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1. INTRODUCTION

More than two decades ago, Huang and Zhang had proposed the notion of a cone metric space [1].
The Cauchy and convergent sequences and a few fixed-point theorems were used for the contractive form of
mappings in cone metric spaces (CMSs). This notion is exciting because of the usual metric space where an
ordered Banach space switches to the real numbers. Abbas and Jungck [2] have shown some noncommuting
mapping causes CMSs. Furthermore, several researchers have proved different contractive-type maps in
CMS and fixed points [3]-[8].

The function of a quasi-metric is to verify the triangle disparity. However, quasi-metric is
considered an asymmetric metric. As compared to metric space, quasi-metric space (QMS) is more inclusive.
It is also a topic of exhaustive research in computer science and the framework for topology. For instance, a
quasi-cone metric space (QCMS) definition expands to the QMS given by Turkoglu and Abuloha [3].
Morales and Rojas have introduced the continuity of mapping between CMS (X, C), P a cone along with
constant K and T: X — X and it self [4]. Yaying et al. introduced the continuity of mapping between QCMS
(X, q) and itself [5]. In addition, although the concept of normality in CMSs is monumental in developing
fixed point theory in CMSs, Rezapour and Hamlbarani [6] have rejected it. Several researchers have
simplified fixed points in CMSs in many directions. For instance, Jankovic et al. [7] surveyed the latest
outcomes in CMSs. Abdeljawad and Karapinar [8] have verified fixed point theorems in QCMSs. They
introduced many Cauchy sequences in QCMSs, which are studied as an extension of the Banach contraction
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mapping and other areas. Yaying et al. [9] have defined arithmetic fb- continuity and arithmetic ff-
continuity based on the notions of forward and backward arithmetic convergence in asymmetric metric
spaces. Also, they have proven some interesting results.

For functions between (MSs), (CMSs) and (QCMSs) and themselves, many continuity ideas have
been established [4], [5]. The continuity function between (QCMSs) and (CMSs) and vice versa, however,
has yet to be implemented. As a result, we have introduced these definitions and looked at how they relate to
one another. Our ideas are based on the continuation of a function mapping between two (MSs), a function
mapping between two (CMSs), and a function mapping between two (QCMSs). There have been numerous
fixed-point theorems presented between (MSs) and themselves, (CMSs) and themselves, and (QCMSs) and
themselves [1], [8]. We looked at prior results of a fixed-point to introduce a fixed point in a function
mapping between (CMSs) and (QCMSs).

This paper introduces new notions of continuity of mapping, some theorems, and propositions. It
compares the new notions to each other through specific examples. Additionally, the paper introduces the
fixed-point theorem of the newly introduced notion. The paper also supports the results of other recent
research with the help of examples. Finally, some general concepts, definitions, and outcomes are recalled
and applied in this paper.

This study will make a significant contribution to the field of mapping continuity and fixed-point
theorems. Fixed point theorems are used to solve problems in estimate theory, game theory, and mathematical
economics in a variety of disciplines including mathematics, statistics, computer science, engineering, and
economics. The following is how the rest of the paper is structured: The study's preliminary findings are
presented in section 2, the results are clarified in section 3, and the paper is completed in section 4.

2. PRELIMINARIES
In this part, the elementary facts about the CMSs and QCMSs and their continuity, which can be
observed in [1], [10]-[26], are given in a shortened form.
- Definition 2. 1 (see [17]). The cone is considered to be regular if each expanding sequence in P that is
bounded from is convergent in E. If {u,, },cy IS @ Sequence such that,

U S U << U, <0< (1)

for afew v € E, there is also some u € E that satisfies || u,, — u|l — 0g. As (n - ).
In the following, we continually assume E is a space of Banach, P is a cone.
- Definition 2. 2 (see [18]). Assume X is a nonempty set. Presume the mapping C : X X X — E assures,
(C1) C(u,v) = 0 forallu,v € X and C(u,v) = Oy ifand only if u = v
(C)C(w,v) =C(,u) forallu,v € X
C3)Cwv) <Cu,w)+Cww)forallu,v,weX
then, C is a cone metric on X, and (X, C) is a CMS.
- Proposition 2. 3 (see [4]). Assume (X, C;) and (Y, C,) are a CMS, P a cone with constant Kand T: X —
Y. The following are equivalent,
the map T is continuous.
If Tllm u, = u, implies that Al_r& Tu, = Tu for every {u, }ney in X.
- Definition 2. 4 (see [24]). Assume X is a set. Presume that the mapping q: X X X — E satisfies the
subsequent,
(QL) 05 < q(u,v) forallu,v € X,
(Q2) q(u,v) = 0g ifand only if u = v,
(Q3) q(u,v) < q(u,w) + q(w, v), forall u,v,w € X.
Then, g is known as a QCM on X, and the pair (X, q) is called a QCMS.
- Example 2. 5 (see [25]). Assume X =R, E=R?, P={(u,v) €EE:u,v =0} and ¢: RX R — R? is
defined by (2),

