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Metric spaces are specific types of topological spaces with pleasing
“geometric” characteristics and they have a number of appealing properties
and are commonly used in both pure and applied sciences. In this work, the
structure of cartesian product space in the setting of a fuzzy b-metric space
(Fb-M space) framework is introduced, which is an extension allows to
create the large-scale structure for the space of the type fuzzy b-metric. The
possibility of transferring some of the results and important features related
to Fb-M space to this suggested space are discussed and demonstrated. The
Cartesian product of two Fb-M spaces is proved as Fb-M space, this allows,
to investigate and prove the topological expectation on the fuzzy product b-
metric space. Furthermore, certain specific fuzzy b-metrics on F?, and fuzzy
Euclidean plane are obtained in this way.
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1. INTRODUCTION

Metric spaces theory has been studied in a variety of ways in recent years, one of which is the fuzzy
situation. In the paper, Zadeh [1] was the first to present the idea of fuzzy sets. Many eminent authors have
introduced the theory of fuzzy sets and its applications to use this term in topology and analysis. A fuzzy
metric space is well known to be a useful generalization and is a subject that scientists and mathematicians
are very interested in. A number of authors have introduced fuzzy metric spaces in various methods. For
example, the continuous t-norm was used to define the fuzzy metric space in [2], In the paper, George and
Veeramani [3] modified the definition of fuzzy metric space and established the Hausdorff topology of a
fuzzy metric space. Furthermore, in the paper, Dhange [4] tried to generalize the idea of usual metric and
introduce the notion of D-metric to convert more results from usual to D-metric. Subsequently, Mustafa and
Sims [5] offered the idea of G-metric, in which the tetrahedral inequality was substituted with an inequality
using indices recurrence. Following this novel approach, the concept of Q-fuzzy metric and studied some
applications in this space were developed by [6]-[9]. As a result of the strong correlation between the
theories of fuzzy metric spaces and fuzzy normed spaces, Khan in [10] proposed the concept of generalized
call (G-norm). Depending on the notions of Q-fuzzy metric and G-norm, the space of G- fuzzy normed was
presented in [11]. The concept of fuzzy norm has been used in developing fuzzy functional analysis and a
wide variety of domains see [12]-[16] for reference. Besides, fuzzy metric spaces, there are various
extensions of the metric and metric space notions. Some problems, particularly the convergence of
measurable functions with respect to measure, lead to a broadening of the concept of metric. In the paper,
Czerwik [17] offered a very intriguing expansion of the notion of a metric, termed b-metric. Czerwik
discovered some fixed point conclusions in this pioneer paper, including the analog of the Banach contraction
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principle in the framework of complete b-metric spaces. In the framework of b-metric spaces, the existence
(and uniqueness) of (common) fixed points of diverse classes of single-valued and multi-valued operators.
has been observed in the following works (see, e.g., [18]-[23] and the related references therein). Following
the development of fuzzy b-metric space, the notion of Cartesian product space on fuzzy b-metric spaces is
introduced. On the other hand, the concept of a fuzzy b-metric space was presented in [24], which generalizes
the fuzzy metric space and b-metric space. Meanwhile, [25]-[29], for example, researchers have taken a keen
interest in developing and enhancing various findings in b-metric spaces. The main goal of this research is to
study and present a new Cartesian product approach on a fuzzy framework, which has yielded some
interesting results.

The following is the structure of the paper. Section 2 is devoted to recalling previously known
definitions, information, and preliminary findings that will be used in this work. In section 3, a
characterization of the Cartesian product in the context of fuzzy b-metric space (Fb-M space) is presented, as
well as some inherited important characteristics related with (Fb-M space). A fuzzy Euclidean plane (FE-
plane ) are given in section 4, moreover, any FE-plane is complete is proved.

2. PRELIMINARIES AND BASIC RESULTS
First, we recall some basic definitions and notions, which are essential for this work;

Definition 2.1. [16]: A binary operation ©: [0,1] x [0,1] — [0,1] is called a continuous triangular
nor (t-norm) if ([0,1], <, ©) is an ordered abelian topological monoid with 1.

