝜀−1𝑚1 𝜀−1𝑚2 𝜀−1 + 𝜀−1𝑚3

0 g 0
] (29) 

 

Hence,  
 

|𝑠𝐼 − (𝐴 ̃22 + 𝐴 ̃21𝑀)| = 𝑠3 − (𝑚1 + 𝜀−1𝑚2)𝑠2 − g(𝜀−1 + 𝜀−1𝑚3)𝑠 + g𝜀−1𝑚1 (30) 
 

based on the rule of Routh, the following relations are obtained (31). 
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𝑚1 > 0, 𝑚2 < −𝜀𝑚1, 𝑚3 < −
𝜀−1𝑚2

𝑚1+𝜀−1𝑚2
 (31) 

 

The SMC control parameters (𝑐, 𝑀, 𝑎𝑛𝑑 ℎ̅𝑖 where 𝑖 = 1,2 ) are selected optimally by using the 

particle swarm optimization (PSO) algorithm technique [27]. The idea behind the PSO technique is that the 

best solution can be obtained by simulating the movement of the birds. This technique adopted the particles 

as a population of the individual which flies over the space of solution finding the optimal result or solution. 

The particles are moving around the search space and each one of these particles has its position and velocity. 

Hence the evaluation of particles is based on the closest one to the optimal solution and that can be done 

according to the function named fitness function [27]. 

The PSO algorithm depended on two main values. the first one is the previous best value named 

𝑝𝑏𝑒𝑠𝑡 which is related to the particular particle. The second value named 𝑔𝑏𝑒𝑠𝑡 is the best compared to all 

the particles 𝑝𝑏𝑒𝑠𝑡 in the overall swarm. The SMC with four weight parameters is arranged in an array to 

represent the particles. Then initialized all particles randomly and the updating followed afterwards based on 

(32)-(35) [28] to obtain the optimal values for the sliding mode controller parameters in all cases that 

encounter the work of the aircraft. 

 

∆c𝑗
𝑖+1 = ∆c𝑗

𝑖 + 𝑘1𝑟𝑎𝑛𝑑1(𝑝𝑏𝑒𝑠𝑡𝑗
𝑖 − c𝑗

𝑖) + 𝑘2𝑟𝑎𝑛𝑑2(𝑔𝑏𝑒𝑠𝑡𝑖 − c𝑗
𝑖)

c𝑗
𝑖+1 = ∆c𝑗

𝑖 + ∆c𝑗
𝑖+1                                                                             

  

                                                                        

 (32) 

 

∆M𝑗
𝑖+1 = ∆M𝑗

𝑖 + 𝑘1𝑟𝑎𝑛𝑑1(𝑝𝑏𝑒𝑠𝑡𝑗
𝑖 − M𝑗

𝑖) + 𝑘2𝑟𝑎𝑛𝑑2(𝑔𝑏𝑒𝑠𝑡𝑖 − M𝑗
𝑖)

M𝑗
𝑖+1 = ∆M𝑗

𝑖 + ∆M𝑗
𝑖+1                                                                              

         

 (33) 

 

∆ℎ̅ 1𝑗
𝑖+1 = ∆ℎ̅ 1𝑗

𝑖 + 𝑘1𝑟𝑎𝑛𝑑1(𝑝𝑏𝑒𝑠𝑡𝑗
𝑖 − ℎ̅ 1𝑗

𝑖 ) + 𝑘2𝑟𝑎𝑛𝑑2(𝑔𝑏𝑒𝑠𝑡𝑖 − ℎ̅ 1𝑗
𝑖 )

ℎ̅ 1𝑗
𝑖+1 = ∆ℎ̅ 1𝑗

𝑖 + ∆ℎ̅ 1𝑗
𝑖+1                                                                                   

   

 (34) 

 