(0,0)ifu=mv,
q(u,v) =4(1,0) ifu > v, 2
(0,1) ifu < v.

Then, (g, R) is a QCMS because it satisfies all conditions of QCMS, for all u,v,w € R.
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Definition 2. 6 (see [27]). A sequence {u, }neny forward converges to u, € X if for each ¢ € E along with
0 < c (i.e., ¢ € int P) there exists a number n, that satisfies q(u,, u,) < c for all n = n,. We indicate

. f
it through u,, = u,.
Definition 2. 7 (see [3]). A sequence {u,}ney backward joins to u, € X if for each ¢ € E along with
05 < c (i.e., ¢ € int P) there is a number n, that satisfies q(u,,u,) < ¢ for all n = n,. We show it by
b
Up = Ug.
Definition 2. 8 (see [5]). Assume (X, gx) and (Y, gy) are two QCMSs. A map T: X — Y is ff-continuous
at u € X if whenever u,, LA uin (X, gx) we have T (u,) LN T(w) in (Y, qy).
Definition 2. 9 (see [5]). Assume (X, gx) and (Y, gy) are two QCMSs. A map T: X — Y is fb-continuous
b
at u € X if whenever u, EA uin (X, gx) we have T(u,) = T(w) in (Y, qy).
Definition 2. 10 (see [5]). Assume (X,qx)and (Y,qy) are two QCMSs. A map T:X — Y is bf-
b
continuous at u € X if whenever u,, = u in (X, gx) we have T (u,) LA T(w) in (Y, qy).
Definition 2. 11 (see [5]). Assume (X,qx)and (Y,qy) are two QCMSs. A map T:X — Y is bb-
b b
continuous at u € X if whenever u,, » x in (X, qx) we have T(u,) = T(w) in (Y, gy).
Definition 2. 12 (see [5]). A set X is compact in the forward sequence if every sequence {u,}nen In X
possesses a forward convergent subsequence {uy, }n,en 10 ug € X if for all ¢ € E along with 0y < ¢ (i.e.,
c € int P) there is number n, as a result q(uo, u,,) < c forall n, = n,.
Definition 2. 13 (see [5]). A set X is compact in the backward sequence if every sequence {u,},en in X
possesses a backward convergent subsequence {up, }n,en 10 uo € X if for all ¢ € E along with 0; < ¢
(i.e., c € int P) there exists a number n, as a result q(uy,, up) < c) for all n; = n,.

b
Lemma 2. 14 (see [5]). Assume (X, q) is a QCMS. Then u,, - u if and only if each subsequence of it is
backward convergent to u.

b
Proof. Suppose u,, = u. Then for ¢ € E along with 0z <« c there exists an n, € N such that q(u,,u) < c,
which means ¢ — q(u,, u) € int P for all n > n,. Suppose {unk}kEN is a random subsequence of {u,, }nen-

b
If n, =ngy, wegotc— q(unk, u) €int P, i.e., q(unk,u) K c. S0 Uy, > u
Lemma 2. 15 (see [5]). Assume (X, q) is a QCMS. Then u, 1) u if and only if each subsequence of it is
forward convergent to u.

f . . L
Proof. Suppose u,, = u. Then, for ¢ € E along sequence with 05 « c there exists an n, € N that satisfies
q(u,u,) < ¢, which means ¢ —q(u,u,) €intP for all n>n, Suppose {unk}keN is a random

subsequence of {u, }nen. If 1y = ng, we got ¢ — q(w,up, ) €Nt P, ie., q(u, up,) < c. SO Uy, L

The converse’ proof is evident. Thus, it is removed. As a result, the proof is complete.

Lemma 2. 16 (see [5]). If {u,},ey forward converges to u € X and backward converges to v € X, it
means u = v.