Lemma 2.2. [16]: Any continuous triangular norm O satisfies that for all ¢,0 < ¢ < 1thereisa, b,
0< ab<1lsuchthata®©b =c

Definition 2.3. [16]: Let © and & are two continuous triangular norm then & is said to be dominates
O and denote by ®> © ifforall a,b,c,d €[0,1] (aOb)Q (cOd)=(a® c)O(b R d)

The definition of a Fb-M space is now given.

Definition 2.4. [23]: A quadruple (X,M,Q,k) is called a fuzzy b-metric space (Fb-M space) if Xis a
nonempty set, k = 1 be a given real number, © is continuous triangular norm and M is a fuzzy set in X2 x
[0, ) with the following conditions hold each x ,y,z € X

(bM1) M(x,y,0) =0

(bM2) [ Forallt > 0, M(x,y,t) =1] ifandonly if x = y

(bM3) Forallz =0 M(x,y,t) =M(y,x,t)

(bM4) Forall £,8 =0, M(x ,z, k(£ +8) = M(x,y,t) OM(y,z,s)
(bM5) M(x,y,.):[0,) — Iis left continuous and {11_)[2) M(x,y,t) =1

Theorem 2.5. [23]: Let (X, M, O,k ) be a Fb-M space, then forx € X,0 < 6 < 1,4 > 0 an open ball is
defined by B(x,6,2) ={y € X: M(x,y,£) >1—6}.ThenTy, ={TcX:x €
T if and only if thereis 0 <6 < 1,# > 0: B(x,6,%) € T } is a topology on X.

In the context of fuzzy b-metric space, the convergent sequence and Cauchy sequence can be presented as
given in S. Nadéaban's notions [24 ]

Definition 2.6. [23]: In a Fb-M space (X, M, O, k ), a sequence(x,,) is said to be
(i) convergent if there exists x € X such that lim M(x,,,x,%#) =1 forall£ > 0
n—oo

(ii) Cauchy if V6 € (0,1),V £ > O there is n, € N : M(x,,,xp,,2) > 1 —6 forall n,m = n,

Theorem 2.7. [23]: Let the space (X,M,0,k) be a fuzzy quasi-pseudo-b-metric and d,(x,y) =
inf{# >0: M(x,y, %) > a},where 0 < a < 1. Then D= {dg}qe(q)iS an ascending family of quasi-
pseudo-b-metrics on X.
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3. COMPLETENESS OF THE CHARACTERIZATION (X; x X,, M ,®,k )

In his section, a fuzzy b-metric structure defined on the Cartesian product of two Fb-M spaces of
type (X1 X XZ,M,®,k) is given. The topological expectation is constructed for such product. The
suggested idea (X1 X XZ,M,®,k) is proved a complete Fb-M space. To obtain this completeness, the
Cartesian product of two Fb-M spaces is likewise a Fb-M space will be first proved. A description of the
Cartesian product in terms of Fb-M space is given the following definition;

Definition 3.1: The application M = X; X X, x [0,00) — [0,1] is a Fb-M space on the Cartesian product
of the sets X; and X, defined by M((xy,x; ), (71, ¥2 ), £) = My(xy,¥1,%) ® My(xy,y,,1),V,£>0
and (x;,x, ),(y1,¥, ) € X; X X, named fuzzy product b-metric, where  is continuous t-norm with @ >
O then the notion (X; X X,, M ,®,k ) is known as the product space.

The Cartesian product of two Fb-M spaces with the same continuous t-norm (©) a Fb-M space is proved,
according to the next theorem.

Theorem 3.2: Suppose that (X;, M; ,®,k ) and (X, ,M,,0, k ) are two Fb-M spaces, if ® is a continuous t-
norm with @ then the space (X; x X, ,M ,®, k) is a Fb-M.

