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At present, when constructing a mathematical description of the pyrolysis
reactor, partial differential equations for the components of the gas phase and
the catalyst phase are used. In the well-known works on modeling pyrolysis,
the obtained models are applicable only for a narrow range of changes in the
process parameters, the geometric dimensions are considered constant. The
article poses the task of creating a complex mathematical model with
additional terms, taking into account nonlinear effects, where the geometric
dimensions of the apparatus and operating characteristics vary over a wide
range. An analytical method has been developed for the implementation of a
mathematical model of catalytic pyrolysis of methane for the production of
nanomaterials in a continuous mode. The differential equation for gaseous
components with initial and boundary conditions of the third type is reduced
to a dimensionless form with a small value of the peclet criterion with a form
factor. It is shown that the laplace transform method is mainly suitable for
this case, which is applicable both for differential equations for solid-phase
components and calculation in a periodic mode. The adequacy of the model
results with the known experimental data is checked.
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1. INTRODUCTION

Mathematical modeling of chemical technological processes is one of the science-intensive areas of
knowledge. A large number of mathematical models known in the scientific literature are associated with the
conditions for performing the process with fixed parameters-the dimensions and geometry of the apparatus,
the values of temperature and pressure, the composition of the feedstock, and the type of catalyst.
Researchers prove the solvability of models and the convergence of the applied numerical methods in
different ways, so we can state the spread of methods for designing and implementing mathematical models.
This circumstance creates difficulties in the application and comparison of the results of the implementation
of models obtained by various researchers. In the field of chemical engineering, new challenges are emerging
that require quick solutions. The creation of hydrocarbon-based nanomaterials (hereinafter NM) is of great

interest.
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In this article, to continue the ideas of works [1]-[5], mathematical modeling of low-temperature
synthesis of carbon nanostructures is carried out. The results of a comprehensive study of the structure and
morphology of metal nanopowders synthesized by the method of the electric explosion of conductors, which
were used as catalysts, are presented. In the course of the experiments, the technological parameters optimal
for the low-temperature growth of carbon nanostructures were determined. In particular, the experimental
regimes of low-temperature chemical vapor deposition of carbon nanotubes using iron and nickel
nanopowders as a catalyst were found for the first time. Modern scientific developments in the field of
synthesis of NM mathematical modeling using the catalytic pyrolysis method are described by two
approaches:

—  Modeling the formation of structural blocks and the process of NM growth, which provides for tracking
the structure of NM (morphology) at the micro-level,

—  Modeling the process of forming structural blocks at the macro level, providing an assessment of the
performance of the apparatus.

These approaches are well known, and they are the main methods of a systematic approach to
modeling the main processes of chemical production. The works [6]-[7] describe a new technology for
producing carbon nanotubes and pure hydrogen by catalytic pyrolysis of hydrocarbon raw materials, the
introduction of which opens up wide opportunities due to its cost-effectiveness. In our opinion, one should
distinguish between "fast” and "slow" (diffusion type) technological processes. For type 1, rather high flow
rates are characteristic, as a result of which vortex and turbulent flows are realized. Modeling of such
problems is given, for example, in works [8]-[11]. To simulate technological processes, the methodology of
works [12]-[14] can be applied. Difference schemes for parabolic equations with non-smooth boundary
conditions and right-hand sides are modified in them. The problems of the correctness of the identification
problem for the right-hand side of a parabolic equation were solved in [15]-[20]. Recently, new works have
appeared on the modernization of Smoluchowski's theory [21]-[22], as applied to the problems of chemical
technology for the synthesis of particles. In these works, the problems of flows modeling in technological
devices and scaling when calculating the speed of particles in the binary aggregation are considered.
Differential equations of various forms are widely used to describe the pyrolysis process and they include,
among other things, expressions that take into account the influence of the concentrations of intermediate
radicals, according to the stages of transformation of materials to finished NM. Currently, there are models of
catalytic pyrolysis of natural gas together with the formation of NM in a continuous and variable tubular
reactor. However, these models are not rigorously checked for their adequacy, since they characterize the
process under study only for certain conditions and initial control data. The scientific novelty of this article is
the method of obtaining an analytical representation for the carbon concentration with criterion parameters,
which allows comparing the obtained modeling results with the data of other authors, with the justification of
the existence and uniqueness of the solution of the formulated initial-boundary value problem for the
differential equation.