Theorem 2. 17 (see [5]). Assume g : X X X — E is a QCMS. If (X, q) is a forward sequentially compact

b f
and u, = u. It means u,, - u.

MAIN RESULTS
Because of the established concepts in CMSs and QCMSs [5] and [26], we introduce new notions of

continuity of mapping between QCMS and CMS and vice versa. The relation between all notions of
continuity is thoroughly studied and support with the help of examples. We also find a fixed point for this
continuity map between a complete Hausdorff CMS and QCMS.

Definition 3.1. Suppose (X, q) isa QCMS and (Y,C) aCMS. Amap T: X — Y is b-continuous at u if for
b

any sequence {u,},en in X backward converges to an element u in X (un—>uasn - oo), then the

sequence {T(u,)}nen converges to T(u) in Y, (C(T(uy,),T(u)) » 0gasn — ). T is considered b-

continuous if it is b-continuous at each u € X.

Example 3.2. Suppose (X, q) is a QCMS where X = [0,1], E =R?, a € [0,1), P = {(u,v) € R%:u,v >

0} and g:[0,1] x [0,1] — R? is defined by (3),

_ (u —v,a(u—v)),ifu > v,
9@ v) = { (a,1),ifu < wv. @)
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assume (X,C) is a CMS where X =[0,1], E =R? a €[0,1), P ={(u,v) € R%u,v =0} and
C:[0,1] x [0,1] — R? is defined by C(u,v) = (lu — v|,alu — v|). A map T:[0,1] — [0, 1] defined
by T(w) = g is b-continuous at {0}.

- Proposition 3.3. Assume T: (X,q) — (Y, C) is b-continuous at u. Then, a map T is bb-continuous at u
and bf-continuous at u.
Proof. Since a map T: (X,q) — (Y, C) is b-continuous at u, then for every sequence {u, }nen in (X, q)
that backward converges to an element u in (X, q), i.e., q(u,,u) — 0 as n — oo, we have a sequence
{T (uy) }nen that converges to T (w) in (Y, C), i.e., C(T (uy,), T(w)) — 0g as n — oo, where every CMS is
QCMS and C(T(u,),T(uw)) = C(T(w), T(u,)) — 0 asn — oo, thus, amap T is bb-continuous at u and
bf-continuous at u.

- Remark 3.4. Every bb-continuous (or bf-continuous) is not always the case b-continuous as every
QCMS is not always CMS.

- Definition 3.5. Assume (X, q) isa QCMS and (Y,C) aCMS. Amap T: X — Y is f-continuous at u if for

. . f
any sequence {u,lnen in X forward converges to an element u in (un—>u asn — oo). Then, the

sequence {T(u,)}nen approaches to T(uw) in (C(T(u,),T(w)) —» 0gasn — ). T is considered f-
continuous if it is f-continuous at all u € X.

- Example 3.6. Assume (X, q) is a QCMS, where X = [0,1], E = R?, @ € [0,1), P = {(u,v) € R:u,v =
0} and g:[0,1] x [0, 1] — R? is defined by (4),

_ (v —u,a'(v—u)),ifv >u,
q(w,v) = { (a,1),ifv < u. “)

suppose (X,C) is a CMS where X =[0,1], E=R? a€[0,1), P = {(u,v) € R :u,v > 0} and
C:[0,1] x [0,1] — R? is defined by C(u,v) = (Jlu — v|, alu — v|). A map T:[0,1] — [0, 1] defined
by T(u) = g is f-continuous at {0}.

- Proposition 3.7. Assume T: (X,q) — (Y, C) is f-continuous at x. Then, a map T is ff-continuous at x
and fb-continuous at x. Proof. Since amap T: (X, q) — (Y, C) is f-continuous at u, then for all sequence
{un}nen in (X, q) forward approaches to an element u in (X, q), i.e., q(u,u,) — 0g as n — oo, we have
a sequence {T (u,)}nen that converges to T(w) in (Y,C), i.e., C(T(u,),T(u)) — 0 as n — o, where
every CMS is QCMS and C(T (u,),T(w)) = C(T(u),T(u,)) — 0 as n — oo, thus, a map T is ff-
continuous at u and fb-continuous at u.

- Remark 3.8. Every ff-continuous (or fb-continuous) is not always the case f-continuous as every
QCMS is not CMS.

- Theorem 3.9. Assume T: (X,q) — (Y, C) is b-continuous at u. If (X, q) is forward sequentially compact,
then, T is f-continuous at u.