Proof: Forall (x,,x;, ), (y1,y2 ), (21,2, ) € X; X X, , we will prove

(bM1) i ((xpxz ), (1, y2 )'0) = M;(x1,¥1,0) @ My(x,y,,0) =0.

Since M;(x;,y;,0) =0and M,(x,,y,,0) =0

(bM2) forall £ > 0; if x; =y, and x, =y, then

M((xl'xz ), (1, Y2 ):t) = M;(x;,y1,t) @ My(x3,¥,,8) =1 Q1= 1.

If M((xy,x2 ), (vy,y2 ), t) = 1then My (xy, y1,£) @ My(x,, 2, ) = 1. Since we have A>>® this implies
that 1 < M, (xq,y1, ) AMy(x5,v5, %) = M(x1,y,2) =1 and M,(x,,y,,2) =1 it means x; =y,
and x, = y,.

(OM3) M((x1,%2 ), (71, ¥2 D) = My(xy,y1,8) @ My(x5, 75, 1)
=M, (y1,x1,1) @ My(y, x5, %)
=M((yy,y, ), (x1,x,) ,£) forall, £ >0
(bM4) 7 ((xxy, x5 ), (21,25 ), k(£ +8)) = My(xy , 21, k(£ +8)) @ My(x5, 25, k(£ + 8))
> [My(x1,31,1) O My(y1,21,8)] @ [Ma(x2,¥2,1) © My(y, , 2, 8)]
> [M;(xy,y1,1) @ Ma(x2,y2, )] O [My1(y1,21,8) @ My(y, 22, 8)]
= M((xuxz ), 1, y2 ),’t) O] M((Yb)’z ), (21,2, ).5) forall,%,58 >0

(bM5) let £, be a sequence in[0, ) with £,, converges to ¢+ . Now Forall (x;,x, ),(v;,y, ) € X; X X,
}LEEOM((xl,Xz ), Y2 tn) = ii_@oMl(xpyhtn) ®£%M2(x2:y2!tn)
=M;(x1,y1,)Q My (x5, ¥,, %) = M((xpxz ), (V1,2 )'t)
Hence, M((x;,x; ), (71,¥, ), £, ) converges to M((xy,x; ), (v1,y2 ), £)
That is, M((xy,x2 ), (y1,¥2 ),.):[0,00) - Lis left continuous and
li_{gloM((xl'xz ), (Y1, Y2 )'t) = £2@M1(X1:Y1,t) ®£i7g)M2(x2'3’2:t) =1Q1=1.

The next result explains the product topology for two Fb-M spaces.

Theorem 3.3: Let Ty, is a topology on the space (X, My, O, k) of Fb-M, Ty, is a topology on another space
(X5, My, O, k) of fuzzy b-metric under the same continuous t-norm. If M is a fuzzy product b-metric, thenTy
is the product topology on X; X X, .

Proof: Firstly, we will prove that for each 0 < 6 < 1,4 > 0 thereexist 0 < 6, < 1, 0 < 6, < 1 and there
exists £; > 0,4, > 0 such that B(y;,64,%1) X B(¥,,62,%,) € B((y1 X¥,),6,£) Vy, Xy, € X; X X,.
Suppose that 0 < 6 < 1,7 > 0 so From Lemma (2.2) thereare 0 < 6; < 1, 0 < 6, < 1 with (1 —

6,)0(1 — 6,) =1 — 0.56. Putting + = £, = £, > 0, for each (x;,x;) € B(y;,61,%1) X B(y;,0,,%,), we

get 1\7[, ((xpxz ), 1,2 )"t) =M (x1,¥1,£)OM (X3, 2, %)

>(1-6,)0(1-6,)=1-056>1—56
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Conversely, lety; € X;,y, € X, we want to prove that foreach0 < 6, <1,0< 6, <land#; > 0,7, >0
thereare 0 < 6 < 1 and £ > 0 with B((y; X ¥,),6,%) € B(y;,61,%,) X B(y,,6,,£,) Vy, € Xy, €

