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ABSTRACT

Inspired by the low-difficulty of implementing a dual-branch selection combining (SC)
technique, this research paper presents approximate closed form expressions for the
bit error rate (BER) of M-ary phase shift keying (M-PSK) considering the SC tech-
nique. In particular, the BER expression is derived over independent and identically
distributed (i.i.d) alpha - mu fading channels and is based on the use of Meijer’s
G-function. The presented mathematical formulas can be modified to study the perfor-
mance of different types of fading channels including Weibull, exponential, Nakagami-
m, Gamma, and Rayleigh channels. This can be achieved by updating the parameters
of the propagation medium nonlinearity (alpha) and the number of multipath clusters
(mu). In addition, the paper provides numerical results that demonstrate a close match
in the performance of the derived expressions and the simulation findings in terms of
BER. Specifically, a very close to a total BER match is achieved using a range of sig-
nal to noise ratio (SNR) levels for various selections of the alpha and mu parameters.
The obtained closed form BER expression of M-PSK considering the dual-branch SC
technique is novel, new, and has never been published in the literature before.
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1. INTRODUCTION
Propagation of radio waves through wireless communication channels is a sophisticated phenomenon

which is heavily dependent on multipath fading [1]-[4]. As a result, most of the currently used wireless com-
munication systems employ diversity to combat multipath fading effects. Diversity combining, the process of
combining two or more replicas of the same information, is used to boost the reliability of wireless technologies
by increasing the overall signal to noise ratio (SNR) at the receivers [5], [6].

The most common techniques of diversity combining are maximum ration combining (MRC), equal
gain combining (EGC) and selection combining (SC) [7]-[10]. In MRC, both the amplitude and phase of each
channel need to be understood at the receiver end in order to maximize the SNR at the combiner output. In
EGC, all channels are equally weighted and only the channel phases need to be understood at the receiver end.
However, for SC no need to estimate both the channel amplitudes and the channel phases. This is due to the
fact that SC selects the channel branch of the highest SNR level. Therefore, SC is the least complex diversity
combining technique to implement relative to MRC and EGC [11]-[15].
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The multipath fading in wireless communications can be modeled by the [16]-[17]. It is a broad,
adaptable and mathematically attractable distribution that explores the nonlinearity and clustering phenomena
of wireless radio propagation media. The alpha parameter is related to the propagation medium nonlinearity,
whereas themu parameter is related to the number of multipath clusters. Several distribution models, including
Gamma, Weibull, Nakagami-m, exponential, and Rayleigh models, can easily be obtained from the alpha-mu
fading distribution. It is possible to do this by substituting certain values for the alpha and mu parameters.

Many researchers have investigated the alpha-mu fading distribution’s characteristics. The author
of [16] introduced the level-crossing frequency, the length of average fading, and the joint statistics of the
correlated alpha-mu variables. The statistical moments of the alpha-mu fading distribution were derived
in [18]. In addition, reference [18] evaluates the average error rate of coherent modulation techniques using
the moment generating function approach over this generalized fading distribution. In [19], the researchers
came up with mathematical formulas for the degree of fading and the average normalized channel capacity of
the distribution. The authors of [20] characterized the asymptotic error probability at large levels of SNR in
reference to the fading parameters alpha and mu. Moreover, they expanded their research to include multiple-
input multiple-output (MIMO) wireless communication systems that use orthogonal space time block coding
(OSTBC). In [2], infinite series mathematical formulas were provided for the probability distribution (PDF)
and cumulative distribution (CDF) functions of the signal to interference ratio (SIR) over correlated alpha-
mu fading channels with dual SC diversity receiver. This research article provides a new formulation for the
bit error rate (BER) performance of M-PSK systems over alpha-mu fading channels using dual branch SC
technique. The formulation is based on the use of Meijer’s G-function to solve complex integrals.

The remainder of this research paper is set out as follows: a description for the alpha-mu fading
distribution and the SC system model is introduced in Section 2. Section 3 provides the BER analysis of
M-PSK systems utilizing dual-branch SC. Numerical findings and simulation results are given in Section 4.
Finally, in Section 5, the conclusions have been drawn.

