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1. INTRODUCTION

Numerous problems can be represented by equations of the type Tx = x, where T is a self-mapping
defined on a subset of a metric space, a normed linear space, a topological vector space, or another
appropriate space. On the other hand, if T is a nonself-mapping from A to B, the aforesaid equation may not
accept a solution. In this situation, it is being thought about finding an approximate solution x in A that has
the least amount of error & (x, Tx), where & is the distance function. Given that d(x, Tx) is less than d(4,B),
the best proximity point theorem ensures that 4(x,Tx) is minimized globally by requiring that an
approximation solution x satisfies the condition d (x, Tx)= 4 (4,B). The best proximity points of the mapping
T are such optimum approximation solutions.

Fan [1] established a fundamental result for the best approximation theorem in 1969, stating that if
W represents a Hausdorff locally convex topological vector space and C is a subset of W where C is a
nonempty compact convex set and T: C — W is a continuous mapping, then there is an element x satisfying
the condition d(x, Tx) = infd(y, Tx): 4 € C, where d represents a metric on W. Following that, several
researchers, including Reich [2], Prolla [3], and Sehgal [4] developed the expansions of Fan's theorem in a
variety of directions.

On the other hand, Zadeh [5] proposed and investigated the idea of a fuzzy set in his fundamental
paper. The study of fuzzy sets led to the fuzzification of a variety of mathematical notions, and it may be
used in a variety of fields. Kramosil and Michalek [6] were the first to establish the idea of fuzzy metric
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spaces. George and Veeramani [7] modified the idea of fuzzy metric spaces. A wide number of works have
been published in fuzzy metric spaces; see [8]-[14]. Katsaras [15], [16] was the first to propose the concept of
fuzzy norms in linear spaces. Many other mathematicians, such as Felbin [17], Cheng and Mordeson [18],
and others, afterward presented the notion of fuzzy normed linear spaces in various ways. A significant
number of papers have been published on fuzzy normed linear spaces, for example, see [19]-[23].

In this work, the notion of & — 7j proximal admissible, &—j-f proximal contractive and d—ij-
@ proximal contractive for nonself mappings T: 4 — B are introduced and the best proximity point theorem
for these kinds of mappings is established in a fuzzy Banach space. Structurally, this paper involves the
following: Section 2 is dedicated to reviewing some terms as well as preliminary results that will be utilized
in this paper, then in section 3, the definition of &—j-f proximal contractive mapping, &-#j-¢ proximal
contractive mapping is introduced and the best proximity point theorem for such types of mappings in a
fuzzy Banach space is stated and proved. Finally, the paper finished with a conclusion section.

2.  PRELIMINARIES

In this section, we introduced the basic notions and results that will be utilized in this paper. At first,
the definition of fuzzy normed space and a -admissible mapping is given. Then we state a notion of fuzzy
distance in a fuzzy metric space in order to introduce this notion in the setting of fuzzy normed space.

Definition 2.1. [24]: Let L be a vector space over a field R. A fuzzy normed space is a triplet (L, N,®),
where ® is a t-norm and N is a fuzzy set on L x R that meets the following conditions for all x,y € L:

(ND)N(x,0) =0,

(N2)N(x,7) =1, vt > 0ifand only ifx = 0,

(N3)N(yx,7) =N /Iy, V(0 #)yER, 7>0

(N4)N(x,7) ® N(¢,s) S NEx+y,t+5),Vr,s=0

(N5) N(x, .)is left continuous for all x € L, and Tll_)l’l; N 1) = 1.

Definition 2.2. [25]: Let (L, N,®) be a fuzzy normed space. Then;
(1) a sequence {x,,} is termed as a convergent sequence if lim N(x,, —x,7) = 1foreacht > O0andx € L.
T—00

(2) a sequence {x,,} is termed as a Cauchy if lim N(x,4, — x,,,7) = 1;foreacht > 0andp = 1,2, ...
n—oo

Definition 2.3. [25]: Let (L, N,®) be a fuzzy normed space. Then (L, N,®) is termed as complete if each
Cauchy sequence in L is convergent in L.