X, .Assumethat 0 < 6, <1,0<6, <1,%#; > 0,%, > 0 then for 6 = min{6,,6,} and £ = min{#,, £,},
and for each (x;,x,) € B((y; X y,),6,%), weobtain x; € B(y;,6,,%;) and x, € B(y,, 65, £,).Hence from
M, (xy,y,,£)OM;(x3,y,,£) >1—-621-6,7 € {1,2} the result is M, (x;,y, ,£) > (1 — 6,) (because if
it isn’t we get M, (x1,y,,2)OM;(x5,y,,%t) < (1 —6,)O1 =1 — 6,) and which implies.

that M, (x,,v,,%) > (1 — 6,) by analogously. Therefore M;(x;,y,,%) = M;(x,,y.,%) > (1 —6,) and
My(xz,y2,1) 2 Mi(x3,y,,£) > (1 —6,)

The following result discusses the sequence's limit point attribute in a Fb-M space of
type (X; X X, ,M,®,k).

Proposition 3.4: Let x be a limit point of (x,,) in a Fb-M space (X;, M;,©, k) and X be a limit point of (£,)
in a Fb-M space (X,, M,, O, k). If ® is a continuous t-norm with @ > then (x,% ) be a limit point of the
(x,,%,) inthe space (X; XX, ,M,®,k)

Proof: The space ( X; X X, , M ,®, k) is Fb-M by Theorem (3.2). Since x be a limit of (x,,), thus for all £ >
0, lim M, (x,,x,%) = 1 and since X be a limit of (x,,), thus limM,(x,,%,%) = 1. Now for all £ > 0,
n—oo n—oo

lim M((x,,, 2,,), (x, 2),%) = im M, (x,,, x,£) @ limM,(%,,%,£)=1Q 1 = 1.
n—oo n—-oo n-—oo
Hence M((x,,%,), (x,%),%) = 1, it means that (x, % ) is the limit point of (x,,, £,,).

Proposition 3.5

Let the sequence (x,,) is Cauchy in a Fb-M space (X, M, ©, k) and the sequence (%,,) is Cauchy in a Fb-M
space (X,, M5, O, k) . If ® is a continuous t-norm with ®>>Q then (x,,, X,,) is Cauchy sequence in the space
(X1 XX, ,M,®,k)

Proof: Since (X, x X, ,M ,®,k) is the space with a Fb-M notion by Theorem (3.2). Our assumption that
(x,) and (x,) are two Cauchy sequences, thus Vv 0<6,,6,<1 and %%, >0, An, €
N: My (x,,, Xm, %) > 1—6; and My(R,, X, %) > 1 — 6, for all n,m = n,. Now, for all n,m =n,.By
taking £ =, =%, > 0. M((x,,%,), X)) = My (X, Xy £) @ My(Ry, X, £) > (1 —6,) ® (1 —
6,) =1—0.56>1—6 for all n,m € n,. It means that M((x,,%,),(Xp £n),£) > 1 — 6. Therefore,
(x,,%,) is Cauchy in (X; x X, ,M,Q®, k).

The Cartesian product of two complete Fb-M spaces is a complete Fb-M space, as shown by the following
theorem.

Theorem 3.6: Let (X;, M, 0, k) and (X,, M,, O, k) are complete Fb-M spaces. If @ is a continuous t-norm
with @ > then the space (X; x X, , M ,0®, k) is complete Fb-M.