Proof. Since T: X — Y is b-continuous at u, any sequence {u, }ney In X backward converges to u € X.
Then, the sequence {T (u,,) }nen @pproachesto T(u) €Y.

b
In other words, u, »u = T(u,) - T(u) as n - oo, where (X, q) is forward sequentially compact, the
. f
sequence {u,}nen POSsesses a forward convergent subsequence in X say u,, — v by Lemma 2.15, so u,

f . b f f .
- v € X. Since u,—»u € X and u,, » v € X by Lemma 2.16, subsequently u = v. Thus, u,, = u. Since

b
T (u,) — T(u) whenever u,, »>u asn - o, so T(u,) — T(u) whenever u, L uasn —- oo, Then, T is f-
continuous at u.
- Example 3.10. Assume (X, q) is a QCMS where X = [0,1], E = R? a €[0,1), P = {(u,v) EE:u,v =
0}
and g: [0,1] X [0,1] — R? is defined by (5),

(0,0)ifv = u,
(u, aw) if v < u.

qu,v) = { ®)

Assume (X,C) is a CMS where X =[0,1], E=R? a€[0,1), P={(u,v) € E:u,v =0} and
C:[0,1] x [0,1] — R? is defined by C(u,v) = (Jlu — v|,alu — v|). A map T:[0,1] — [0, 1] defined
by T(w) = % is b-continuous at {0}.

- Lemma 3.11. Assume q: X X X - E is a QCM. If (X, q) is backward sequentially compact and u,, LA u.

b
Thenu, - u.

Fixed point theorem between cone metric space and quasi-cone metric space (Abdullah Al-Yaari)
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. f . .
Proof. Assume {u,}neny iS @ sequence so u, »u for a few u € X. Via the backward sequentially
b
compactness, the sequence {u,}nen has a backward convergent subsequence, as u,, — v by lemma 2.14,

S0, Uy, i v. Since u, L u € Xandu, i v € X, by Lemma 2.16, subsequently u = v. Thus, u, f» u.

- Theorem 3.12. Assume T:(X,q) — (Y,C) is f-continuous at x. If (X,q) is backward sequentially
compact. Then, T is b-continuous at x.
Proof. Since T: X — Y is f-continuous at u that means any sequence {u,},en in X forward converges to

u € X. Then, a sequence {T (u,,) }nen @pproaches to T(u) € Y. In other words, u, Z)u = T(u,) - T
b
as n — oo, by Lemma 3.11, so u, — u. Since T(u,) = T(u) whenever u, Lu asn — oo, s0 T(u,) -

b
T (u) whenever u,, » u asn — oo. Then, T is b-continuous at u.
- Example 3.13. Assume (X, q) is a QCMS where X = [0,1], E =R? a €[0,1), P = {(u,v) E E:u,v =
0} and g: [0,1] X [0, 1] — R? is defined by (6),

(0,0) ifu > v,
(v, av) ifu < v.

aGv) = { (6)

assume (X, C) isa CMS where X = [0,1], E = R?, a € [0,1), P = {(u,v) € E:u,v = 0} and C: [0,1]
[0,1] — R? is defined by C(u,v) = (lu — v|, a|lu — v|). A map T: [0,1] — [0,1] defined by T(u) =
is f-continuous at {0}.

- Remarks 3.14. Assume (X,q) is a QCMS and {u,}ney @ backward convergent sequence in X, the
sequence {u, },en IS NOt always the case a forward convergent sequence in X. Assume (X, q) is a QCMS
and {u,}.eny @ forward convergent sequence in X, the sequence {u,}ney IS nOt always the case a
backward convergent sequence in X.

- Corollary 3.15. Assume T:(X,q) — (Y,C) is b-continuous at x. If (X,q) is forward sequentially
compact, then T is bb-continuous, bf-continuous, fb-continuous and f f-continuous at u.

Proof. Since T: X — Y is b-continuous at u and (X, q) is forward sequentially compact by —
Proposition 3.3, a map T is bb-continuous and bf-continuous at u, and by Theorem 3.9, amap T is f-
continuous then, by Proposition 3.7, amap T is ff-continuous and fb-continuous at u.

- Corollary 3.16. Assume T:(X,q) — (Y,C) is f-continuous at u. If (X,q) is backward sequentially
compact, then T is bb-continuous, bf-continuous, fb-continuous and ff-continuous at u.