On the other hand, the concept of a -admissible mapping was introduced by Samet et al. [26] as:

Definition 2.4. [26]: Let L be a nonempty set, T: L — L,and a:L X L — [0,00). T is called « -admissible
mapping if for each x, 4 € L, we have: a(x,¢4) = 1thena (Tx, Ty) > 1

Next Salimi et al. [27] generalized the notion of a -admissible mappings in the following way.

Definition 2.5. [27]: Let L be a nonempty set, T:L — L, and a,n:L X L — [0,). Then T is called « -
admissible mapping concerning n if, foreach x, ¢ € L, a(x,4) = n(x, ) then a(Tx, Ty) = n (Tx, Ty)

In [ 28] Vetro and Salimi introduce the concept of fuzzy distance in fuzzy metric space (X, M',®). Consider
A and B be nonempty subsets of (X, M,®) and 4 () , B -(z) denote the following sets:

X€ A : M(x4,1) = M(A,B,7)forsomey € B};
o(t) ={y € B : M(xy,1) = M(A,B,7)forsomex € 4};
B

In this paper, we introduce the above notion in a fuzzy normed space as follows:

Consider A and B be nonempty subsets of a fuzzy normed space(L, N,®). The following sets are indicated
by A-(t), B-(1),

A1) ={x€ A: N(x— ¢,7) = Ny(4,B,7)forsomey € B};
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B«(t) ={y€ B : N(x—y,7) = Ny(A,B,7)forsomex € A};
where N;(4,B,7) = sup{N(x— 4,7):x € A,4 € B}.

3. MAIN RESULTS

In this section, the concepts of & — 7 proximal admissible, &—j-§ proximal contractive and &—#j-@
proximal contractive mappings are defined, then prove the main results. Saha et al. [29] presented the
concept of the best proximity point in a fuzzy metric space. In the following, the notion of the best proximity
point is introduced in the context of fuzzy normed space.

Definition 3.1: Let (L, N, ®) be a fuzzy Banach space and consider A , B be nonempty closed subsets of L
An element x* € A is called the best proximity point (BPP) of a mapping T:A — B if it satisfies the
condition that N (x* — Tx*,7) = N4(4,B,7) forall t > 0.

Definition 3.2: Let A and B be two nonempty subsets of a fuzzy normed space (L, N, ®). Let T:4 - B be
a given non-self mapping. Then T is called an & — 7 proximal admissible mapping where &,7j :
A x A x [0,0) = [0,00) if foreachx,4,u,v € A,and 7 > 0,

axy, 1) < (X% 1)
N(uw —Tx,7) = Ny(4,B,7) ; = d(u,v,7) < 1j(u,v,7) Q)
N(U - T’y),f) = Nd(Av!E!T)

Definition 3.3: Let A and B be two nonempty subsets of a fuzzy normed space (L, N, ®). Let T:4 — B be
a given non-self mapping and &,7:4 x A X [0,00) —» [0,00) be two functions. T is called a &j-
S proximal contractive mapping if there exists a function f:[0,1] = [1, ) such that, for any sequence

{t,} < [0,1], B(t,) - 1impliest, — 1, foreachx, 4,4, € A,and7 >0

a(x, Tx, 1)d(y, Ty, 1) < 7(x, Tx, 0D (y, Ty, 7)

N(w —Tx,7) = Ny(4,B,7) N
N(vr — Ty, 1) = Ny(4,B,7)
N(’LL - U!T) 2 B( N(X —%T)) L(X‘%%U,T) (2)

where L(X ¢, u,v,7) = min {N(x — ¢, 1), max {N(x — «,7),N(¢ — v, 1)}}

Theorem 3.4: Suppose that (L, N, ®) be a fuzzy Banach space and let A and B nonempty closed subsets
of L where 4 -(7) is nonempty for each 7 > 0. Consider T: 4 — B is &—j-§ proximal contractive mapping
satisfies the conditions:

(a) T is &—j proximal admissible mapping and T(4 -(t)) € B.(7);
(b)There exist elements x, and x; in 4 +(7) such that
N(x; — Tx.,7) = Ng(4,B,7); &(Xe X1, T) < 1(Xe, Xy, T) foOr each = > 0;

(c) If {y,} isasequence in B-(r) andx € A issuchthatN (x — 4,,7) = Ny(4,B,7)asn — oo, then
X € A«(t) for each 7 > 0.