Proof: The space (X1 x X, ,M,0, k) is fuzzy b-metric by Theorem (3.2). Suppose that (x,,, %,,) is Cauchy
in (X; XX, ), thatis, for all 6 € (0,1), V £ > 0 there is n, € N : M ((x,,, £,,) , (X, %), £) > 1 — 6, forall
n,m = n,. Since 6 € (0,1), then from Lemma (2.2) thereis 0 < 6,,6, <1 with (1—-6;) ® (1—-06,) =
1 — 6, which implies that M((x,,, 2,,) , (o, Zm), £) = My (20, Xy, £) @ My(Ry, R, £) > (1 —6,) @ (1 —
6,) so that M,(x,,x,.t) > (1—6;) and M,(X,,X,,*) > (1 —6,). Therefore, (x,) is Cauchy in
(X1, M;,0,k) and (%,) is Cauchy in(X,, M,, ©, k). But the spaces (X;,M,,0Q,k) and (X, M,, O, k) are
complete Fb-M, hence there is x in X; and X in X, such that x is the limit point of (x,,) and x is the limit
point of (%,,), it means that lim M, (x,,x,%) =1and lim M,(%,,x,%) =1 forallz > 0.
n—oo n—-oo

Now, lim M((x,, £,), (x,%),£) = lim M;(x,,x,1) @ lim M(2,,%,¢t)=1 ®1=1

Thus (x, ®) is the limit point of (x,,, &,,). Therefore, (X; x X, ,M ,®, k) is complete Fb-M space.

Theorem 3.7 : If (X; X X,,M,®,k) is a Fb-M space then (X;, M; ,®,k) and (X, ,M,,0®, k) are Fo-M

SpaCES by deflnlng Ml(xl 'yl!/t) = M((xlvo) ’ (Y1,0)rt) and MZ(xZJyZIt) = M((O! x2)l (O,YZ),t) for a”
X1, Y1 € X1, X2,V € X5, > 0.
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Proof: Foreach x;,y; € X;,x,,y, €X,
(bM1) M, (x; ,y1,£) = M((x1,0) ,(¥1,0),0) = 0
(bM2) for all £ > 0, M, (x;,y,,£) = 1 ifand only if for all £ > 0, M((x;,0),(y1,0),£) = 1&
(x1,0) = (y1,0) ifand only if x; =y,
(bM3) Forall £ = 0 My (x1,y1,1) = M((x1,0), (y1,0),£) = M((yy,0), (x;,0), %) = My(yy, x1,£)
(bM4) For all £, = 0, x;,y,,2, € X;
My (xy , 2z, , k(£ +8) = M((x1,0), (21, 0), k(t + 8)
= M((x1,0), (v1,0)¢) © M((y1,0), (2,0),.6)
=M, (x1,y1,1) O M;(y;,2;,8)
(bM5) My (%;,y1,.) = M((x1,0), (y1,0),.):[0,00) - I is left continuous and lim My (%, 91, 8) =1
As aresult, (X;, M; ,0, k) is a Fb-M space.
Similarly, we can also demonstrate that (X,, M, ,, k) is a Fb-M space.

Theorem 3.8: If (X; x X,,M,®,k ) is a complete Fb-M space then (X;, M; ,®, k) and (X, , M, ,®,k ) are
complete Fb-M  spaces where  My(x;,y;,%) = M((x1,0),(y1,0),2) and  My(x,,y,,t) =
M((O,xz), (O,yz),t) forall x,,y, € Xy, x3,y, € X,, 4 > 0.

Proof: (X;,M;,®,k) and (X, ,M,,®,k) are Fb-M spaces according to Theorem (3.7). Let (x,,) be a
Cauchy sequence in (X;, M; ,©,k) thatisif v6 € (0,1),v % > Othereisn, € N : My (x1,,, X1, £) >1—6
for all n,m > n,. Now, for 6 € (0,1), # > 0 there is 7, € N : M((x1,,,0),( X1, 0),£) > 1—6 for all
n, m = n,, this implies that (x,,, 0) is Cauchy sequence in X; x X,. But (X1 X X, M ,®,k) is complete so
(x1,,,0) converges to (x;,0) in X; X X,, that is that rl[l_l)’l;lo M((x1,,,0),(x;,0),2) =1 for all £ > 0. Hence

lim M; (xy,,, %1, %) = lim M((x,,0), (x4,0),%#) = 1for all £ > 0, it means that (x,,,) converge to x, in X;.
n—-oo n—oo
As aresult, (X;, M; ,,k) is complete. Similarly, we can also demonstrate that (X,, M, ,(®, k ) is complete.

