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 In the prevailing open-access environment, one of the limitations for power 

exchanges has been voltage stability. The study of voltage stability 

necessitates a complete network representation. In this paper, the advantage 

of the dynamic behavior of generators is considered by incorporating 

dynamic models for generators. It has been shown dynamic models resulted 

in more accurate results compared to the conventional PV buses or ideal 

voltage source models that are used in most of the voltage stability studies. 

Moreover, the traditional L-index is augmented by incorporating real-time 

and synchronized phasor data collected from the optimally located phasor 

measurement units (PMU) in a wide-area measurement system (WAMS) to 

estimate more accurate voltage stability margins. Simulation studies carried 

out on IEEE 9-bus and IEEE 14-bus systems under various system 

conditions. It has been demonstrated that the inclusion of dynamic models 

and synchrophasor data from WAMS significantly improves the precision 

with which voltage stability analysis results are obtained. 
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1. INTRODUCTION  

In the beginning, stability problems encountered in power system were mainly related to generator 

rotor angle stability and frequency stability problems, which are mainly generator driven [1]. Voltage 

instability was later established as a major threat to the operation of power systems, which is mainly load 

driven. Growing demand for power with constrained transmission capabilities, voltage stability and voltage 

collapse problems has gained the importance. In its most simplistic form, this can be explained as the 

system's inability to provide necessary reactive power or the system's excessive absorption of reactive power. 

Earlier it was associated with weak systems and long transmission lines, but now the load behaviour has a big 

effect on it. Voltage instability has been a significant concern to the activity of many power networks around 

the world in the last three decades. This has caused havoc on the economy and had important social 

implications. It has been one of the key causes of several worldwide blackouts like 1987’s Tokyo blackout 

and 2003’s United States, United Kingdom, Canada, Sweden, Italy and Denmark blackouts [2], [3]. In order 

to estimate the voltage instability, researchers have suggested many voltage stability indices, and a few have 

been used for voltage stability analysis in real time. They include traditional indices defined using minimum 

eigenvalue, P-V and P-Q curves [4], [5], continues power flow [6], singular value decomposition [7], 

sensitivity analysis methods [8], bifurcations theory [9], and L-index [10]. 

https://creativecommons.org/licenses/by-sa/4.0/
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These studies mainly aim at determining the available margin between the present operating state 

with the voltage stability limit. Since the magnitudes of voltages alone fail to give good insight about the 

nearness to voltage stability limit, researchers proposed several voltage stability indices (VSIs), to monitor 

voltage stability. System operators can easily monitor these VSIs, which are scalar magnitudes to know the 

proximity to voltage stability limit. These indices were classified into two categories, VSIs defined using 

Jacobian matrix and VSIs defined using system variables. Voltage collapse point can be obtained using 

Jacobian matrix based indices, such as test function [11], [12], second order index [13], tangent vector [14] 

and V/V0 [15]. The drawback with these indices is high computational time. This will restrict their 

application for off-line studies. Whereas, system variable based indices such as L index, stability index (SI) 

[16], voltage collapse index (VCI) [17], Lmn index [18], LQP index [19], fast voltage stability index (FVSI) 

[20], voltage collapse point indicators (VCPI) [21], P-index [22], use the admittance matrix elements, bus 

voltages or power flow details. Voltage stability margin can be calculated in less time and these indices are 

more suitable for online monitoring applications [23]. Review and comparison of various VSIs proposed by 

the researchers [24], [25] in the last thee decades clearly shows the scope for investigation for the present 

study.  

P. Kessel and H. Glavitsch has developed an indicator called L-index, which was a number that is 

scalar determined for every load bus representing the proximity to voltage instability using power flow 

solution. This was used for the detection and identification of vulnerable system states and to measure the 

gap between the present operating condition and the system’s voltage stability collapse point. The scalar 

value of this index varies between 0 to 1. Zero-representing the state of no-load and one representing voltage 

collapse state. Most vulnerable bus is the one, whose L-index value is near to 1 in the entire system. Hence, 

L-Index can be utilized to find the critical buses in the network as well as to assess the system state. Recent 

advancements in wide area measurements using phasor measurement units (PMU) [26] in contrast to the 

methods that has used loacal measurements [27]-[29] with optimal locations [30], [31] made the 

implementation of L-index more attractive. The reason for the identification of optimal locations being 

financial constraint posed by the size of the system, i.e., number of nodes present in the network [32].  