(d) If {x,,} is a sequence in L such that & (X,,, Xn+1,7) < 7] (Xp, Xn41,7) foreachn > landx, — xas
n — oo, then & (X, %, 7) < 7 (X, %X, 7),¥n = 1and 7 > 0.
Then T has BPP.
Proof: According to condition (b), there are elements, say x, , X, in 4 -(t) such that
N(x; — Tx,,7) = Ny(&,B,1); @Ko, X1, T) < (X, X1, 7) fOreach r >0
On the other hand, since T(4 (7)) S B (1), there exists x, € A -(7) such that
N(xz — Txy,7) = Nd(;f,g,‘r)

Now, since T is an &@- 7j proximal admissible mapping, then &(X,, X5, 7) < (X4, X2, T),
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Again, since T(4 -(1)) € B (1), there exists x; € A -(7) such that:

N(x3 — Tx,7) = Ng(4,B,7)
Thus,

Q(XZ - TXDT) = Nd(glqlf);
N(xz — Txz,7) = Ny(4,B,7)
(X1, %2, T) < (X1, %2, T)

Again, since T is an @] proximal admissible mapping, then &(x,,X3,7) < 7(X2, X3, ), hence it follows
that:

N(XB - TXZFT) = Nd(A~l§!T); &(X\ZIXG: T) < ﬁ(x21x3"[)
If we keep going this way, we will obtain:
N(X'n+1 = Txy,7) = Nd(g'g'r); X X 1) < (X Xy T) 3)

foreachn,m > 1,andanyn > 0.
Now using (3) and applying the inequality (2) with« = ¢ = X, , v = Xp4, and X = X,_, obtain:

NG = %nrn D) = B (NGt = %0 7)) £, X X X1, ) (4)
where
L(Xn-1, %00 X X1, T) = MIn{N(xp_y = X, ), max{Nxp_1 = X, 7), N = X1, 1)}
foreachn € Nand 7 >0.
If we have N(X,_; — X, T) < N(X,, — Xn41,7) for somen € N, then obtain:
min {N(x,—1 — X, 7), max{N(xp_1 = %Xp, 7), N, = X1, D} = N1 — %, 7)
Also if N(X,, — Xp41,7) < N(X,_; — X,,, T) for somen € N, then:
min {N(x,—1 — X, 7), max{N (-1 = %0, 0, N — X1, 1)} = Nxppog — %, 7)
That is, foreachn € N and 7 >0,
min {N(x,_; — X, 7), max{N (-1 = %0, 7, N — X1, 1} = N&ppog — %, 7)

Hence,
N(Xn - X.n+1'T) = E(N(X'n—l — Xn» T)) N(Xm—l - X T) = N(Xn—l - X«an) (5)

and hence {N(x, — X,4+1,7)} in (0,1] is an increasing sequence, consequently, there is y(t) € (0, 1] such
that lim N(x,, — Xp4+1,T) = y(7) for each 7 > 0. Now to show that y(t) = 1 for each T > 0. Assume that
n—oo

thereist. > Osuchthat0 < y(z.) < 1.

From (5),

N(Xn_ x‘n+1.T) 5 ("' )
—=2= > (N — Xp» =1
Tr—— (Xn-1 = Xn, T)

which implies that lim B(N(Xn-1 - xn,‘r)) = 1. Interms of B 's property which indicates thaty = 1, we
n—oo
deduce:

1111_1;1;10 N(an — Xn+1r T) =1 (6)
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Following that, we show that {x,} is a Cauchy sequence. Assume that {x,} is not Cauchy. Then there is 3 €
(0,1) such that for each k = 1, there are m(x), n(x) € N with m(x) > n(x) = kand

