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Abstract

Grating displacement measurement technique is an important means to achieve precise
displacement measurement of nanometer scale. Moiré fringe phase difference measurement is the basis
of grating displacement measurement technique. Traditional Moiré fringe subdivision method based on
DFT algorithm has low frequency resolution relatively when extracting Moiré fringe fundamental frequency
spectral line, which causes frequency and phase measurement errors of Moiré fringe fundamental
frequency. CZT spectrum zoom technique can improve the frequency resolution of frequency band near
Moiré fringe fundamental frequency and get fundamental frequency spectrum lines more exactly, which
can solve the problem of low frequency resolution of DFT. The paper studies the relation of Moiré fringe
phase difference and grating displacement, and analyzes the working principles of DFT and CZT spectrum
zoom method. DFT and CZT spectrum zoom are used for Moiré fringe spectrum analysis and phase
difference calculation respectively. Simulation results show measurement error of Moiré fringe phase
difference with DFT algorithm is in 10° degree scale, while measurement error with CZT spectrum zoom
algorithm is approximate O degree. The comparison results show CZT spectrum zoom method has better
performance and applicability, which improves the phase difference measurement accuracy of Moiré fringe
effectively.
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1. Introduction

Grating displacement measurement technique is widely applied in the fields of
superfinishing and numberical control. With the development of science and technology,
displacement measurement technique has entered into nanometer scale measurement times.
As the foundation of grating displacement measurement, Moiré fringe subdivision technology
can improve displacement measurement resolution and measurement accuracy, which is the
most effective way to achieve nanometer scale grating displacement measurement. Moiré fringe
subdivision methods include phase subdivision and amplitude subdivision. In 1982, M. Takada
published the Moiré fringe subdivision method with Fourier transform [1], which analyzed Moiré
fringe signal components in frequency-domain the first time and got higher grating displacement
accuracy by improving Moiré fringe phase difference measurement accuracy.

The paper analyzes the grating displacement measurement principle based on Moiré
fringe phase difference and the measurement effect of Fourier transform subdivision method,
then utilizes CZT (Chirp Z Transform) spectrum zoom technique to calculate the phase
difference of Moiré fringe fundamental frequency to ameliorate the measurement result.

2. Moiré Fringe Displacement Measurement Principle

Grating displacement sensor consists of light source, main grating, indicative grating
and photoelectric conversion elements, in which main grating and indicative grating are
superimposed with angle 8 in space to form the grating pair. The grating pitch is in micron scale
and two gratings locate closely, so optic interference phenomenon will occur to generate Moiré
fringe when light passes through the grating pair [2, 3].
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Moiré fringe has an amplification effect to grating pitch and can reduce the
measurement error caused by the non-uniformity of grating pitch, which is improtant for the
realization of precise grating displacement measurement. The distribution of Moiré fringe light
intensity is associated with imaging position and imaging time. The law of Moiré fringe light
intensity distribution at (x, y) of time t is shown as Eq.1 [4, 5].

106y, )=1 06y, )+, (xy,t)cosp(x.y.t) (1)

Where, I(x,y,t) is Moiré fringe light intensity distribution. 14(x,y,t) is the background light
intensity. Io(x,y,t) is amplitude of light intensity variation. ¢(x,y,t) is Moiré fringe phase.

Grating displacement sensor generates vertical Moiré fringes. Known from the
characteristic of vertical fringes, the light intensity is constant in y direction, and just changes
periodically in x direction, so Eq.1 is equivalent to Eq.2 [6].

(x,1)=1, (x,t)+1, (x,t)}cos@(x,t) 2)

Sampling Moiré fringe light intensity in x direction can extract the variation of fringe light
intensity. Sample the Moiré fringe light intensity of position x with high-speed photoelectric
conversion element. When the sampling interval At is short enough to ensure the phase
difference of adjacent sampling fringe less than m/2, the phase difference Ag; of adjacent
sampling fringe can be calculated with Eq.3.

A(Pi =(P(X!ti )'(P(thm ) (3)

Where, @(x,t) and @(x,t.1) are Moiré fringe phase of time t; and t;4.

When Moiré fringe light intensity is sampled N times from time t, to t, the Moiré fringe
phase variation A@ relative to the initial measurement time t; can be figured out with the
accumulation of all phase difference Ag;.

80=3 Ao, @)

Grating movement leads to Moiré fringe phase changing, so the corresponding grating
displacement can be calculated with the relation between grating displacement and Moiré fringe
phase difference in Eq.5 [7].

Ax:ﬂ-d (5)
21

Where, Ax is grating movement displacement. d is grating pitch.