2. THE PROPOSED RESEARCH METHOD
2.1. Development of a mathematical model of thermocatalytic pyrolysis
Let's write the mathematical model of the thermocatalytic pyrolysis process in the following

form [7]:
ac; ac; _ . 9%¢; 0%c; | D;9¢; _
¥+v1§_Diax2+Diar2+r6r+L (1)
Ci(t=0,x,7)=C2(x,7) )
Ci(x=0,1)=Cl() ®)
a¢; —
ol =0 4)
ac; P R
Do = Y2 oW, ifx = 1y, /2 (5)
ac; .
Dia_rl o 0,ifx # l,,/2 (6)
ac;
i =0 7
ol @
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Where l,,, Dap-length and diameter of the apparatus, m; Di- molecular diffusion coefficients for each i,

m?/sec; Ct-initial concentration of the gas component at the reactor inlet, mol/m?; Z] 1v]W the sum of the
rates of formation and consumption of the i-component of the gas phase by reactions taking place on the
catalyst surface, mol/(m3*sec); v]‘ stoichiometric coefficient of the i-component of the gas phase in the j-
surface reaction; Wj- j-surface reaction rate, mol/(m? "sec); (1)-a modified system of equations for the
concentrations of gas components with an additional term that takes into account the effect of the concentrations
of intermediate radicals; (2) initial conditions; (3), (4), (5), (6), (7)-boundary conditions for (1), taking into
account the influx of reagents into the apparatus together with the initial mixture, the arrival-departure of gas-
phase components as a result of reactions on a catalyst located in the center of the apparatus. The equation for
the change in the concentrations of the dispersed phase components:

6Ckl.

_]kL (8)

Where Cy; - surface concentration of a solid phase component, reduced to unity catalyst mass, mol/kg; Jxi-
the rate of formation or consumption of the i-component of the dispersed phase by reactions proceeding on
the catalyst surface, mol/(kg*sec).

The initial condition for (8) has the form:

Cri(t = 0) = Cy; ©)

Where C,E,i- the concentration of the i-component of the dispersed phase at the initial moment of time, mol/kg
(at the initial moment of time, the concentration of all components of the dispersed phase is zero, the catalyst
activity is maximum). For the convenience of solving and comparing the results with the results of other
authors, we turn to dimensionless variables: let x*-the characteristic linear size of the apparatus; c;-the
average value of the concentration of the component; t*- the average time of the process; r*- the characteristic
value of the radial direction. Dimensionless values are marked with a dash. Thus, we obtain the following
system of equations for (1):

ac; ac; 0%¢; 0%¢ 10¢; _ = _ =
St R =K + Ky (ar; + ‘—) + &-1Cio1 + BivaCiva i (10)
Where R, = —= - dimensionless number characterizing the length of the apparatus; Ky, Ky — are the

aj_qt*

diffusion parameters of the components over x, r; &;_; = o s Bis1 =

B; 1* _ dimensionless concentration
i+1

factors; J; =

meaning of the notation - @, = 0, By+1 = 0. Initial and boundary conditions (2)-(7), equations and conditions
for the solid phase remain practically unchanged. The mathematical model-(2)-(9)-(10) can be realized using
analytical or numerical methods. At the first stage, we will consider a simpler mode - continuous.