N(Xm@o = ZngeyTe) <1—3,7->0
Assume that m(x) is the smallest integer greater than n(x), meeting the condition above:
N(Xm@o-1 = Xngep ) > 1—3
and for each k,
1-32 N(Xmoo = Xngo» T0)
2 N(%noo) = Xmgo-1.7) @ N(Xmgo-1 = Xngo 7°)
> N(Xmoo) = Xm@o-172) @ 1—3
In the previous inequality, if use limit as k — oo and using (6), obtain:
lim N(Xmoo = Xngey72) =1 -3 (7
Now from,
N(Xmao+1 = Xno+1 %) = NXmgo+1 — Xma T) ® N(Xmaey = Xneer 72) @ N(Xngo — Xngo+1 70)
and
N(X.m(;c) - Xn(lc)'T°) = N(Xm(x) - X.m(x)+1'T°) ® N(Xm(x)+1 - Xn(K)+1:T°) ® N(Xn(x)+1 - Xm(K)'T°)
it follows that:
1111_{{)10 N(Xmao+1 — Xnaos1, 7o) =1 -3 (8)
From (3),

O((Xn(rc)' Xm (i) To) < ﬁ(Xm(K)'Xm(K): ‘[o)
N(xm+1 = Txmeey ) = Na(&, B, 72) ©
N(X'H(K)+1 - Tx'n(k); T°) =Ny4(A4,B,10)

Hence, by (2) and (9).
N(X‘m(llc)+1 — Xn()+1s T") = B(N(Xm(x) — Xn(x) T"))L(Xm(rc)' Xn () Xm (i) +12 Xn (i) +1 T°)
Where,

L(Xm(;c): Xn(x) Xm(x)+1» Xn(ie)+17 T°) = min {N(Xm(}c) — Xn(x) T°): max {N(Xm(lc) — Xm(k)+1s T°): lF\T(X‘n(ic) -
X.n(rc)+1'T°)}}

Hence,

I’\NI(X-m(K)+1_xn()c)+1"[") b¥aNT
= B(N(x — Xpe)p o)) =1
L(Xm(K)'Xn(K)‘Xm(K)+l'xn(K)+1'T°) B( ( m(k) n() ))

passing to limit as k — oo in the above inequality;

zlilﬁlo BON(Xmeo) = Xng 7)) =1
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It follows that:
1 -3 = lim N(Xing = Xngo,7) =1

and so 3 = 0, but this is a contradiction, thus {x,,} is a Cauchy sequence. Since (L, N,®) is complete then
{x.} converges to some x* € L,

lim N(x, — x*,7) =1 foreach t > 0.
n—oo
Furthermore,
Nd(g:§17)~= N(Xr1+1 - TXn:Q
2 N@&ps1 — x50 ONK = Txp, 1)
= N(Xn+1 - Xf, T) @ N(X‘* - X‘n+1r’[) @ N(er)jl’v_ TXn: T)
= N(Xn+1 - x57) ®NE — Xn+1:T) ® Na(A ,B ,T)
which implies
Na(4,B,7) 2 N(xps1 = x50 @ N&* = Ty, 7)
2 NXpe1 — X57) @ NX" — Xn41,7) ® Ny(4,B,7)

In the previous inequality, if use limit as n — oo, obtain:

Ny(A,B,7) 21 ®NE" — Txy, 1)
>1®1®N,4,B,7)

that is,

lim N(x* — Tx,,t) = Ny(4,B,1)
and so, by condition (c), x* € 4 +(7). Since T(4A-(1)) S B (1), there exists z € A-(z) such that N(z —

Tx*, ) = Ny(4, B, ). Consequently, it follows from condition (d) and inequality (2) with « = X, v =
z7,X = X, and ¢ = x* that
NGpa1 = 27) = B(NGy = X5 0)) Ly X' X4, 2, T)
where L(Xp, X", Xp41, 2, T)=min{N(x,, — x*, 1), max{N(x, — %11, 7), N&* — 2z, 1)}}
In the previous inequality, if we use limit as n — oo, obtain:
lim L0, X, Xp11,2,7) = 1

Now,

N(}Sj -z T) = N(X: — X T) * N(Xn _v Xﬁ+1:f) * N(X‘n+1 -z T)
2 N(Xf — Xn» T) * N(Xn — Xn+1r T) * ﬁ( N(X‘n - X*, T)) L(Xn' X.*' Xn+1,Z) T)

Letting n — oo in the previous inequality, get:
N(x* — z,1) = 1,thatisx* = zand N(x* — Tx*, 1) = N(z — Tx*,t) = Ny(4,B,1). Thus x* is BPP of T.