The relation of grating displacement and Moiré fringe phase difference is not only in
quantity, but also in moving direction. From the analysis above, utilizing interference Moiré
fringe and sampling real-time light intensity of Moiré fringe can calculate the Moiré fringe phase
difference and grating movement displacement. Therefore, the calculation accuracy of Moiré
fringe phase difference is essential to grating displacement measurement.

3. Moiré Fringe Phase Difference Measurement Methods

Moiré fringe phase difference measurement includes digital method and analog method,
of which digital method usually has more measurement advantages, so utilize digital spectrum
analysis technique to calculate the Moiré fringe phase difference. Traditional DFT algorithm and
CZT spectrum zoom algorithm are analyzed in Moiré fringe phase difference calculation
respectively as follows.
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3.1. Discrete Fourier Transform Method

DFT algorithm is widely applied in digital signal processing field, which can analyze
time-domain signals in frequency-domain and achieve the signal spectrum discretization[8,9].
When the sampling of photoelectric conversion element to Moiré fringe light intensity meets the
spatial sampling theorem, the distribution law of Moiré fringe light intensity in Eq.2 is equivalent
to Eq.6.

[(x,t)=1, (x,t)+],cos(21rf, x+¢(x,t)) (6)

Where, fj is fundamental frequency of Moiré fringe light intensity variation in x direction.
Moiré fringe light intensity is periodic signal, and periodic signal can be expanded into
Fourier series as Eq.7.

f(x)=a, +Z(ancosnx+bnsinnx)=a0 +Z A, sin(nx+@, ) (7)

n=1 n=1

Where, aq is constant term. A, is the amplitude of each harmonic wave. @, is the initial
phase of each harmonic wave.

Eq.7 shows a periodic function consists of constant term and harmonic wave
compositions. According to the sampling Moiré fringe data in a Moiré fringe period, the fringe
light intensity parameters of ag, A, and ¢, can be calculated. For Moiré fringe light intensity
signal, the phase of fundamental frequency is associated with grating displacement, so DFT of
Moiré fringe light intensity data is processed to extract the fundamental frequency spectral line.
The DFT results of Moiré fringe sequence are complex numbers, which are shown as Eq.8.

)

X(K)=3 x(n)e” ™ ™ =RelX(K]ImIX(K)] ®)

Where, x(n) is N-point finite-length sequence of Moiré fringe data. Re[X(k)] is the real
part of Moiré fringe frequency. Im[X(k)] is the imaginary part of Moiré fringe frequency. k is serial
number of spectral lines.

The amplitude spectrum A, and phase spectrum ¢, of Moiré fringe light intensity can be
obtained with Eq.9.

A, \/Re[X(k)] +HIm[X(K)]* ¢, arc;tanRe[X(k)] y

Moiré fringe fundamental frequency spectral line has the biggest power spectrum.
Extracting the fundamental frequency spectral line can calculate the Moiré fringe fundamental
frequency phase of the sampling time. Moiré fringe fundamental frequency phase difference of
sampling interval At; can be calculated with Eq.10.

I Im[X;(K)1 | Im[X.,(k)]
AQ,=@,-0, arctan(—Re[Xi(k)]) arctan(—Re[xi_1(k)]

) (10)

However, the accuracy of DFT frequency analysis is restrained by inherent barrier
effect. DFT frequency resolution is reciprocal with the length of sampling data. If the frequency
resolution needs to improve, the sampling time also needs to be increased to get more sampling
data, which will lead to a substantial increase of system computation quantity. Therefore, the
measurement effect of DFT algorithm in Moiré fringe phase difference measurement is not
outstanding. And CZT spectrum zoom technique is applied in Moiré fringe phase difference
measurement to improve the defects of DFT algorithm.
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3.2. Chirp Z Transform Spectrum Zoom Method

Spectrum zoom technique is an important means in signal analysis, which can analyze
the frequency structure of a selected frequency region with specified and sufficiently high
frequency resolution [10]. Spectrum zoom technique mainly contains Zoom FFT algorithm and
CZT algorithm. CZT spectrum zoom algorithm takes dense values in refinement frequency
band, increases the amount of frequency analysis points, and calculates the amplitude and
phase information of corresponding frequency points.

CZT spectrum zoom algorithm can be used to calculate the z-transform of a fixed path
in z-plane. If the fixed path is a circular arc on the unit circle, increasing the output points to
make it more than input points, the specified frequency band can be subdivided. For N-points
sequence x(n), if the sampling data z, locate on the unit circle with equal interval of N-points, the
z-transform is DFT in this case, so DFT can be regarded as a special case of z-transform. The
sampling point z, of common path in z-plane can be expressed as Eq.11.

z, =AW* (11)

Where, k=0,1,...,M-1. M is complex spectrum analysis points. A and W are random
complex humbers, which can be expressed as Eq.12.