2. SYSTEM AND CHANNEL MODELS
In this research article, a wireless communication system that transmits data over independent and

identically distributed (i.i.d) fading channels is assumed. In particular, we consider the fading channel enve-
lope, R, that follows the alpha-mu fading distribution and has a PDF expression defined as [16]:

fR(r) =
αµµrαµ−1

Γ(µ) × r̃αµ
× e−µ( rr̃ )

α

, α > 0, µ > 0 (1)

Where alpha is the nonlinearity and fading parameter, and µ is related to the normalized variance as the
following:

µ =
E2[Rα]

V [Rα]
, (2)

Where V [·] and E[·] are the operators for the variance and expectation, respectively. The parameters
Γ(·) and r̃ are the Gamma function

(
Γ(x) =

∫∞
0
yx−1 × e−ydy

)
and the α-root mean value of the envelope(

r̃ = (E[Rα])
1
α

)
, respectively. We assume the transmitter can send data traffic via two i.i.d alpha-mu fading

channels and the receiver employs SC diversity scheme. It is known that at the receiver side with SC diversity
scheme, the receiver selects the branch of the largest instantaneous level of SNR, γ, where γ = max(γ1, γ2)
with γi = h2

i
Es
No

is the instantaneous SNR of the ith path. The Es, hi, andNo represent the symbol energy, the
instantaneous gain of the ith path, and the noise power spectral density, respectively. The probability density
of γi is defined as [16]:

fγi(γi) =
αµµ × γ

αµ
2 −1
i

2Γ(µ) × γ̃i
αµ
2

× e
−µ(

γi
γ̃i

)α/2
, (3)

where γ̃i = E[r̃i
2]EsNo .
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3. AVERAGE BER WITH DUAL-BRANCH SC
Herein, we address two main aspects of this article. we provide derivations for the PDF of the alpha-

mu distribution considering SC via i.i.d channels. In addition, we define the average BER of M-PSK modula-
tion scheme via i.i.d α-µ fading channels considering dual branch SC as a combining technique at the receiver
side.

3.1. PDF of alpha-mu distribution with SC
It is known that the PDF of any distribution can be found by deriving its CDF. The alpha-mu fading

distribution’s CDF is written as [16]-[18]:

F (γ) = Γ−1(µ) × γ

(
µ, µ

(
γ

γ̃

)0.5α
)
, (4)

Where γ(x, y) in the numerator represents the incomplete gamma function and is given by γ(x, y) =∫ x
0
zx−1e−zdz. The PDF of L branches SC diversity combining scheme is obtained by differentiating the CDF

of the fading channels raised to power L. By following the procedure used in [22], the combined SNR PDF at
the output of the dual-branch SC combiner is given by [23].

fSCγ (γ) = γ
αµ
2 −1e−µ( γγ̃ )

0.5α

× αµµ

Γ(µ)γ̃
αµ
2

×
γ

(
µ, µ

(
γ
γ̃

)α/2)
Γ(µ)

. (5)

After representing the definition of γ(x, y) by its equivalent finite series expression that is given by [23].

γ(j, k) = (j − 1)!

(
1 − e−k

j−1∑
n=0

kn

n!

)
, (6)

we can write the combined SNR PDF located at the dual-branch SC output as:

fSCγ (γ) =
αµµ × (µ− 1)!

(Γ(µ))2 × γ̃
αµ
2

× γ
αµ
2 −1 × e−µ( γγ̃ )

0.5α

×

1 − e−µ( γγ̃ )
0.5α

µ−1∑
n=0

γ
αn
2

(
µ

γ̃0.5α

)n
n!

 , (7)

which is a suitable form to be used for the purpose of finding the BER of communication schemes that employ
coherent modulations.