Proof. Since T: X — Y is b-continuous at u and (X, q) is backward sequentially compact by Proposition
3.7, amap T is ff-continuous and fbh-continuous at u, and by Theorem 3.12, a map T is b-continuous
then, by Proposition 3.3, a map T is bb-continuous and bf-continuous at u.

- Definition 3.17. Assume (X, () isa CMS and (Y,q) a QCMS. A map T: X — Y is b*-continuous at u if

for any sequence {u,}nen in (X,C) converges to an element u in (X,C), (C(u,, x) » 0g asn — ).

X
s
3

Then, a sequence {T(u,)}nen in (Y,q) backward converges to T(w) in (Y,q) (T(un)iT(u) asn -

oo). Provided T is b*-continuous at each u € X, then it is called b*-continuous.

- Example 3.18. Assume (X,C) is a CMS where X = [0,1], E=R?, a € [0,1), P = {(u,v) € R:u,v >
0} and C:[0,1] X [0,1] — R? is defined by C(u,v) = (lu — v|, alu — v|). Suppose(X, q) is a QCMS
where X = [0,1], E = R?, a € [0,1), = {(u,v) € R%:u,v = 0} and q:[0,1] x [0,1] — R? is defined
by (7),

_ (u —v,a(u—v)),ifu > v,
@) = { (a,1),ifu < wv. @

amap T: [0,1] — [0,1] defined by T'(u) = g is b*-continuous at {0}.

- Definition 3.19. Assume (X, () isa CMS and (Y,q) a QCMS. Amap T: X — Y is f*-continuous at u if
for any sequence {u,}nen in (X,C) converges to an element u in (X,C) (C(uy,u) » 0g asn — ).
Then, a sequence {T(u,)}nen in (Y, q) forward converges to T(uw) in (Y, q) (T(un) LT(u) asn - oo).

Provided T is f*-continuous at each u € X, then it is called f*-continuous.
- Example 3.20. Assume (X,C) is a CMS where X = [0,1], E=R?, a € [0,1), P = {(u,v) € R:u,v =
0} and C:[0,1] X [0,1] — R? is defined by C(u,v) = (lu — v|, alu — v]). Assume (X,q) is a QCMS
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where X = [0,1], E = R?, a € [0,1), = {(u,v) € R%:u,v = 0} and q:[0,1] x [0,1] — R? is defined
by (8),

_ (v —u,a(v—u)),ifv > u,
9w v) = { (a,1),ifv < u. ®

amap T: [0,1] — [0,1] defined by T(u) = - is f*-continuous at {0}.

- Proposition 3.21. Assume T: (Y,C) — (X, q) is b*-continuous at u. Then, a map T is bb-continuous at u
and fb-continuous at u.
Proof. Since a map T: (Y, C) — (X, q) is b*-continuous at u, then for every sequence {u,}nen in (Y, C)
approaches to an element u in (Y, C), i.e., C(u,,u) — 0z as n - oo, we have a sequence {T (u,)}nen
that backward approaches to T (u) in (X, q), i.e., q(T(u,),T(u)) — 05 as n — o, where every CMS is
QCMS and C(uyu) = C(u,u,) — 0g as n—> oo . Thus, a map T is bb-continuous at u and fb-
continuous at u.

- Remark 3.22. Assume T: (X,q) — (Y, q) is bb-continuous at u, or fb-continuous at u; then, a map T is
not b*-continuous at u because not every QCMS is necessarily CMS.

- Proposition 3.23. Assume T: (Y,C) — (X, q) is f*-continuous at u. Then a map T is ff-continuous at u
and bf-continuous at u.
Proof. Since a map T:(Y,C) — (X, q) is f*-continuous at u, then for any sequence {u,},ey in (Y,C)
approaches to an element u in (Y, C), i.e., C(u,,u) — 0g as n - oo, we have a sequence {T (i) }nen
that forward approaches to T'(w) in (X, q), i.e., q(T(u,),T(w)) — 0g as n — oo, where every CMS is a
QCMS and C(u,,u) =C(u,u,) — 0 as n > o . Thus, a map T is ff-continuous at u and bf-
continuous at u.