In this work, a mathematical model of the catalytic pyrolysis process will be implemented based on
the laplace transform (small initial concentration of the gas component) and a numerical method (large values
of the initial concentration). Theoretical and practical questions of the solvability and uniqueness of the
solution of differential equations, which are most often used in the problem considered in this paper, are
described in sufficient detail in [23]-[24]. The equation for the change in the concentration of the gas phase
component in the one-dimensional formulation takes the form:

dac

%+v15=1)mdaz+/ 0<x<l,0<t<T (12)
Initial condition:

c(x,0) =c"(x) (12)
Border conditions:

c(0,t) = c¢,-That is, the concentration at the inlet of the apparatus (13)
% s 0 - The concentration at the end of the apparatus does not change (14)
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Here | is the length of the apparatus, m; V, - gas flow rate, m/sec; Dm¢-molecular diffusion coefficient, m?/sec;

c-gas concentration in the reactor, mol/m3; J* - the rate of formation or consumption of a component in the
gas phase, mol/(m?® *sec).

For the convenience of calculations, let us pass to dimensionless variables, choosing characteristic
values for each of them. After transformations, we get (the dashes over the variables are omitted):

dc ac

9c 9 _ p,-1 o%c
o 6x—Pe *F*6x2+] (15)

Where Pe =V, I/Dnq - Peclet criterion; F=L/D-geometric factor of the apparatus shape; b=F/Pe=const, J is the

dimensionless rate of formation of the gas phase of the components for the reaction taking place on the
catalyst surface (constant value in the isothermal formulation of the problem).
Initial condition:

c(x,0) =c’(x) (16)
In a particular case, in (16) could be taken:
c%(x) = ¢, = const 7)

Border conditions:

c(0,t) = c;,-Inlet concentration (18)
Z—; = 0-The concentration at the end of the apparatus does not change (29)
x=1

If c%(x) = 0, then the problem is formulated as follows:

9%c  dc  dc _
bﬁ_a_i__] (20)
c®(x,0) = co(x) (21)
c(0,t) =¢y (22)
ac
oxlemy = 0 (23)
b=F/Pe=const (24)

Note: Problem (20)-(23) can be formulated and solved according to the methodology presented in
[12]-[20]. Namely, in a more general setting, we represent this problem in the form:

dc d%c dc
a—aﬁ+ﬁa—f(x,t),0<t<T,0<X<1 (25)
c(x,0)=¢p(x)0<x<1 (26)
c(0,t)=w®)0<t<T 27)
dc(1t)

ox 0 (28)

We introduce a new function v(xt), so that homogeneous boundary conditions are satisfied: c(x,t) =
v(x,t) + u(x, t) , where u(x, t) = x? — 2x.
Then problem (25)-(28) takes the following form:

v v v
a—amﬁ'ﬁa—f(x,t),o<t<T,0<X<1 (29)
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v(x,0)=¢p;(x),0<x<1 (30)
v(0,t)=00<t<T (31)
L)

o = 00<t<T (32)

Initial condition:

y(x,0) = c(x,0) —x? + 2x (33)
The functions v(x,t) and c(x,t) are related by the relation:

v(x,t) =c(x, t) —x% + 2x (34)
Hence, for (1) we get:

fa) =L —alitpL =)+ 2a+28(1-x) (35)

The task takes the following form:

v a v

217
E—a§+ﬁ;=1+2a+23(1—x),0<t<T,O<x<1 (36)
v(x,0)=co—x?+2x,0<x<1 (37)
v(0,t) =00<t<T (38)
P _00<t<T (39)

dx

Thus, the original problem is reduced to the problem (36)-(39), for which the conditions for the
existence and uniqueness of the solution were proved in [12]-[14]. Therefore, we can assume that the
equivalent problem (20)-(23) has a unique solution.