A=A %, W=W,e* (12)
So the sampling data z, can be expressed as Eq.13.
z, :Aoejeo W(;k eik% =A0W0-kej(e° +koy ) (1 3)

Where, Ay is the vector radius length of initial sampling point z. 8 is the phase angle of
initial sampling point z,. @, is the angle difference of adjacent sampling points. Wy is the
extensional proportion of sampling spiral. k=0,1,2...M-1.

Figure 1 shows the corresponding curve of sampling point z, in z-plane [11].

1
Jim[z] R

z-plane

Figure 1. Curve of CZT sampling point z in z-plane

The sampling data z has the following characteristics.

(1) When Ag<1, the sampling spiral locates inside the unit circle, while when Ay>1, the
sampling spiral locates outside the unit circle.

(2) When Wy<1, the sampling spiral rotates inside, while when Wy>1, the sampling
spiral rotates outside.

(3) When Ay=Wy=1, the CZT path is a arc of the unit circle, the amount of processing
data M can be different from the input sequence points N.
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CZT of D multiples is dividing the original frequency resolution into D parts equally to
get more spectral lines. The closer the spectral lines locate to the spectral peak, the smaller
errors frequency calculation result has, and the phase and phase difference calculation results
have smaller error too. So CZT spectrum zoom can also be regarded as a correction method,
which achieves phase correction by frequency correction.

If the calculation error of DFT algorithm is caused by barrier effect, CZT algorithm can
reduce the measurement error and improve the measurement accuracy with the processing of
frequency subdivision. But if severe spectral interference phenomenon happens, CZT algorithm
can’t separate the interfering frequency component and eliminate the effect of measurement
error, because CZT spectrum zoom just enlarges a part of frequency band on the frequency
axis. In this case, the measurement error can be reduced by adding the original sampling points
to improve the original frequency resolution. The z-transform of z is:

N-1 N-1

X(z,)=)_x(N)z =) x(N)A"W™ (14)
n=0 n=0

Known from the Bluestein equality of Eq.15, Eq.16 can be deduced.

nk=%[n2+k2-(k-n)2] (15)

N-1 o kn? K K N-1 (kny? K N-1

?:W7Z[x(n)A*”WnT]W'T:W?Zg(n)h(k-n)

n=0 (16)
=W 2 [g(n)*h(n)]
Where,
g(n)=x(n)A'"Wn7, h(n)=W_n7 (17)

In Eq.16, z-transform of z, can be calculated with linear convolution of g(n) and h(n),
K
then multiplied by W 2 . The z-transform calculation structure is shown in Figure 2.

x(n) g(n) X(zn)
h(n)

r\)‘:’,\,

Figure 2. Calculation structure of z-transform

Therefore, for the fixed parameters of Ay, 6y, @ and Wy, z-transform of zg, z4,..., zx can
be processed in z-plane with Eq.12 and Eq.16.

4. Simulation Analysis
Moiré fringe signal sequence x(n) in Eq.2 can be described as Eq.18.
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S

x(n)=A+Bcos( +@),n=0,1,...,N-1 (18)

Where, A is direct component. B is signal variation amplitude. f is Moiré fringe
frequency. fs is Moiré fringe sampling frequency. ¢ is Moiré fringe initial phase. N is sampling
size [12].

When A=1, B=3, f=100Hz, f;=1000Hz, N=1000, ¢=0°, the Moiré fringe sequence x(n) is:

100

1000) (19)

x(n)=1+3cos(21n-

Figure 3 shows the x(n) waveform of time-domain when n <[1,50].

Time Domain of x(n)

Amplitude

1 1 1 1 1 1
0 5 10 15 20 25 30 35 40 45 50
Sampling Number

Figure 3. x(n) waveform of time-domain

Utilize traditional DFT algorithm to analyze the spectrum of Moiré fringe sequence x(n)
in Eq.18. The spectrogram between 95Hz and 105Hz is shown in Figure 4.

x(n) Spectrogram with DFT Algorithm
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Figure 4. Spectrum analysis of x(n) with traditional DFT algorithm
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In Figure 4, the frequency resolution of x(n) spectrum analysis with traditional DFT
algorithm is 2Hz. The spectral lines figured out don’t locate at the frequency point of 100Hz
exactly. The spectral line which has the biggest power spectrum is Moiré fringe fundamental
frequency spectral line, so the measured Moiré fringe fundamental frequency is 99.6Hz.
However, the theoretical Moiré fringe fundamental frequency is 100Hz in Eq.18, traditional DFT
algorithm causes 0.4Hz frequency measurement error of Moiré fringe fundamental frequency,
which will caused phase difference measurement error of Moiré fringe fundamental frequency
further.