Example 3.5: Let L = R x Rwith the fuzzy norm, N:L x R - [0,1] defined by N(x,7) = (i)”x” for
eachx € L and T > 0, where ||x||: R — [0, o) is the standard norm.

Ix =2l = Ix3 — x2| + %1 — %2l

foreach x = (x1,X,), % = (41, 4,) €EL.
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LetA ={(0,x):x € R}and B ={(1,x):x € R}

Sothat Ny(A,B,7) = sup{N(x—y,7):x € A,4 € B} = Tfr_l

Also, defineT: A — B by:

(1,2m0) if (xg, %) €A \ W
(%) =1 (1) if Guxe) = (0.2) foralim>1
(1,0) if (x1,%2) = (0,0)

where,
W= {(0%) ‘m > 1} U {(0,0)}

Notice that A-(z) = 4 and B -(t) = B, T(A+(1)) S B ().
Also, define &1 : A XA % (0,00) — [0, +0) by:

1if (0,x),(0,4) e W
i otherwise

a((0,x),(0,¢),7) = {

and

2ifif (0,x),(0,4) eW
—2 otherwise

1((0,%), (0,),7) = {
Also, assume that:
Ax 1) < X%, 7)

N(u —Tx,7) = Ny(4,B ,7)
N(”_T’y’:‘[) = Nd(Z,E,T)

then,
xy) ew
N(u —Tx,7) = Ny(4,B ,7)
N(v —Ty,7) = Ny(4,B,7)
then,

(), (0,9) € (00, 00, ((0.5). (0.5)
We conclude @&(u, v, t) < 1(u, v, 7) that is means T is an & — # proximal admissible mapping.
Also, assume that &(x, Tx,7) < 1(x, Tx,7) and (¢, Ty, 1) < (¢, Ty, 1), get:

a(x Tx 1)d(y, Ty, 1) < 11(x Tx 1) (y, Ty, )

Now we define 5 : [0,1] = [0,1] by S(s) = 1 for each s € [0,1] and differentiate between the following
cases:

Case 1: If (u,x) = ((0 i) (O, %)) and (v, ¢) = ((0 i) , (O, i)) vn,m=1
Then,

T

N(uw—v,7) = ="
T

1 1
o
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—.8( |1 1|)< |1 1|> E(N(x—%f))(ﬁ(x—%f))

Case 2: If («,x) = ((0,0), (0,0)) and (v, ») = ((0 ﬁ)(o %)) foreachm > 1
Then,

T

T rlu—v||

> |)( ||) BN —9,D) (Nx-#D)

Case 3: If (u,x) = (v, %) = ((0,0),(0,0)). Then,

T
N(u —v,7) = r+||u ol T
=1

> f(1)1=pNx - 10) (Nx-91)

Thus, all hypotheses of Theorem 3.4 is fulfilled. As a result, T has a unique BPP. In this example
x* = (0,0) is BPP. In the following, the definition of ¢—j-¢ proximal contractive for mappings T: 4 — B is
presented and the best proximity point theorem for this type of mapping is introduced. Let ® be the class of
all mappings ¢ : [0,1] — [0,1] such that ¢ is continuous, nondecreasing and @(s) > s for each s € [0, 1].

Definition 3.6: Let (L, N,®) be a fuzzy normed space and let 4 , B be two nonempty subsets of L.
Assume that T:A — B be a given non-self mapping and &,7: 4 X A X [0,00) — [0,0) be two
functions. T is called &—#j-¢ proximal contractive mapping if for each x, 4, u,v» € A,and t > 0,

ax Tx, )a(y, Ty, 1) < 7%, Tx, O (y, Ty, 7)
N(u —Tx,7) = Ny(4,B,71) = Nwu—v,17) =2 ¢( LKy, u,v,7) (10)
N(/U/ - T’y’:‘[) = Nd(Z,E,T)

where £(x %, «,v,7) = min {N(x — 1, 7), max {N(x — «,7), N(g — v, 0)}}
Next, the best proximate point theorem for &—#j-¢ proximal contractive mapping will be proved.

