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The conjugate gradient methods are noted to be exceedingly valuable for
solving large-scale unconstrained optimization problems since it needn't the
storage of matrices. Mostly the parameter conjugate is the focus for
conjugate gradient methods. The current paper proposes new methods of
parameter of conjugate gradient type to solve problems of large-scale
unconstrained optimization. A Hessian approximation in a diagonal matrix
form on the basis of second and third-order Taylor series expansion was
employed in this study. The sufficient descent property for the proposed
algorithm are proved. The new method was converged globally. This new
algorithm is found to be competitive to the algorithm of fletcher-reeves (FR)
in a number of numerical experiments.
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1. INTRODUCTION

The problem of unconstrained optimization is generally formulated as:

min{f (x)|x € R"}

@

where f 22:R™ > R is a function that is continuously differentiable. Numerous famous techniques are
found for solving (1); however, the conjugate gradient (CG) techniques are the mainly characterized ones.
Newton technique is famous if the gradient matrix is non negative definite, for more details see [1]. These
CG-techniques are in the variety of iterations known by:

Xo € Rn,xk+1 = Xg + lkSk (2)
where A, is the step length , as a rule obtained by the Wolfe line search:

f Q) = f (e + 4eSi) = —adini Sk 3)

9t + 4SSk = anjeSic 4)
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where 0 < a < o < 1. The iterative searcher directions S, CG-technique are calculated as:

do = —go, dks1 = —Gk+1 + Brdi (5)

at this point f3, is a scalar given as the parameter of conjugate gradient, 7,,, denotes gradient off (x;,,) at
the points xy 41, Sk = Xp41 — X @nd ¥, = Nxyq — Nk The next sufficient descent state (6):

7I£+15k+1 < =4 ll? (6)

A lot used for analyzing the worldwide CG-technique convergence in mixture with inexact
techniques of line search [2]. In the technique of quasi-Newton (QN), the direction of search is calculated
using an approximation of the Hessian matrix inverse. In meticulous (5) is changed by:

Sk+1 = —BitaMk+1 (7)

where by the Hessian matrix By, ; = Gy.1 = V2f(xx+1) is updated during the iterations. More details can be
found in [3], [4]. In modern years, a diversity of CG-formulas was known, majorly, differences are in the
parameter B, the work by discussed details on some CG-techniqus with special emphasis on their worldwide
convergence. Furthermore, the design of CG-techniques had been studied by many of researchers for
archetype refer to [5]-[10].

In this paper, the new proposed method is solved by second and third-order Taylor-series. The
subsequent sections of study are organized in this way: the second section presents the outlines of the new
algorithm and the deriving a new formula. Some interesting the convergence analysis of the new algorithm
presented in the third section. Results of the current numerical experiments are presented in the fourth section
by using the test problems found in [11]. Finally, the fifth section presents some obvious findings.

2.  ANEW CONJUGATE GRADIENT METHOD

This section develops a new CG-method on the basis of approximating the Hessian with a
symmetric positive-definite matrix. Now, the second and third-order Taylor-series approximation is
employed to f at the point x; can be written as by following the same approaches as in [12] as:

1 1 1
fOr) = fOean) = NiaaTie + 57 GeaTio fie = fiern = MieraTie + 570 GraaTie + 276 TeraTie (8)

where Ty, is the tensor of f at the point x,,. Then, by using a n¥_ S, = 0 in second -order Taylor-series,
the next relation (9) is obtained:

7t GiearTie = 2(F () = f (1)) 9)
the relation (10) is obtained by third-order Taylor-series expressions:
Tt GrarTie = YiTie + 6(fie = fierr) + 3(Miar + M) 7 (10)

the step size A, is determined by many algorithms. In exact line search the step length A, is selected as (11).

T
/’{k = — TicSk (11)

T
sTGsy

From some algebra, the (12) is obtained:

AnES 1 3
7 Graatie = £ () = f Corn) = 25710 Geaa e = SV + 3 = fiern) + 5 MsaTe +057% (12)

by (12), the (13) is derived and denote by GkQ+1 and as follows:

1T 3 T T
YTk t3U k= e )5 1Tk Tk
T‘[T‘k

_ T
GI?+1 — FOR)—f (pe+1)— QN Sk/2 L, G’((:+1 —

Lxn (13)

T;Tk
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then, it can be written as:

T T
SI?+1 == ( ek kn£5k> Metr Sker = — ( Ak >77k+1 (14)
2

2 i, _ 3T T
F ) —f Gegeq 1) kK YTk t3(F k=l )+ TN T

by use the conjugacy condition S7.,y, = 0 due to the conjugacy of Newton directions with exact line
searches.