The remaing part of this paper is devided into 4 parts and it is laid out as shown in. Section 2 delves 

into the mathematical modelling aspects of generators representing the dynamics of the generator for the 

dynamic simulations. The modified L-index incorporating generator dynamic model along with the use of 

synchrophasor data to evaluate it is expounded in Section 3. The efficacy of utilizing the dynamic model 

along with modified L-index with PMU data in voltage stability studies is substantiated in Section 4. Finally, 

Section 5 culminated in the conclusions drawn from the results. 

 

 

2. MODELLING OF GENERATORS 

Essential element of electrical energy generation in power systems is synchronous generator. 

Stability problem in power systems is mainly depends on the performance of these machines. Hence, 

understanding their characteristics and modelling of their dynamic performance are of fundamental 

importance. Mathematical model for synchronous generator was developed by using Park-Concordia model 

as per the schematic shown in Figure 1. To include the generator dynamic performance, automatic voltage 

regulator (AVR), and over excitation limiter (OXL) are considered along with the synchronous machine 

model. Synchronous machine is represented by 4th-order model. For voltage regulation of generator, IEEE 

standard Type-I AVR model is used. 
 

 

 
 

Figure 1. Schematic of synchronous machine 
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2.1.   Generator equivalent model using synchrophasor data: 

The equivalent circuit for synchronous generator is considered as a voltage source representing the 

internal generated voltage in series with an impedance representing synchronous impedance comprising of 

synchronous reactance and armature resistance as shown in Figure 2. Normal practice followed for 

estimating generated voltage Eg and series impedance Zs is by using Thevenin’s equivalent method. These are 

estimated by taking the voltage at the terminals v(t) and supply current i(t) measurements at two consecutive 

time instants assuming the parameters remain constant during this period. Serious flaw in this approach is 

that, if the gap between the time instants is large, then the assumption is invalid. If the gap is too small, even 

the minute errors in the measurements results in large error in the parameter estimation. To overcome this 

problem, it is proposed in the present study to estimate these parameters using synchrophasor measurements 

obtained using PMUs only once, instead of using measurements at two different instants considering some of 

the machine parameters like resistances and reactances are known.  

In the present research, 4th order generator model along with AVR and OXL to include the generator 

dynamics is considered. For the fourth order model the direct axis (d -axis) and quadrature axis (q-axis) 

voltages (𝑉𝑑  & 𝑉𝑞) and currents (𝐼𝑑  & 𝐼𝑞) are associated by the following relations: 

 

0 = 𝑉𝑞 + 𝑟𝑎𝐼𝑞 − 𝐸𝑞
′ + (𝑥𝑑

′ − 𝑥𝑙)𝐼𝑑 

0 = 𝑉𝑑 + 𝑟𝑎𝐼𝑑 − 𝐸𝑑
′ − (𝑥𝑞

′ − 𝑥𝑙)𝐼𝑞  (1) 

 

Where 𝑟𝑎 represents armature resistance and 𝑥𝑙  is the leakage reactance. 

 

 
 

Figure 2. Thevenin’s circuit for generator 

 

 

From gnerator’s Thevenin’s circuit shown in Figure 2, synchronous impedance of the generator can 

be calculated by using (2): 

 

𝑍𝑠 =  
𝐸𝐺−𝑉𝑡

𝐼𝑡
 (2) 

 

Where 𝐸𝐺 = (𝐸𝑑
′ + 𝑗𝐸𝑞

′ )𝑒𝑗(𝛿− 
𝜋

2
)
, 𝑉𝑡 = (𝑉𝑑 + 𝑗𝑉𝑞)𝑒𝑗(𝛿− 

𝜋

2
)
 and 𝐼𝑡 = (𝐼𝑑 + 𝑗𝐼𝑞)𝑒𝑗(𝛿− 

𝜋

2
)
. 

Generated voltage can be calculated as shown in (3): 

 

𝐸𝐺 = 𝑉𝑡 +  𝑍𝑠𝐼𝑡 (3) 

 

Thus, the values of 𝐸𝐺  & 𝑍𝑠 that vary with system states can easily be obtained directly from the 

synchrophasor measurements (𝑉𝑡 & 𝐼𝑡) from the PMUs located at the generator terminals if the resistances 

and reactances of (1) are known.  

 

2.2.   Generator model 

Fourth-order model is used in the present study for synchronous generator. This model was derived 

after making various simplifications to the traditional swing equation to an eight-order model considering 

field saturation while maintaining generator dynamics intact. Transient effects by the damping windings are 

considered, whereas the sub-transient effects leading to demagnetizing effects because of rotor position are 

ignored to simplify the model. Following assumptions are made to simplify the model: 

 

𝑇𝑑𝑜
" ⟶ 0, 𝑋𝑑

" ⟶ 𝑋𝑑
′ , 𝐸𝑞

" ⟶ 𝐸𝑞
′  (4) 
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In the present model d-axis and q-axis inductances are modelled using lead-lag transfer functions. 