- Theorem 3.24. Assume T:(Y,C) — (X,q) is b*-continuous at u. If (X,q) is forward sequentially
compact, then T is f*-continuous at u.
Proof. Since T:Y — X is b*-continuous at u, every sequence {u, },ey in Y converges to u € Y, then the

b
sequence {T (u,)}nen backward approaches to T(u) € X.In other words, u,, » u = T(u,)—>T(u) as
n — oo, where (X,q) is forward sequentially compact, the sequence {T(u,)},ey has a forward

convergent subsequence in X say T(unk)LT(v) by Lemma 2.15, so T(un)LT(v) € X. Since
T(un)iT(u) € X and T(u,) LT(U) € X by Lemma 2.16, subsequently T(u) = T(v). Thus, T(u,)

L T (w). Since T (uy,) kA T(u) whenever u, - u as n - oo, T(uy,) L T (u) whenever u,, > u as n — oo.
Then, T is f*-continuous at u.

- Theorem 3.25. Assume T:(Y,C) — (X,q) is f*-continuous at u. If (X,q) is backward sequentially
compact, then T is b*-continuous at u.
Proof. Since T:Y — X is f*-continuous at u, then any sequence {u,}ney in Y converges to u € Y, then
the sequence {T (u,)},en forward approaches to T'(u) € X.

In other words, u, - u = T(u,) LA T(u) as n — o, where (X, q) is backward sequentially compact, the
b
sequence {T (u,)}nen has a backward convergent subsequence in X say T(u,,) — T(v) by Lemma 2.14,
b b
so T(u,) = T(v) € X. Since T(u,)—>T(u) € X and T(u,) L T(v) € X by Lemma 2.16, subsequently

T(u) = T(v). Thus, T (uy,) 4 T (w). Since T (u,) Z>T(u) whenever u,, - u asn - o, so T(u,) 4 T (uw)
whenever u, - u as n — oo. Then T is b*-continuous at u. Proof. Since T: X — Y is f*-continuous at u
and (X, q) is backward sequentially compact by Proposition 3.23, a map T is f-continuous and bf-
continuous at u, and by Theorem 3.25, a map T is b*-continuous then, by Proposition 3.21, a map T is
bb-continuous and fb-continuous at u.

- Corollary 3.26. Assume T:(X,C) — (Y,q) is b*-continuous at u, if (Y,q) is forward sequentially
compact. Thenamap T is bf-continuous, ff-continuous, bb-continuous and fb-continuous at u.
Proof. Since T: X — Y is b*-continuous at u and (X, q) is forward sequentially compact by Proposition
3.21,amap T is bb-continuous and fb-continuous at u, and by Theorem 3.24, a map T is f*-continuous
then, by Proposition 3.23, amap T is ff-continuous and bf-continuous at u.

- Corollary 3.27. Assume T:(X,C) — (Y,q) is f*-continuous at u, if (Y,q) is backward sequentially
compact, then a map T is bf-continuous, ff-continuous, bb-continuous and fb-continuous at u.

- Lemma 3.28. Assume (X,C) isa CMS and {u,},-; @ sequence in X. Assume there is an order of non-
negative natural numbers {A,,},,»; such that Y:>°_; ¥, < oo, in which C(u,, Up41) < ynM, for some M €
P, and for all n € N. Then, the sequence {u,,},-, is Cauchy order in (X, C).
Proof. For n > m, we get,
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CUmun) £ CUpmUms1) + CQUmipr, Umsz) + o+ CUn_1,uy) S M YT Vi
suppose ¢ € int P and choose § > 0 such that ¢ + Ng(0) < P where,

Ns(0) ={v € E : |lv|]| < &}
since Y, ¥, < oo, there exists an actual number n, to the extent that for all m =ny, MY _,vy; €
Ns(0), also —M Y.;»_;v; € Ns(0) since ¢ + Ng(0) is open. Thus, ¢ + Ngs(0) € int P; that is c—
MY ;vi €intP. Thus, MY _;y; < ¢ for m = ny and so, C(uy,u,) K c for n >m =n,. Thus,
{un}ns1 is a Cauchy order.

- Theorem 3.29. Assume (X, C) is a complete Hausdorff CMS, (X, q) a QCMS and suppose T: (X,C) —

(X, q) is a b*-continuous mapping. Suppose that there are functions n, 4, {, u, £: X — [0, 1) which satisfy
the following for u, v € X,

1) n(TwW) < n(w), A(TW) < Aw), {(TW)) < {w), u(T(W) < u(w) and §(T(w) < £(w)

(2) nw) +AW +q@W) +p@) +{w <1

@) q(Tw), TW) < nwqw,v) + 2wWq(u, T(w)) + {w)q(v, T(W)) + u(wWq(T(w),v) +
Swq(, T(v))