T
ST,y =_< Tie Tk
e £ — f Ctiern) — A Sic/2

rkT Tk

>n£+1yk =0
(15)

Sks1Vie = — Nes1Yk = 0

1 3

jy;frk +3(fk — frr) + 7771:+1rk + ﬂﬁrk

Similarly, by using CG methods for quadratic functions with exact line searches, formula (16) is obtained:
Sk+1Yk = ~Nies1V + BeSk vk =0 (16)

from (15) and (16), the (17 a and b) is derived as follows:

T
Tk Tk T T T
- =- + BeS,

Gum—ﬂnﬂrmmﬁuﬁm“” Mesa Vit Fiedie (17 a)

T
Tk Tk
<1/2}’;€Tk +3(fi = frew1) + 3/2MjpqTic + M1

)mfﬂyk = —Nes1Vie + BiSky

from above equation, we get:

T Te
fCa) — f(eyn) — aknlsk/z
T
rk 1%
1/2y5r + 3(fie = fres1) + 3/20f 4170 + i T

BkSk vk = — ( )771€+13/k + w1V

(17 b)

Brdiyk = — ( >7717;+1Yk + sV

then, the following equations are obtained:

BTQ _ (1 _ TeTk )7];+1Yk BTC _ (1 — TeTk Ihe1Vk (18)
k F~f Gr)=MankSe/2) sty 'K VRT3 Frr) Hanaa Tt nkre ) Sk Ve

putting (18) in (5), we obtained:

T T
Ty T >gk+1yk
k

f ) = f (esn) — AenicS/2) Sk i
T Tk Nie+1Yk

1 3 T
5Vl + 3(fie = fierr) + 5 MesaTie + 0Tk SV

Sk+1 = M+ + (1
(19)

Skr1 =Gk +| 1— k

for simplicity, equation (19) is called by S, method. Also, B, can be written in this way and denoted by ﬁ,fTQ
and pETC:

BrQ _ 1 ( 2 >T prc _ 1 < llyl2 )T
=— -7 1 =— -7 1
k Ty Yk T Tt T Mic+1 Bi Ty Yk T 1251, T ) i
where,
T T T T T T
_ mey)® | vk " T Tk _ ey)? |mivk " T Tk
1~ T T » L2 = T 1 3
il 7T f(xk)_f(xk+1)_’1k"2k5k Iil? |reTk YRkt 3U k= Flea) 50 aa Tk Tk
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On the basis of above discussion, this section describes the algorithm frame of this study without
fixed line search in this way. New algorithms (BTQ and BTC algorithms):
Step 1: Givex; € R™, & > 0. SetS; = —ny, k = 1. If ||n,]| < 1078, then stop.
Step 2: Compute 4, satisfying the conditions (3-4).
Step 3: Let xppq = X + A4Sk andngiq = (k1) 1 1i41]l < 1076, then stop.
Step 4: Compute B, by the formulae (12) then generate S, b y equation (13)
Step 5: Set k = k + 1 and continue with stege 2

3. CONVERGENT ANALYSIS

The following section proves the property of global convergence of new method. Theorem 3.1
demonstrates that the direction of search in algorithms is continuously sufficient descent based on no line
search. The property of sufficient descent is one of the important properties of the all conjugate gradient
methods.

3.1. Theorem
2 T
Let 7, Vi Mss € R B € R and BETC = (yk—r"y"" rk) Mesr, Wheret € (1/4,00). If

T
Tk Yk Tk Yk

e ¥ # 0, then S{y 1 mpepy < —[1 = 1/47] |4 112

Proof: Since S, = —n,, We have nfS, = —||n,l|?, satisfying (6). Through multiplying (19) by 7., (20) is
obtained:

T 2
T _ 2 Nk+1YVk Iyl T T
Ser1Mie1 = —IMisall® + (—Tk;ll’k -7 Ty0? 77k+1rk) T Nk+1 (20)
yielding
ST Miers = (1710 T kD) T Y10 = I 12 i 10 =Ty il (41 710) 1)

Eyi)?

The inequality wTv < %(Ilwll2 + |[v]|?) is applied with w = %(r{yk)nkﬂ andv = §(M%17) Vi, Where & €
—,/2t], to the first term of the above equality, the is obtained:
(5, V2t to the fi f the above equality, the (23) is obtained
1]1
Mi+1Y) T M+ ) (1 Vi) < 2 [g e Y e 11? + 52(rlcTUk+1)2||Yk||2] (22)
this yields,

1 52
sz oy mes a2+ [ S| mes 2 yal?

Ska1Mier1 < T2 (23)
From (18), the (24) is derived as follows:
1 1
Staaien < [555 = 1] Iieaal? < = [1 = o] eI (24)
Therefore, the (25) is obtained:
1
Staaiers < = [1 = e I? (25)

Consequently, it is necessary to have Assumption 3.2 for analyzing the global convergence of algorithms.