∆ℎ̅ 2𝑗
𝑖+1 = ∆ℎ̅ 2𝑗

𝑖 + 𝑘1𝑟𝑎𝑛𝑑1(𝑝𝑏𝑒𝑠𝑡𝑗
𝑖 − ℎ̅ 2𝑗

𝑖 ) + 𝑘2𝑟𝑎𝑛𝑑2(𝑔𝑏𝑒𝑠𝑡𝑖 − ℎ̅ 2𝑗
𝑖 )

ℎ̅ 2𝑗
𝑖+1 = ∆ℎ̅ 2𝑗

𝑖 + ∆ℎ̅ 2𝑗
𝑖+1                                                                                  

 

          

 (35) 

 

where 𝑗 = 1,2,3. . . 𝑁𝑝, 𝑁𝑝 defines as the number of particles, c𝑗
𝑖, M𝑗

𝑖 , ℎ̅1𝑗
𝑖  and ℎ̅2𝑗

𝑖  define as the particle weight 

j at i iteration, k1 and k2 define the constants acceleration which has a value of 2. The values rand1 and rand2 

represent the random numbers where used here between 0 and 1, 𝑝𝑏𝑒𝑠𝑡𝑖 defines as the best previous weight 

of jth particle, and 𝑔𝑏𝑒𝑠𝑡 is the best particle among all the particles in the population. 

The number of dimensions in PSO is equal to four due to the four main controller parameters of the 

SMC. The model estimation is based on the criterion of the mean square error function as (36), (37). 

 

𝐸1 =
1

𝑁𝑝
∑ (e1(𝑖 + 1)𝑚)2𝑁𝑝

𝑚

𝐸2 =
1

𝑁𝑝
∑ (e2(𝑖 + 1)𝑚)2𝑁𝑝

𝑚

 (36) 

 

𝐸3 =
1

𝑁𝑝
∑ (e3(𝑖 + 1)𝑚)2𝑁𝑝

𝑚

𝐸4 =
1

𝑁𝑝
∑ (e4(𝑖 + 1)𝑚)2𝑁𝑝

𝑚

 (37) 

 

The values of the mean square error (𝐸1 − 𝐸4) must be less than 1𝑒−5 to satisfy the optimal tuning. 

Table 1 presents the parameter values adopted for the solution of the PSO of the current study. 

 

 

Table 1. PSO parameters 
Parameter Value 

k1 1.3 

k2 1.3 

No. of particles 4 

Population size 100 

No. of iteration 66 
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4. SIMULATION RESULTS AND DISCUSSIONS 

In this section, the analytical derivation of the system given in (3) and the proposed SMC that was 

derived in (7), (20), and (27) are verified by using the MATLAB platform. The first step is that the main 

parameters of SMC are selected by try and error procedure. The second step is that the main SMC parameters 

are tuned optimally based on the swarm optimization technique available in MATLAB options. The 

following optimal parameters are selected.  

 

𝑀 = [ 5 −14 −6],  𝑐 = 50,  ℎ̅i = [
5

10
]  where 𝑖 = 1,2 

 

The coefficient of coupling ε is taken in the current study as 0.5 where this value produces a non-

minimum phase system of VTOL aircraft that is strong [29]. The trajectory of the desired output is assumed 

as 𝑥𝑑 = 𝑅sin(𝜔𝑡), 𝑦𝑑 = 𝑅sin(𝜔𝑡), where R is the amplitude and ω is the frequency of the desired input. 

These values, R and 𝜔, are taken from 0.1 to 0.2 and 1 to 1.2 respectively to simulate a case of obstacle 

avoidance [29]. The initial conditions are selected as  𝑥(0) = [0.5  0.5  0.5 − 0.05  1  0.5]𝑇.  

To represent the present robustness of the proposed controller, the state tracker and generator are 

assumed as 𝜉1 = 0.5 sin 𝑡 and 𝜉2 = 0.5 cos 𝑡 and performed the simulation with these values. Notice that 𝜉1 

and 𝜉2 are inertial parameters, which are not important to know their values practically [6]. Figure 2 

illustrates the block diagrams of the proposed controller scheme in MATLAB Simulink. 