Theorem 3.7: Suppose that (L, N,®) be a fuzzy Banach space and A , B be nonempty closed
subsets of L where 4 -(7) is nonempty for each ¢ > 0. Consider T:A — B be &—j-¢@ proximal contractive
mapping meeting the conditions:

a. T is & proximal admissible mapping and T(4 -(z)) € B -(t) foreach 7 > 0;

b.  (b)There exist elements x, and x; in 4 -(7) such that

c. N(xy— Tx.,7) = Ny(4,B,1); #(X, %1, T) < 71(Xe, Xy, T) foOr each z > 0;

d. If {g,}is a sequence in B.(r) and x € A such that N (x — ¢,,7) = Ny(4,B,7) asn — oo, then
X € A+(t) for each 7 > 0.

e. If {x,}Iis a sequence in L such that & (X, Xn+1,T) < 7 (Ko Xns1,T) for eachn = 1 and x,, —» x as
n — oo, then @ (X, %, 7) < 7 (X, %, 7),Vn = land 7 >0.

Then T has BPP.

Proof: By using a similar approach as in proving Theorem 3.4, we may construct a sequence {x,,} in
A o(7) such that:

N(X'n+1 — Txp,7) = Nd(;f,g,‘[); (X Xms 7)) < (X Xy T) (11)

foreachn,m > 1,andanyn > 0.
Now using (11) and applying the inequality (10) with« = ¢ = X, , ¥ = Xp41 and X = x,_, obtain:

N(Xn - Xp+1,T) = @(L(Xn—l; Xno Xnr Xn+1) T)) (12)

Indonesian J Elec Eng & Comp Sci, Vol. 28, No. 3, December 2022: 1451-1462



Indonesian J Elec Eng & Comp Sci ISSN: 2502-4752 O 1459

where,

L1, X X X1, D) = Min{NG—1 = %, ), max{N 1 — %o, 1, NGy = X1, D}
:N(X‘n—l — Xn» T)

Hence,
NGp = Xn+1,T) 2 @ (N(Xm—l — X, r)) > N(Xp—1 = X, 7) (13)

and hence {N(xn — Xnt1r r)} is an increasing sequence in (0,1]. Consequently, there is y(t) € (0, 1] such
that lim N(x, — Xp41,7) = £(t) for each T > 0. We shall prove that y(t) = 1 for each 7 > 0.
n—oo

From (12),

NG = %07 2 (N1 = %0, 7))
Since ¢ is continuous, y = @(y) . This implies that y = 1 and therefore:

lim NG, — %p40,7) =1 (14)
Following that, we prove that {x,}is Cauchy sequence. Suppose that this is not true and proceed as in

Theorem 3.4's proof there exists 3 € (0,1) and 7. > 0 such that, Vi = 1, Im(k); n(k) € N with m(x) >
n(k) = k such that:

lim N(Xmie) = Xngp72) =1 -3
and

lim N(Xmoo+1 = Xngo+1, 7o) = 1 —3
Applying (10) and (9), obtain:

N(Xm(lc)+1 — Xn()+1 T") = ¢ ( L(Xm(rc)' Xn () Xm (i) +12 Xn (i) +1s T"))
where,

L(Xm(rc)' Xn (i) Xm(re)+12 Xn(x)+1s T") = min {N(X‘m(;c) — Xn(x) T")' max {N(X‘m(k) — Xm(x)+1» T")' N(Xm(lc) -
Xn(K)+1'T°)}}

Taking the limit as k¥ — oo in the inequality above, get:
1-32¢(1-3)>1-3

but this is a contradiction, hence {x,} is a Cauchy sequence. Since (L, N,®) is complete, therefore the
sequence {X,,} converges to some x* € L,

lim N(x,, — x*,7) = 1 for each 7 > 0.
n—oo

In addition,

Nd@,g,f) = N(XH+1~_ TXn! T)