4. A FUZZY B-METRIC ON EUCLIDEAN PLANE
An application of our result to Fb-M space s is derived. The following constructive example
demonstrates that IF (the field of real or complex numbers) with some conditions is a Fb-M space.

Example 4.1: Let M:F?2x[0,0) > [0,1] be a fuzzy set defined by M(x,y %)=
(t—d(x,y)/t+d(x,y))for £ >d(x,y) and M(x,y,£) =0for £+ <d(x,y) . Then (F,M,0,k) is a
Fb-M space, where a © b = min{a, b}

Proof: According to Definition 2.4, the conditions (bM1), (bM2) and (bM3) are directly satisfied.
Now, to verify the condition (bM4) for all x,y,z € Fand £, s € [0, ) the following cases it follows
a-Ift < d(x,y) ors <d(y,z) or both then,

M(x,z,k(t+s8) =M(x,y,£) O©M(y,z,s) Satisfied obviously
b-If£ >d(x,y)and 8 > d(y,z) then,

k(t+8)—d(x,z) - k(# +8) —kld(x,y) +d(y,z)]
k(t+8)+d(x,z)  k(t+8)+kldx,y)+d(y,z)]
_(E+8)—dx,y)—d(y,z)
T (t+s8)+d(x,y)+d(y,z)
. (t=d(x,)y) s—-d(y,.z)
= mi {t+d(x ,y)'5+d(y,z)}
= Mx,y,£)OM(y,z,s)

M(x,z, k(t+8) =

It means that M(x,z, k(£ +8) = M(x,y,£) OM(y,z,s).
For (bMb5), assume that (£,)is a sequence in [0,) such that (£,) converge to#, then Vx,y €F

_ lim %,— lim d(x,y) _
In=d@XY) _ g0 ™ o = 22909 _ p(x,y,£).0 M(x , y, £,,) converge to

lim M(x,y,t,) = lim = & . =
N—00 2O o0 Lty +d(x,y) Jim tp+ lim d(xy)  t+d(x,y)
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. . . . g tmd(xy)
M(x ,yc,l(t).) Hence M(x,vy,.):[0,00) > 1 is left continuous and gl_)n; M(x,y,t) = il_)rg ey
t_dxy)

lim Lt =
£, d(x,y)
t—ooo 24 84Y)

1

The following theorem gives a new characterization of a convergence sequence that belongs to X in a Fb-M
space.

Theorem 4.2: Let (F,M, O, k) be a Fb-M space and (x,,) be a sequence in F. Then (x,,) is converges to x
if and only if limd,(x, ,x) =0forall¢,0 < a < 1.
MnN—>00

Proof: Assume that (x,,) be a sequence in F with (x,,) is converges to x, this means that lim M (x,, ,x,%) =
11— 00
1 for all £ > 0.we take a € (0,1) this implies that lim M(x,, ,x,%) > « for all £ > 0 so there is a positive
Mn—00

integer n,(a, %) with M(x, ,x,t) > a for all n=>n,(a,t) - d,(x,,x) <t for alln = n,(a,t) -
limd,(x,, ,x) < ztforall£ >0 - limd,(x,,x)=0forall0 < a < 1.
n— 0o n—0

Conversely, let limd,(x, ,x) = 0 for all «,0 < a« < 1 then corresponding to any # > 0 there is a positive
Mn—00

integer n (a, ) with d,(x, ,x) <t for all n > n,(a,%) this implies that M(x,, ,x,%) > a for all n >
n.(a,t) it means limM(x,, ,x, %) >aforal0 <a <1- limM(x, ,x,t) = 1forall£ > 0.
n—oo n—oo

Lemma 4.3: Let (IF, M ,O, k ) be a Fb-M space. Then there exists 0 < o < 1 with d,(1,1) # 0

Proof: d,(1,1)=inf{£>0: M(1,1,%£) > a}. Our assumption that d,(1,1) =0 for all 0 < a < 1.
Since M(1,1,£) >aforall0<a <1and#>0then M(1,1,2) =1 forall £> 0, it means 1 = 0 and
this is contradiction.