Hence, the system become fourth order with the state variables δ, ω, E′q and E′d. Differential equations 

representing all the four state variables are as as shown in: 
 

�̇� =  Ω𝑏(𝜔 − 1)  
 

𝑀�̇� =  (𝑃𝑚 − 𝑃𝑒 − 𝐷(𝜔 − 1))  
 

𝑇𝑑𝑜
′ 𝐸𝑞

′̇ = (−𝑓𝑠(𝐸𝑞
′ ) − (𝑥𝑑 − 𝑥𝑑

′ )𝐼𝑑 + 𝐸𝑓)  
 

𝑇𝑞𝑜
′ 𝐸𝑑

′̇ = (−𝐸𝑑
′ + (𝑥𝑞 − 𝑥𝑞

′ )𝐼𝑞) (5) 
 

Electrical power 𝑃𝑒 is given by:  
 

𝑃𝑒 = (𝑉𝑞 + 𝑟𝑎𝐼𝑞)𝐼𝑞 + (𝑉𝑑 + 𝑟𝑎𝐼𝑑)𝐼𝑑 (6) 

 

Where 𝛿 =  𝜃 (𝑡) −  ω𝑠𝑡 and θ(t) is the rotor angle, as indicated in Figure 1. ‘ω’ is rotor speed in per 

unit,  ω𝑠 represents system’s synchronous axis speed, Pm, Pe are mechanical and electrical powers 

respectively, D-damping coefficient and M-mechanical starting time. 𝐸′refer to transient voltages behind 

transient reactance, 𝑥 , 𝑥′are synchronous as well as transient reactances respecivily,  𝐸𝑓 is the exciter field 

voltage, and 𝑇𝑜
′  the open-circuit time constants. Subscripts d & q representing direct and quadrature axis 

quantities. Units of 𝛿 and ω𝑠 are radian and radian/s, respectively. Variables 𝑇𝑑𝑜
′  ,𝑇𝑞𝑜

′ , and M are in seconds. 

All other parameters are p.u. values. 

 

 

3. MODIFIED L-INDEX FOR MULTI MACHINE SYSTEM 

Modelling of single machine system with Thevenin equivalent model using (3) is presented in 

section 2. For the multimachine system shown in Figure 3, similar analysis is performed to derive the 

modified L-index.  

 
 

 
 

Figure 3. Multimachine power system with PMUs 

 

 

Multimachine power system shown in Figure 3 consists of ‘m’ number of generators equipped with 

AVR and Exciter to take care the system dynamics and PMU for the synchronous phasor measurements of 

the terminal voltage and current to estimate the voltage stability. The multimachine system shown in the 

Figure 3 can be mathematically modelled using (7) considering the Thevenin’s circuit for each generator. 

 

[
𝐼𝐺

0
−𝐼𝐿

] =  [𝑌𝑏𝑢𝑠] [
𝐸𝐺

𝑉𝑇

𝑉𝐿

] = [

𝑌𝐺𝐺 𝑌𝐺𝑇 𝑌𝐺𝐿

𝑌𝑇𝐺 𝑌𝑇𝑇 𝑌𝑇𝐿

𝑌𝐿𝐺 𝑌𝐿𝑇 𝑌𝐿𝐿

] [
𝐸𝐺

𝑉𝑇

𝑉𝐿

] (7) 

 

Where V’s and I’s correspond to the voltages and current injection phasors at various busses like 

generator internal, terminal and loads denoted by subscripts G, T and L respectively. Ybus representing the 
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admittance matrix. Sub matrix [
𝑌𝐺𝐺 𝑌𝐺𝐿

𝑌𝐿𝐺 𝑌𝐿𝐿
] represents the admittance matrix of the rest of the system existing 

between generators and loads. Other sub matrices 𝑌𝐺𝑇, 𝑌𝑇𝐺, 𝑌𝐿𝑇, 𝑌𝑇𝐿 are transfer admittance matrices between 

generator internal bus and load buses with the generator terminal buses. Since there is no direct connection 

between load buses and generator terminal buses sub matrices 𝑌𝐿𝐺 & 𝑌𝐺𝐿 become zero. 