2.2. Solution of the problem by the Laplace transform method
We solve the initial boundary value problem by applying the Laplace transform:

L(c(xt),x,t) =v= [, ePc(xt)dt (40)

Where p is a number with a large enough positive real part for the integral to converge. Applying the Laplace
transform to (20)-(23), we obtain the following boundary value problem for an ordinary differential equation:

d%v  dv _
b~ PV=", (41)
v(0) = (42)
rl =0 43)
Oxlyx=1

Let’s write the characteristic equation for the homogeneous in (41) as follows:

bk?—k—-p=0 (44)
Where kq, = %@

Let:

o = 1+‘/21:pr,ﬁ _ 1—\/21;pr (45)
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Then:
v(x) = e + cef* (46)

The particular solution of the inhomogeneous equation could be found from the (41).

S = __ ]
Let’sv = z, thenpz—?,z—ﬁ
v(x,p) = c;e®™ + cef* + # (47)
it =—5,cat+c,f=0 (48)

0
pz

The solutions of system (48) are the following numbers:

Bl o
¢, =— , Cy = 49
! P’-a) 2 pPp-a) (49)

Then the required function is equal to:

— J Bx _ ax L
v(x,p) ) (oce Be ) + ~ (50)
For further calculations, we take into account the following ratio:
p—a=—t2F (51)
Then it can be written as:

Jb J

v(x,p) =m(ﬁeax—aeﬁ")+p—z (52)
Let's perform the inverse Laplace transform:

_ 1 pic pt
cCxt) =5 [  v(x,p)e‘dp (53)
To calculate the integral in (53), there is could be used the theory of residues:
1 i t . _ wN
— [ v p)erdp = T rez F(p) (54)
For function v(x, t):

_ i i pt) — i( 5eax+pt_aeﬁx+pt+]pt)

rez f(2) = o (v p)e) = o (b (55)
Derivatives for o and j are calculated by formulas (55):
da__1_d_ 1 (56)
dp V1+4bp dp V1+4bp
At the pole point, we obtain the following solution:

— _ox/p _ X
c(x,t) =Jb (1 e~/ . ) (57)

If the assumption about the smallness of the initial concentration c®(x) = 0 is inappropriate, then
technical difficulties arise for solving equation:
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% L pely L

a:+ax_Pe *F*0x2+] (58)
By the Laplace transform method. Therefore, it is necessary to apply finite difference methods. The issues of
numerical modeling of heat and mass transfer processes, convergence, and stability of finite-difference
schemes (Fourier method) from a practical point of view are presented in [9]. Then we followed the
recommendations of this work.

2.2.1. Explicit scheme
For convenience, we denote:

F/Pe=Db (59)
Indexing of grid points: i-by x, j-by t. We approximate the first-order derivatives for x and t according to the
“forward” scheme, and the second-order derivative for x by the central difference. We obtain the following

explicit scheme for the equation:

Cij+1Cij + Cit1,j7Cij b Cit1,j=2Cj+Ci—1,
T h 2

When approximating the derivatives of the 1-order, the error is O(t) + O(h), and for the derivative of the 2-
order —0(h?). After transformations we get:

Cijo1 = KiCiqj + kocij + ks j + 7/ (61)
Where:

=100 j=0,m Ly =2k, =1 =204 D kg =~ T4 h=1/nT=1/m (62

2 TR T 2
Discrete analogues of conditions (21), (22), and (23) have the following form:
c(x;,0) = cip, €(0,t;) = Coi- Cnj = Cnyj (63)

In the considered isothermal regime, J = const.
The conditions for non-negativity k,, k,, k5 and stability of scheme (61) taken together have the
form:

T/h?2 <1 (64)

At large Peclet numbers Pe = v,1/D,,;, when convective transfer prevails over the molecular transfer,
condition (63) takes the following form:

T < ch? (65)

Where the constant ¢ decreases with increasing Peclet number. For example, at Pe = 1000: ¢ = 0,1.

Such a smoothing procedure is often used and makes it possible to ensure a slow and smooth change
in the calculated dynamic function. In our work, the Peclet number is small due to the predominance of the
molecular component (i.e., on the order of 10); therefore, calculations using condition (65) were not
performed. Taking into account the fact that the synthesis process is long, the requirement that condition (64)
be satisfied concerning the time step leads to a large number of iterations, which results in the accumulation
of round-off errors.