Figures 3-5 show the output tracking simulation results. Figure 3 presents the tracking trajectory of 

the positioning and the velocity of direction x to the proposed desired trajectory. It is evident that the time 

required to have zero error is around 2.8 s. Figure 4 presents the tracking trajectory of the positioning and the 

velocity of direction y to the proposed desired trajectory. The time required to have zero error is the same as 

that for x-direction. Figure 5 shows the tracking trajectory of the angular positioning and the angular velocity 

to zero, which is the proposed reference trajectory. It is obvious that the time required to have zero error of 

the angular positioning and the angular velocity is around 2.4s and 2s respectively.  
 

 

 
 

Figure 2. Simulink representation of proposed optimal SMC of VTOL system 
 

 

 
 

Figure 3. The positioning and velocity responses in x-direction versus the desired responses 
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Figure 4. The positioning and velocity responses in the y-direction versus the desired responses 
 

 

 
 

Figure 5. The roll angle versus the zero responses 

 

 

To monitor the stability of the closed-loop feedback nonlinear optimal SMC for the VTOL system, 

Figure 6 presents the phase-plane plot for concentrating upon the chattering influence which is discarded due 

to these causes. The signum function utilized the Sigmoid function, sgn(𝜎𝑖) = 𝑐 tanh(𝜎𝑖), in this study and 

the control parameters values are calculated by adopting the Particle Swarm optimization algorithm. Figure 7 

shows the behaviour of the sliding variable (surface). It is evident that the effect of chattering is highly 

eliminated at the fast-switching surface. This is due to the use of the signum function which leads to reducing 

the amplitude of the output function then the responses of VTOL approached the desired responses at the 

inverted position. It can be noticed that the control inputs, 𝑢1 and 𝑢2, presented in Figure 8 are rather 

aggressive behaviours that take place in relatively short periods as well as they are bound. In addition, the 

selected controller and the controller behaviour are presented in Figures 9 and 10 respectively. 

 

 

  
 

Figure 6. The phase plane response 

 

Figure 7. The sliding variable behaviour 
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Figure 8. The actuation inputs controls 

 

 

  

 

Figure 9. The selected controller behaviour 

 

Figure 10. The controller behaviour 

 

 

For validation purposes, the essential results of this study were compared to some of the literature. 

Despite the different techniques and the aim in [29], [30], the responses are compared for both positions and 

velocities. The results for configuration tracking and velocities are shown in Figure 11 according to [30] 

while the result of roll angle variation is illustrated in Figure 12 according to [29]. By comparing these results 

with results presented in Figures 3-5, it is evident that the time required for steady-state is improved by 74% 

and 71% for configuration and velocities respectively according to [30]. In addition, the comparison of roll 

angle response is 81% less in Figure 3 compared to the results of [29] as shown in Figure 12. These 

improvement rates show the effectiveness of the proposed controller in this study. 

 

 

  

 

Figure 11. The actual configuration responses versus the 

desired responses [30] 

 

Figure 12. The actual roll angle response 

versus the desired response [29] 
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5. CONCLUSION 

In this study, the dynamics of VTO are analyzed based on Newton’s law. The SMC is proposed to 

track the desired trajectory. The SMC uses a proposed sigmoid function to eliminate the chattering effect. 

Also, the controller is tuned optimally by using the PSO algorithm technique. In the designed optimal SMC, 

not only the tracking trajectory is obtained but also the stability is guaranteed based on Lypinove and Routh's 

theories. The MATLAB Simulink is used to execute the proposed controller. The results show the significant 

output responses for all main parameters assumed. The error goes to zero in a very significant period not 

reaching 3 sec. The validation results showed an improvement average rate reaching about 72% and 84% for 

reduction into zero steady-state responses according respectively. Not only have these significant responses 

improved but also stability is achieved when the disturbances are available. Also, the chattering which is an 

SMC disadvantage property is highly eliminated as well. 
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