Eliminating 𝑉𝑇from (7) we get  

 

𝐼𝐿 =  (𝑌𝐿𝑇𝑌𝑇𝑇
−1𝑌𝑇𝐺)𝐸𝐺 − [𝑌𝐿𝐿 − (𝑌𝐿𝑇𝑌𝑇𝑇

−1𝑌𝑇𝐿)]𝑉𝐿  

=  𝑌𝐿𝐺
′𝐸𝐺 + 𝑌𝐿𝐿

′𝑉𝐿 (8) 

 

Where  𝑌𝐿𝐺
′ =  𝑌𝐿𝑇𝑌𝑇𝑇

−1𝑌𝑇𝐺 and 𝑌𝐿𝐿
′=−[𝑌𝐿𝐿 − (𝑌𝐿𝑇𝑌𝑇𝑇

−1𝑌𝑇𝐿)]. 
Load buses voltages can be derived as  

 

𝑉𝐿 = −𝑌𝐿𝐿
−1𝐼𝐿 − 𝑌𝐿𝐿

−1𝑌𝐿𝑇𝑉𝑇 = 𝐹𝐿𝐺
′𝑉𝑇 − 𝑍𝐿𝐿

′
𝐼𝐿 (9) 

 

Where 𝐹𝐿𝐺
′ = −𝑍𝐿𝐿

′(𝑌𝐿𝐺 − 𝑌𝐿𝑇𝑌𝑇𝑇
−1𝑌𝑇𝐺) and 𝑍𝐿𝐿

′ = −𝑌𝐿𝐿
−1  

Voltage at the ith load bus can be obtained using (10) 

 

𝑉𝐿𝑖 = ∑ 𝐹𝐿𝐺𝑖𝑗

′𝑛𝐺
𝑗=1 𝑉𝐺𝑗

− ∑ 𝑍𝐿𝐿𝑖𝑗

′𝑛𝐿
𝑗=1 𝐼𝐿𝑗

 (10) 

 

Where 𝑛𝐺 and 𝑛𝐿are the number of generator and load buses.  

Modified L-index corresponding to the voltage collapse condition is given by  

 

𝐿𝑗 =  |1 − 
∑ 𝐹𝑗𝑖

′𝑛𝐺
𝑖=1

𝑉𝐺𝑗

𝑉𝑗
| (11) 

 

To evaluate the value of L at every bus, voltage and current phasors need to be available at the 

central load dispatch centers to observe the voltage stability. Here, in this work it is proposed to utilize the 

synchrophasor data from the PMUs installed at the generator buses to get the accurate value of voltage 

stability margin. This will avoid the errors from state estimator when phasor data from energy management 

systems (EMS) is used and the problems because of desynchronized data when SCADA measurements are 

used. These L-index values may be distinct at different buses, as the computed values of 𝐹𝑗𝑖
′are different. As 

the voltage at the jth bus moves towards the voltage stability limit the value of Lj approach to 1.0. It means 

that bus is most stressed and leads to the instability condition. So, system operators can continuously monitor 

the available margin and identify the weak buses in the system and take necessary precautions. Since the 

power system can be subjected to voltage instability problem when any one of the buses reaches the limit, 

overall power system voltage stability can be identified by identifying the weakest bus among all the buses in 

the system i.e., identifying the bus with highest value of Lj. Hence, L-index for the entire power system can 

be determined by using (12) 

 

𝐿 = max
𝑗∈ 𝑛𝐿

(𝐿𝑗)  (12) 

 

While evaluating the voltage stability index, the dynamic behaviour of synchronous machines is 

considered by including the AVR and OXL in the generator models, as well as synchrophasor voltage and 

current values are directly taken from the PMUs that are more exact. Hence, the value of modified L-index 

defined in (12) is more accurate compared with the traditional L-index. 

 

 

4. SIMULATION RESULTS AND DISCUSSION  

Voltage stability studies using synchrophasor data and dynamic generator models to validate the use 

of modified L-index performed on IEEE 9-bus and 14-bus systems. Power system analysis toolbox (PSAT), 

an open-source software developed by Federico Milano is used to conduct the dynamic simulation studies on 

the IEEE standard test systems. Performance of conventional L-index is compared with the modified L-index. 

 

4.1.   Voltage stability with increase in loading 

To investigate the effect of equivalent generator model on the identification of voltage stability with 

phasor measurement readings, simulation studies with increased loading factor (λ) are performed on IEEE 9-
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bus and 14-bus systems. Constant impedance model used for static voltage stability studies is considered to 

represent the loads. Newton raphson (NR) algorithm to solve the base case static load flow problem is 

considered. Modified L-index is calculated using the PMU data available at the respective buses. Voltage 

stability of the test systems is estimated using the proposed L-index by increasing the loading factor from the 

initial value at the base case to till the point where the system fails to converge. The loading factor is 

increased in increments and the modified L-index is calculated initially for the 9-bus system without 

considering the generator equivalent model, generators are considered as just PV buses. Figure 4 shows the 

variation of modified L-Index with the varying loading factors at the buses 4, 5, 6, 7, 8, and 9 other than the 

generator buses. It is noticed that the L-Index is increased linearly in the initial values with loading factor, as 

it approaches a value more than 2, L-index value increased exponentially, and load flow problem failed to 

converge when loading factor becomes 2.5. Bus number 5 is found to be the weakest bus among all other 

buses from the observations. Then the simulations on the 9-bus system are carried out by replacing the 

generator buses with equivalent generator models. Generators are represented using fourth order model as 

explained in section 2.2.  