Proposition 4.4: In a Fb-M space(F,M,Q,k ), a sequence (x,) is convergent if and only if (x,) is
convergent in (F, |]).

Proof: A sequence (x,,) is convergent to x in Fb-M space (F,M ,0,k ) < limd,(x, ,x) =0 forall o, 0 <
Mn—oo
a<leo lim|x,— x|d,(1,1)=0forall ¢,0 < a <1 & lim|x, — x| =0 & (x,) is convergent in (F,
n—oo n—00
1) .

Definition 4.5: The quadruple (F%, M, O, k) is called fuzzy Euclidean plane if © is continuous t-norm, k €
R wherek > 1 and M:F? X F2 x [ 0,00) — [0,1] is a fuzzy b-metric defined by,

M ((xl'xz ), Y2 ),t) = My (x1,y1, 1) A My (x3, ¥, %)

Where M, and M, are fuzzy b-metrics on F and note that for all fuzzy b-metrics M and M, are satisfied
(bM4) with respect to a t-norm (©).

Remark 4.6: Theorem 3.2 and the fact that A > © for any continuous t-norm O assure the precision of the
previous definition, implying that M is certainly Fb-M space on F2.

Proposition 4.7: Let (F?,M ,Q,k) be a fuzzy Euclidean plane. If (x,,) be a sequence in F?, then (x,,)
converge to x in (F%, M ,0, k) if and only if (x,) converge to x in (IF?,d) where d denotes the Euclidean
metric on [F?

Proof: Let (x,) be a sequence in F? such that (x,) converge tox in (F%,M,0Q,k) if and only if
M(x, ,x,t) > lasn - oo for all £ >0 if and only if M;(x, ' x%,%) AMy(x,%x2% %) > lasn - o if
and only if M;(x,%,x},£) > 1 asn — oo for all j = 1,2 if and only if |x,} — x| — 0 all j = 1,2 if and only if
d(x,bxh) -0

The behavior of a fuzzy Euclidean plane (IF?, M, O, k) is described by the following theorem.
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Theorem 4.8: Any fuzzy Euclidean plane (F%, M ,O, k) is complete
Proof: Suppose that (x,,) is a Cauchy sequence in (F?,M ,®, k). Then,

dom (X, X)) = inf{t > 0:M(x,, ,xp, t) > a}
= inf{t > 0: M;(x,.}, x5 ) AMy(x,,% x,% ) > a}
=inf{t > 0: M; (x5, x5 £) > a, My(x,.%, %%, 1) > a}
> inf{t > 0: M; (2,3, xp, £) > al, forallj=12

Hence dgp (x,, , %) = da‘Mi(xni, xmd) = |, — xd dem;(1,1), for all j=12. When Lemma (4.3) is
applied to a fuzzy b-metric M;, it follows that there exists 0 <aj < 1with dg(1,1) #0. So
doym (X ) Xm) = [xc,.d — a8 dem;(1,1), for all j = 1,2. Since (x,,) is a Cauchy in (F%, M ,0, k), then the

(x,.9) is a Cauchy in (F,d) is obtained for all j = 1,2. Hence (x,,}) is converge to x! all j = 1,2. Therefore,
(x,,) is converge to x = (x1,x2) in (IF?,d) and by Proposition (4.7), (x,,) is converge to x in (F?, M ,0Q,k)
is obtained.

5. CONCLUSION

We have defined the product of two Fb-M spaces and proved that the product of two Fb-M spaces is
also Fb-M space up to this point. The implication of two Fb-M spaces with the product topology is
established and proven. We've also given a description of fuzzy b-metric space, the fuzzy Euclidean b-metric
plane, based on this new structure.
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