2.2.2. Implicit scheme

For large Peclet numbers, when convective matter transfer prevails, the use of an explicit scheme
also leads to computational instability. For large peclet numbers, when convective matter transfer prevails,
the use of an explicit scheme also leads to computational instability. Application to equation, the implicit
scheme "backward" in time leads to the following problem:
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Cijj=Cij—1 , Ci+1,j=Cij _ 5 Ci+1,j=2Cij+Ci-1,j
e b = + i) (66)
c(x;,0) = ¢, C(O, tj) = Coj+ Cnj = Cn—1,j (67)

The rate of formation or consumption of a component in the gas phase at all points of the reactor can
be considered the same, i.e J;=J. Let us reduce the problem (66)-(67) to matrix form:

—btci_q; + (h* — Th + 2b1)c;j + (Th — bT)Ci1q; = hPcij_g + TH?] (68)

i.e., in matrix form:

Aj_1Ciq YA+ AjpiCiy = B; (69)
Where:
Ai—l = —bT,Al' = h2 —Tth+ ZbT,AH_l =Tth— bT, Bi = hzci,j—l + Th2] (70)

To solve system (69) Ax = b by a tridiagonal matrix, we use the sweep method. For the applicability
of the formulas of the sweep method, we check the conditions for the inequality of denominators to zero in
the formulas for calculating the sweep coefficients and the diagonal dominance of the matrix A according to
the formula:

|h? — th + 2bt| = | — bt| + |th — bT| (71)

For large Peclet numbers, i.e. for small b, we choose the step in x from the condition 2b> h> b, the step in
time from the condition t<h. Then the left-hand side of inequality (71) has the estimate:

|h? — th + 2bt| > Th (72)
The right-hand side for h>b is:
| =bt|+ |th—bt| =bt+1(h—b) =1h (73)

Thus, when sufficiently weak conditions are satisfied for the steps of the mesh domain, the sweep method is
convergent. We applied the proposed approach to the problem of determining the concentration of the
components of a system with a Ni/MgO catalyst along the length of the apparatus.

2.3. Selection of catalysts and comparison of their parameters

Various catalysts are used to accelerate the synthesis of nanostructures. Here two interrelated tasks
arise-the selection and manufacture of the catalyst. In [25]-[27], monolithic catalysts based on Co, Ni,
ordered mesoporous carbons, and Ni/MgO catalysts on structured metal supports are used to produce
hydrogen. Kirillov et al. [27] proposed to apply Ni/MgO on a metal support, but this procedure is expensive
and justifies itself for high-temperature synthesis in work [27]. Therefore, for use in our experimental studies,
when the temperature does not exceed 7000C, we have developed the following catalyst manufacturing
technique: for the synthesis of a Ni-Mg catalyst, we impregnated alumina extrudates with solutions of active
components-multiple nickels and magnesium nitrate. For this, aluminum hydroxide was mixed with distilled
water. The resulting pasty mass was passed through a laboratory screw press-extruder. Then the extrudates
were dried at room temperature, then dried and calcined at 600°C in atmospheric air. The resulting cylindrical
granules have a diameter of 2.5-3 mm and a length of 5-6 mm.

The catalyst samples synthesized in this way contain the active components NiO and MgO up to
10% each. We also studied the physicochemical indicators of the samples: specific and active surface;
concentration of active centers; strength factor; total acidity. The data obtained are in satisfactory agreement
with the data of works [23]-[24].

3. RESULTS AND DISCUSSION

Figure 1 shows the distribution of the concentration of methane concentration at the outlet from a
batch reactor for small Peclet numbers, i.e. when molecular diffusion predominates. The calculation was
made for methane, the physicochemical parameters of which have been studied in sufficient detail. As can be
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seen from Figure 2, at large values of the Peclet criterion (i.e., the ratio of dynamic and diffusion parameters),
the methane concentration changes slowly. This is due to the predominance of the linear velocity of the gas
over the rate of the diffusion process.