Where demagnetizing effect due to sub transients by the damper windings are neglected without 

ignoring the effect due to transients. The results are presented in the Figure 5. When the generator equivalent 

model is considered, it is observed that, the systems tend to lose its voltage stability well before the loading 

factor reaches a value 2. This clearly shows that the traditional PV bus model used for static voltage stability 

studies will not provide the actual loading limit where instability occurs. Similar studies are also studied on 

an IEEE 14-bus system. It is observed that, bus number 14 is the critical bus and voltage instability observed 

at λ = 4 when generator bus model is not considered whereas it is well ahead i.e., λ = 1.7 when generator 

equivalent model is considered as shown in Figures 6 and 7 respectively. Continuation power flow method is 

used to determine the critical loading point or voltage collapse point.  

 

 

 
 

Figure 4. Variation of modified L-index with loading factor for IEEE 9-bus system: without considering 

generator equivalent model 

 
 

 
 

Figure 5. Variation of modified L-index with loading factor for IEEE 9-bus system: with considering 

generator equivalent model 
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Figure 6. Variation of modified L-index with loading factor for IEEE 14-bus system: without considering 

generator equivalent model 

 

 

 
 

Figure 7. Variation of modified L-Index with loading factor for IEEE 14-bus system: with considering 

generator equivalent model 

 

 

4.2.   Impact of line outage on voltage stability 

To understand the performance of modified L-index with PMU measurements during the dynamic 

operating conditions, system studies are performed on IEEE 14-bus system with line outage. Test system 

consisting of 16 lines, 4 transformers, 5 generators equipped with automatic voltage regulators (AVR) and 11 

loads along with PMUs located at the optimum places with full system observability is given in Figure 8. 

Contingency is created by removing the line between bus 2 and bus 4 carrying a real power of 

785.2MW and reactive power of 50.26 MVar at 1 sec instant and it is considered as a permanent fault. Base 

case data is obtained by using NR load flow algorithm. Time domain analysis with the above contingency is 

performed using PSAT software tool. Time domain results from PSAT are used to estimate the voltage 

stability using modified L-Index. As bus number 14 is identified as the critical bus by the modified L-Index 

in the previous section (4.1), comparison between the traditional L-Index and modified L-Index is presented 

in Figure 9. Due to the contingency in the line between 2 and 4 buses, the system moved to voltage instability 

at time 21.54 sec. The modified L- index considering the generator equivalent model and AVR with PMU 

measurements could be able to trace the voltage dynamics of the system effectively. A sharp rise in the 

modified L-index (represented by L1) is observed at the voltage collapse point. It has reached to 1.0 p.u. in 

21.54 seconds for bus number 14. Whereas the traditional L-index (represented by L) could not identify the 

voltage instability point as shown on Figure 9. Voltage collapse is also evident from the Figure 10 where 

variation of voltage magnitude with time at Bus 14 is shown. Similar observations are made at other buses 

especially the buses nearer to the bus number 14, such as bus number 9, 10, and 13.  
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Figure 8. IEEE 14 bus system with synchronous generator dynamic model and PMU 

 
 

 
 

Figure 9. Comparison between modified L-index (L1) and L-index (L) under line outage contingency 

 
 

 
 

Figure 10. Variation of voltage magnitude with time at bus 14 
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5. CONCLUSION 

This paper presents a modified L-index that incorporates a generator equivalent model to identify 

voltage instability using synchrophasor data from phasor measurement units. The time-varying impedances 

and internal voltages derived from synchrophasor measurements are directly used to integrate dynamic 

performance of generators. The modified voltage stability index is proved to be effective compared with the 

traditional L-index in identifying potentially weak buses and the voltage instability condition well ahead. The 

index value approaches a value 1.0 whenever the voltage instability condition is reached. Data from the 

PMUs located at the generator and load buses is incorporated directly to evaluate the L-Index rather than 

calculating it using the admittance matrix and current measurements. This has made it easier to use this 

algorithm in online applications. 
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