Utilize CZT spectrum zoom algorithm to subdivide the frequency band of x(n) between
95Hz and 105Hz. The processing procedure is described below.

(1) Determine the subdivision frequency band and the quantity of output data.

(2) Make the CZT path on the unit circle, determine the positions of the starting point
and the ending point, and set the angle difference of adjacent sampling point.

(3) Calculate the CZT of the sampling points on the path.

(4) Extract the spectral line of x(n) fundamental frequency.

The distribution of x(n) spectral lines between 95Hz and 105Hz is shown in Figure 5.
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Figure a: x(n) Spectrum Zoom of CZT with 128 multiples
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Figure b: x(n) Spectrum Zoom of CZT with 256 multiples

Figure 5. Spectrum analysis results of x(n) with CZT spectrum zoom algorithm

In Figure 5, Figure a and Figure b are x(n) frequency subdivision results of 128
multiples and 256 multiples with CZT spectrum zoom algorithm. The frequency resolution of x(n)
spectrum analysis are 0.078Hz and 0.039Hz respectively, which have more spectral lines
between 95Hz and 105Hz than DFT algorithm. The x(n) spectral line of frequency 100Hz can be
extracted exactly. And increasing the subdivision multiples can improve the frequency resolution
furthermore. From the contrast of Figure 4 and Figure 5, it can be concluded that CZT spectrum
zoom algorithm has prominent spectrum analysis effect for Moiré fringe fundamental frequency
spectral line.

When the Moiré fringe initial phase ¢ of x(n) in Eq.18 increases 1° each time, utilize
DFT algorithm and CZT algorithm respectively to measure the phase difference of each
variation of ¢. 0-10° is chosen as the Moiré fringe phase variation region, which can obtain 10
groups of phase difference measurement results. The measurement results with two algorithms
are shown in Table 1.

Moiré Fringe Phase Difference Measurement Based on Spectrum Zoom Technology (Li Chang)
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Table 1. Moiré Fringe Phase Difference Measurement Results of x(n) With DFT Algorithm and

CZT Algorithm
Group Number DFT Algorithm (°) CZT Algorithm (°)
1 0.9966 1.0000
2 0.9968 1.0000
3 0.9968 1.0000
4 0.9970 1.0000
5 0.9970 1.0000
6 0.9972 1.0000
7 0.9972 1.0000
8 0.9974 1.0000
9 0.9975 1.0000
10 0.9976 1.0000

Table 1 shows the Moiré fringe phase difference measurement result of CZT algorithm
is more accurate than that of DFT algorithm. Figure 6 shows the measurement error curves of
Moiré fringe phase difference measurement with DFT algorithm and CZT algorithm.

Measurement Error (°)

x 10" Curve of Measurement Error
2 T T T T T
—c— DFT
—+—CZT
1k
0x * * * + * * * %
Ak
210
3L
_4 1 1 1 1 1 1 1
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Group Number

Figure 6. Error curves of Moiré fringe phase difference measurement with DFT algorithm and

CZT algorithm

In Figure 6, the average phase difference measurement error of DFT is -0.0029 degree,
while the measurement error of CZT spectrum zoom algorithm is approximate 0 degree, which
proves the superiority of CZT spectrum zoom technique.

Compared with traditional DFT algorithm applied in Moiré fringe fundamental frequency
phase difference calculation, CZT spectrum zoom technique can achieve precise Moiré fringe
phase difference measurement without modulation or filtering processing. Besides, the
frequency resolution of CZT spectrum analysis is adjusted expediently. Consequently CZT
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spectrum zoom technique can reduce Moiré fringe phase difference measurement error, which
is benefit for grating displacement measurement.

5. Conclusion

Moiré fringe fundamental frequency phase difference measurement effect can affect the
accuracy of grating displacement measurement. Traditional DFT algorithm can analyze Moiré
fringe fundamental frequency to obtain the phase of Moiré fringe first harmonic wave. However,
due to the influence of frequency resolution in spectrum analysis, the phase difference
measurement accuracy is relatively low. The application of CZT spectrum zoom technique can
solve this problem effectively. CZT spectrum zoom improves the frequency resolution of Moiré
fringe spectrum analysis by frequency subdivision, which can obtain exact spectral line of Moiré
fringe fundamental frequency for phase and phase difference calculation. Simulation results
show the phase difference measurement accuracy of Moiré fringe fundamental frequency with
CZT algorithm is higher than that of traditional DFT algorithm. CZT spectrum zoom method can
achieve the function of Moiré fringe spectrum correction, reduce frequency and phase
measurement errors, and achieve high-precision phase difference measurement of Moiré fringe
fundamental frequency, which has a certain significance for precise grating displacement
measurement.
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