Specific content of methane, kg/g
o o

o 0.5 1 1.5 2 2.5 3

Timeh

Figure 1. Distribution of methane concentration at different values of the Peclet criterion over Ni/MgO
catalyst in time at temperature 600°C: 1-Pe = 10, 2—Pe = 20, 3—Pe = 30

0.5

Specific content of methane, kg'kg

Figure 2. Distribution of methane concentration at different values of the Peclet criterion over Ni/MgO
catalyst in time at temperature 600°C: 1-Pe = 200, 2-Pe = 300, 3—Pe = 400

As can be seen from Figure 2, at large values of the Peclet criterion (i.e., the ratio of dynamic and
diffusion parameters), the methane concentration changes slowly. This is due to the predominance of the
linear velocity of the gas over the rate of the diffusion process. We carried out a systematic numerical
experiment using our sweep program, which implements the above sweep algorithm, to calculate the
distribution of the specific carbon content on the catalyst. At the same time, to ensure the possibility of
comparing the obtained numerical results with known experimental data [6]-[7], the actual type of catalyst,
temperature values, and a set of values of the physicochemical parameters of the thermocatalytic pyrolysis
process were selected. Figures 3-4 show the distribution of the specific carbon content calculated using the
above algorithm. The relative error in calculating the specific carbon content using a Ni/MgO catalyst is 5%.
Changes in the concentration of methane and an increase in the concentration of carbon nanoparticles
(Figures 1-4) are in agreement with the conclusions of [6]-[7].
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Specific carbon content, kg/kg

o 10 20 10 40 50 &0 70 80 90 100 110

Time, min

Figure 3. Calculated distribution of the specific carbon content on the Ni/La,O; catalyst over time at a
temperature of 600°C, (curve 1), 650°C, (curve 2), 700°C, (curve 3), points - experimental data [6]-[7]

Specific carbon content,
£

(i} i0 20 30 40D S0 (4] 7o RO B 100

Time, min

Figure 4. The calculated distribution of the specific carbon content on the Ni / MgO catalyst over time at a
temperature of 560°C, (curve 1), 580°C, (curve 2), 680°C, (curve 3), points are experimental data [6]-[7]

4. CONCLUSION

A one-dimensional problem of mathematical modeling of the thermocatalytic process of obtaining
nanomaterials is formulated, methods of implementing a mathematical model by the numerical method and
the Laplace transform are developed. Such a statement of the problem was carried out for the first time and
can be developed for use in research and production purposes in the production of nanomaterials.
The distributions of methane concentration were obtained for different values of the Peclet diffusion number.
The conditions of stability of numerical algorithms for the equation of concentration of gas components are
established. The presented algorithm for the numerical simulation of the process of thermocatalytic synthesis
of carbon nanomaterials, in our opinion, can be generalized for the case of the mutual influence of
intermediate radicals on the product yield. To do this, it is necessary to develop a kinetic scheme of reactions,
solve the differential equations for the transformations of CH4-CH3-CH2-CH-CH with initial and boundary
conditions, include additional terms in the system, (i = 1, ..., n-1,), taking into account the influence
concentrations of intermediate radicals on the rate of catalysis. Considering the fact that the process of
thermal catalysis of carbon pyrolysis is a slow and, on average, is realized in several tens of hours, the
method of mathematical modeling followed by implementation by numerical algorithms can significantly
reduce time and material costs, as well as improve the quality of the resulting nanomaterials. The analytical
formula for the concentration distribution in the form (57) was obtained for the first time and it is more
accurate than the results of numerical solutions using existing techniques. When calculating the
concentration, the value of the criterion ratio b=F/Pe is involved as a parameter, which makes it possible to
carry out a systematic numerical experiment to formulate and solve the problems of optimizing the operating
characteristics of the catalytic pyrolysis process and the geometric dimensions of the technological apparatus.
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