2 NGy = x50 O N = Txp,7)

2 Nxne1 = x5 1) @ N = Xn41,T) @ NRpyq — Txp, 7)
= NXp+1 — X57) @ NX* = Xp41,7) ® Ny(4,B,7)
which implies

Ny(A,B,7) 2 N(xps1 — X, 7) @ NX* — Txp, 7)
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> N(xpe1 — x57) @ N(X* = Xp41,7) @ No(4,B,7)
In the previous inequality, if use limit as n — oo, obtain:

NyA,B,0) =21 ®NK — Tx,, 1)
>1®1®N,4,B,7)

that is,

lim N(x* — Tx,,7) = N;y(4,B,7)
n—-oo

and so, by condition (c), x* € A-(t). Since T(4 (7)) S B (1), there exists z € A-(r) such that N(z —
Tx*,7)= Ny(A,B,t). Consequently, it follows from condition (d) and inequality (10) with « =
Xn+1, U = Z,X = Xp and ¢ = x* that:

N(Xn+1 =2,1) 2 ¢( L (X X, Xn4+1, 2, T)
where,

L(%p X" Xn41, 2, T)=min{N(x, — x*,7), max {N(x, — %41, 7), N&* — 2,7)}
We have:

N()S: —-2z,1) = N()Ej = Xp, T) * N(xn — Xpt+1,T) * N(X-n+1 —z71)
= N = X0, T) * N(Xp — X4, T) * P(L Xy X' X111, 2, T)

In the previous inequality, if taking the limit as n — oo, get:

N(x* — z,7) = 1, which means x* = z, that is N(x* — Tx*,7) = N(z — Tx*,7) = N,(4, B, 7), thus
x* is BPP of T.
Example 3.8: Let L = Rwith the fuzzy norm, N: L x R — [0,1] defined by N(x,7) =

L and T > 0, where ||x||: R = [0, o) such that ||x|| = |x|

T
T+Ixl

VX €

LetA ={1,2,3,45}and B ={6,7,89,10}

T
T+1

Sothat Ny(4,B,7) = sup{N(x—4,7):x € A,y € B} =

Also, defineT: A — B by

_ 6,if x=5
Tx) = {x + 5, otherwise
Notice that A-(7) = 5and B +(t) = 6, T(A+(1)) S B -(1).

Also, define &,7: A x A X (0,0) — [0, +) by:

axy, 1) =1Vxy €A

and
(%, 4,7) = 2 foreachx, 4 € 4
Also, assume that:
axy,1) < Xy, 1)

N(u —Tx,7) = Ny(4,B,71)
N(v — Ty, 1) = N;(4,B, 1)
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then,

then,

a(u,

Also,

Xy €A
N(u —Tx,7) = Ny(4,B ,7)
N(v — Ty, 1) = Ny(4,B,1)

(u,x) = (5,5) or (u,x)=(51). Putting (u,x) =(55) and (v,x) = (5,1). Then conclude
v,7) < 1j(u, v, 7) that is means T is an & — 7j proximal admissible mapping.

assume that &(x, Tx, 7) < 1j(x, Tx,7) and (¢, Ty, 1) < 1j(y¢, Ty, 1), get:

ax, Tx, 1)d(y, Ty, 1) < 51(x, T, )7 (y, Ty, 1)

Now we define ¢ : [0,1] = [0,1] by #(s) = /s ,V s € [0, 1] then from (10),

~ T

N =) = =l

_ T

14 |5-75|

=1= qv)(N(x,—y,,r)) for each T > 0.
4. CONCLUSION

In this paper, we introduced the notions of &-#j-f proximal contractive and &j-f proximal

contractive mappings in a fuzzy Banach space. After that, the existence of the best proximity point for these
types of mappings is proved. Some examples are provided to demonstrate the applicability of the results
obtained. This work lays the groundwork for further research on other new types of contraction functions in
fuzzy Banach space and to study the applications for these types of mappings in a fuzzy Banach space.
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