3.2. Average BER of M-PSK
In [24], bit error rate approximations of coherent M-PSK modulation scheme are provided assuming

Gray code bit mapping [25]. The approximations are reported in [26] and considered accurate expressions
because they are valid for high as well as low SNR levels. The final expression of BER for the coherent M-PSK
modulation scheme is written as:

Pb ≈
2

max(log2(M), 2)
×
max(M4 ,1)∑

j=1

Q

(
sin
(
(2j − 1)

π

M

)
×
√

2γ log2(M)

)
, (8)

It is possible to determine the average BER of M-PSK modulation scheme by averaging the error rate given in
(8) over the PDF of the alpha-mu fading channel with SC given in (7) as:

Pb, avg =

∫ ∞
0

Pb × fSCγ (γ)dγ. (9)

After substituting as shown in (7) and (8) into (9), we get
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Pb, avg =
2

max(log2(M), 2)
× αµµ(µ− 1) !

Γ(µ)
2 × γ̃

αµ
2

×

max(M4 ,1)∑
j=1

∫ ∞
0

{
Q

(
sin
(
(2j − 1)

π

M

)
×
√

2γ log2(M)

)
×

γ
αµ
2 −1 × e−µ( γγ̃ )0.5α

(
1 − e−µ( γγ̃ )0.5α ×

µ−1∑
n=0

( µ
γ̃0.5α )n

n!
× γ

αn
2

)}
dγ.

(10)

By using the definitions of the Q function and the Meijer’s G function [27], the integral as shown in (10) can
be expressed by the following:

I =
Γ(1/2)k1/2

l × (2π)
k+l
2

( l

log2(M) ×
(
sin
(
(2j − 1) πM

))2
)αµ

2

×

Gk,2l2l,k+l

(
∆(l, 1−αµ

2 ), ∆(l, 1 − αµ
2 )

∆(k, 0) , ∆(l,−αµ
2 )

∣∣∣∣∣ x(
sin
(
(2j − 1) πM

))2l
)

−
µ−1∑
m=0

( µ
γ̃α/2

)m

m!

(
l

log2(M) ×
(
sin
(
(2j − 1) πM

))2
)α(µ+m)

2

×

Gk,2l2l,k+l

(
∆(l, 1−αµ

2 ), ∆(l, 1 − αµ
2 )

∆(k, 0) , ∆(l,−αµ
2 )

∣∣∣∣∣ x(
sin
(
(2j − 1) πM

))2l
)]

,

(11)

Where l and k represent integer numbers chosen based on the criteria that l/k = α/2 with a great common
divisor of one. The x and ∆(·) are defined as:

x = µk×ll
γ̃αk/2(log2M)l×kk and ∆(ν, κ) = ν/κ, (ν + 1)/κ, .., (ν + κ− 1)/κ. It is worth mentioning that

Meijer’s G-function (Gm,np,q ) is readily available as pre-installed feature in several mathematical software tools
including MATLAB, MATHEMATICA and MAPLE. Upon substituting I into as shown in (10), we can write
the average BER as shown in (12).

Pb,ave ≈
2

max(log2M, 2)
× C ×

max(M4 ,1)∑
j=1

I, (12)

where C = α×µµ×(µ−1)!
(Γ(µ))2×γ̃αµ/2 and I as given in (11).

The expression given in (12) represents the final result of the average BER of wireless communication
systems that use M-PSK over i.i.d alpha-mu fading channels and utilize dual branch SC diversity combining
scheme.

4. ANALYSIS AND NUMERICAL RESULTS
This section of the paper demonstrates numerically the benefits of exploiting dual branch SC diversity

technique over wireless communication channels. In addition, it presents results that show the agreement
between the derived analytical expressions in the paper and simulation findings.

Employing dual-branch SC with wireless communication systems can reduce the average bit error
rate (BER) effectively. Figure 1 demonstrates the average BER results with (red curves) and without (black
curves) using dual-branch SC over Rayleigh fading channels, a particular instance of the alpha−mu channel
when alpha = 2 and mu = 1. The results are generated for a communication system that uses two different
PSK constellation sizes. The results demonstrated in Figure 1 (a) are for 4PSK and the ones in Figure 1 (b)
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are for 16 PSK. It is clear from the figures that using dual branch SC (red curves) reduces the average BER
of the communication system for both low and high SNR levels. In addition, the figures demonstrate that the
improvement is more significant for high SNR levels. Even though the presented results are for 4PSK and
16PSK constellation sizes, but they are the trend for any M-PSK constellation size.