4) C(T(u), T(v)) <nw)C(u,v) + A(u)C(u, T(u)) + Z(u)C(v, T(v)) + u(w)C(T(u),v) +
§(W)C(u,T(v))

T then has a distinctive fixed point.
Proof. Let u, € X be arbitrary and fixed, and we consider the sequence of orbit of uy, u,, = T (u,,_,) for
alln € N. If we take u = u,,_; and v = u,, in (4) we have,
C(un, uns1) = C(T(Up-1), T(un))
< N(Un-1)Cn-1, Un) + At 1)C (Un—1, T(Un-1)) +
§ (1) C (tn, T(uy)) + sty 1) C (T (1), ) + & (1) C (U1, T (1))
= 1(T Wn-2))C (Un-1, ) + AT Wp-2))C (Un-1, ) +
(T (un=2))C (1) + (T (o ))T (ut, un) +
§(T (Un-2))C (Up-1, Un41))
< N(un-2)CQUn-1, Un) + Atn—2)C(Up-1, Up) + {(Un—2)C (Up , un41) +

f(un—z)(c(un—lt un) + C(uw un+1))

< n(up)C(Up_q, Up) + A(ug) C(Up—1, uy) + () C(Uy , Upyq) + & (o) (C(Up-1,Uy) + C(Up, Upt1))

= n(uo)c(un—l'un) + A(uo)c(un—l’un) + ((uo)c(un :un+1) + E(uo)c(un—li un) +
f(uo)c(un' un+1)

= (n(up) + A(ug) + &(110))C oy ) + W)y, 1) + & (o) €ty Uny1)
= (o) + A(ug) + &) )C(Un_1,un) + (o) + &(16))C(tt, Unss).
So,
C (1) = Qo) + (o)) CQtty, Unyr) < (n(ut) + A(g) + §(10))C (s, )
S0,

C(un’un+1)(1 = (Q(up) + f(uo))) < (T'I(uo) + Auy) + f(uo))c(un—lvun)

Indonesian J Elec Eng & Comp Sci, Vol. 25, No. 1, January 2022: 540-549



Indonesian J Elec Eng & Comp Sci ISSN: 2502-4752 a 547

SO,

n(ug)+A(ug)+ §(uo)
C(un, Unyr) < (m) C(Un-1,uy)
=h C(up-1,un)
< h? C(up_z, Up-1)

< h™ C(ug, uq)

thus, by Lemma 3.28, {u,, },» is Cauchy in X. Because of completeness of X and T is a b*-continuous

b
mapping, there exists w € X such that u,, » w and u,,,; = T(u,) = T(w).
For uniqueness, let w; be another fixed point of T, then,

qw,wy) = q(Tw), T (w))
< n(w)q(w,wy) + 2Aw)g(w, TW)) + {W)q(wy, T(wy)) + uw)q(TWw), wy) + EW)q(w, T(w,))
=nw)qw,w,) + Aw)q(w,w) + {w)q(wy, wy) + uwiqw, wy) + EWw)q(w, wy)
=nw)qw,w1) + uw)q(w,wi) + EW)q(w, w,)
= mWw) +uw) +EWw))gw,wy)

Therefore; n(w) + u(w) + §(w) = 1, contradicts to (2). Thus, g(w,w;) =0 = w = w;.
- Corollary 3.30. Assume (X, C) is a complete Hausdorff CMS, (X, q) a QCMS and suppose T: (X,C) —
(X, @) is a b*-continuous mapping. Suppose that there are functions n, 1, u: X — [0, 1), which gratify the
following for u,v € X,

n(T(w) < n(w), A(T(w) < A(w) and u(T(w)) < p(w),

1) n(w) +2A0w) +2uw)<1

2 q(TW,TW) < nwqw,v) + AW (q@w, T®)) + @, T®))) + uw)(q(T W), v) +
q(u, T(v)))

@) C(Tw,T®) <n@)C(w,v) + AW(C (W TW)) + C(v, T¥))) + uw) (C(TW),v) +
C(w, T(v)))

then, T has a unique fixed point.

4. CONCLUSION

This study was mainly concerned with introducing four new notions of continuity of mapping, some
theorems and propositions comparing these new notions to each other, illustrating them with some examples.
Furthermore, in this paper, the fixed-point theorem of this newly introduced notion has been introduced.
Future research can investigate a unique fixed point between CMS and QCMS to prove a fixed point between
QCMS and CMS.
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