(a) (b)

Figure 1. Average BER for α = 2, µ = 1 with and without using dual-branch SC using; (a) 4PSK; (b) 16PSK
modulation schemes

The agreement between the derived analytical expressions and simulation findings is demosntarated
for a particular set of alpha and mu parameters as well as for a variety of M-PSK constellation sizes. Figure
2 displays the behavior of average BER versus average SNR using alpha = 2 and mu = 1, in other words,
Rayleigh fading channels. Specifically, Figure 2 (a) demonstrates the analytical and simulation results when
4PSK and 16PSK modulation schemes are used, whereas Figure 2 (b) demonstrates the results for 32PSK
and 64PSK modulation schemes. The two figures show a close to a total match between the simulation and
analytical results. For example, for 4PSK and 16PSK in Figure 2 (a) as well as for 64PSK in Figure 2 (b) the
results are almost in a total match, and they are close for the case of 32PSK as demonstrated in Figure 2 (b).
The numerical findings of average BER versus the average SNR over Nakagami-2, alpha = 2 and mu = 2,
fading channels are provided in Figure 3. Figure 3 (a) demonstrates the findings when 4PSK and 16PSK are
used and Figure 3 (b) shows the findings for 32PSK and 64PSK. From the figures, one can clearly see the match
between the simulation and analytical results specially for high SNR values.

Figures 4 (a) and (b) are generated under the same conditions, i.e. dual-branch SC via i.i.d alpha−mu
fading channels, however considering the Weibull fading distribution (α = 3, µ = 1). Figure 4 (a) shows the
analytical and simulation results when using 4PSK and 16PSK, and Figure 4 (b) shows the results when using
32PSK and 64PSK modulation schemes. Again, the simulation results exhibited a close to a total agreement
with the analytical ones. The same situations are considered for Nakagami-3, alpha = 2 and mu = 3, fading
distribution as demonstrated in Figure 5.

Repeatedly, a close match among the analytical and simulation findings of the average BER over the
used modulation schemes is shown. The 4PSK and 16PSK modulation schemes are considered in Figure 5 (a),
and the 32PSK and 64PSK modulation schemes are considered in Figure 5 (b). In all the presented results, we
used MATLAB software to evaluate Meijer’s function presented in Section 3 and to plot the curves of BER
values.The only limitation of using SC diversity technique is that it has a low output SNR for a given number
of diversity branches as compared to other combining diversity techniques, such as MRC and EGC. However,
SC diversity technique does not require coherent reception and it has a low complexity as compared to the
other combining techniques. This is due to the fact that SC exploits only one of the used diversity branches,
therefore, no need to estimate the channel fading phases and amplitudes of each diversity branch.
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(a) (b)

Figure 2. Average BER for α = 2, µ = 1 (Rayleigh fading channels) using: (a) 4PSK and 16PSK, (b) 32PSK
and 64PSK modulation schemes

(a) (b)

Figure 3. Average BER for α = 2, µ = 2 (Nakagami-2 fading channels) using; (a) 4PSK and 16PSK; (b)
32PSK and 64PSK modulation schemes

(a) (b)

Figure 4. Average BER for α = 3, µ = 13 (Weibull fading channels) using; (a) 4PSK and 16PSK; (b) 32PSK
and 64PSK modulation schemes

(a) (b)

Figure 5. Average BER for α = 2, µ = 3 (Nakagami-3 fading channels) using; (a) 4PSK and 16PSK; (b)
32PSK and 64PSK modulation schemes
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5. CONCLUSIONS
This paper presented a closed mathematical formula for the average bit error rate of M-PSK modula-

tion scheme under the impact of dual branch SC via independent and identically distributed alpha-mu fading
channels. The formula can be reduced to include other fading distributions, including Rayleigh, Weibull, ex-
ponential, Nakagami-m, one-sided Gaussian, and Gamma distributions, by selecting appropriate values for the
alpha and mu variables. The numerical results exhibited a close to a total match between the analytical and
simulated outputs. The work presented in this paper can be extended to consider correlated alpha - mu chan-
nels, where correlation coefficient between the faded channels will have an effect on the combined SNR PDF
at the output of the diversity system.
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