3.2. Assumption

i. Thelevel setL = {x € R™|f (x) < f(x,)} is constrained.

ii. Inanumberofareas, U andL,f(x) arecontinuously differentiable and their gradient id Lipschitz is
continuous, i.e., a constant L > 0 exists, like that:
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In(z) —n(o)ll < Lllz —oll,vz,0 € U (26)
Under the above assumptions on f, aconstant I' > 0 exists, like that:

IMesall > T (@7)

for all x € L. More details can be found in [13] verified that the next general result is applied to any CG
method with strong Wolfe line search:

3.3. Lemma
Supposing that assumptions (i) and (ii) are held, then consider any method of conjugate gradient (2)
and (5) where S, is a descent direction and A, is achieved by the strong Wolfe line search (3) and (4). If:

1

Lizojs—z = @ (28)
then,

Lm inf||nye441l = 0 (29)
3.4. Theorem

Supposing that assumptions are held, then consider methods (2) and (5), where is a descent direction
with and given by (18), and /1k is found by the Wolfe line search. If the objective function is uniformly, then

rlll_f(r}o inflnesll =0.

ISkeall = 1=Teas + BicSicll < el + 1Bi IS
<l ”+||<y _Tllykllzr> 17+ 1l Il
= e e M melllyell
2
||yk”||77k+1”+T”nk+1””yk” ”rk”
< sl + rlllyell
- el o
VielllMe+1 [l + T2 1 YE
< M|l + 7l
k1 AT *
<1+ 1+ 7lneell < 2+ Tllmesn (30)

This relation shows that:

1 1 1
g 2 (_)FZkzl I=oo @31

2+T

based on Lemma 1, ’gim inflmx+11l = 0 is derived, which equals ]gimllnkﬂll = 0 for uniformly convex
function.

4., NUMERICAL RESULTS

This section explains some numerical experiments conducted for testing BTQ and BTC algorithms.
Some test problems studied by Andrei [11] were used in this study (see Table 1) to analyze the efficiency of
the new formula formed in this study in comparison to the method of FR. Comparison is based on iterations
number (NI) and function evaluations number (NF) the CG algorithms by teepest descent directions. In all
CG, the step length A, is yielded by Wolfe line search with @ = 0.001 and ¢ = 0.9, and the termination
condition is |74l < 107°. Some noted papers can be see [14]-[25].

Tables 1 present list of some numerical results of this study. Based on the current numerical results,
the proposed methods, BTQ and BTC, have minimum numbers of iterations, restarts and function evaluations
in all implemented test problems in this study, except for problems 7 and 10, where the FR algorithm has less
numbers of iterations, restarts and function evaluations against the new proposed BTQ and BTC algorithms.
Generally, the percentage performance of the new proposed algorithms BTQ and BTC can be computed as
compared to the standard FR algorithm for the general Tools NI, NR and NF shown in Table 2.
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Table 1. Comparison of FR and new algorithms (BTQ and BTC) with n=100 and n=1000, test function
P No n FR algorithm  BTQ algorithm  BTC algorithm
' NI NR NF NI NR NF
1 100 47 93 38 84 39 82

1000 78 131 37 87 33 75
2 100 43 88 43 95 45 100
1000 46 92 40 87 37 79
3 100 32 52 15 30 13 25
1000 22 42 24 47 16 32
4 100 25 43 23 45 22 44
1000 46 741 30 204 29 52
5 100 37 67 39 60 43 63
1000 73 115 66 110 63 98
6 100 15 31 11 23 9 19
1000 8 17 8 17 7 15
7 100 89 174 75 165 73 160
1000 107 211 72 155 61 139
8 100 71 110 40 79 31 60
1000 47 84 68 131 30 57
9 100 32 65 21 50 30 70
1000 53 116 37 87 37 85
10 100 74 123 92 141 75 115
1000 370 616 345 583 277 456
11 100 69 1202 30 56 26 47
1000 98 1967 33 57 55 837
12 100 49 80 10 19 17 32
1000 129 166 12 24 14 27
13 100 12 25 11 23 10 21
1000 11 23 11 23 10 21
14 100 122 156 14 28 11 20
1000 130 166 15 29 15 27
15 100 112 147 43 66 34 54
1000 110 145 40 60 38 60
Total 2157 7090 1343 2666 1199 2972

Table 2. Relative efficiency of the new algorithms
FR algorithm  BTQ algorithm  BTC algorithm
NI 100% 62.26% 55.58%
NF 100% 37.60% 41.91%

Problems numbers indicator (Table 1): 1) is the extended Rosenbrock, 2) is the extended White &
Holst, 3) is the extended Beale, 4) is the generalized tridiagonal 1, 5) is the generalized tridiagonal 2, 6) is the
extended PSC1, 7) is the extended Maratos, 8) is the extended Wood, 9) is the extended quadratic penalty
QP2, 10) is the partial perturbed quadratic, 11) is the EDENSCH (CUTE), 12) is the DENSCHNC (CUTE),
13) is the DENSCHNB (CUTE), 14) is the extended block-diagonal BD2, and 15) is the generalized quartic
GQ2. Full details of these test problems can be found in Andrie [11].

5. CONCLUSIONS

Practically, when the complexity and size of the test problem increase, greater improvements could be
realized by the new algorithms because the new proposed algorithm is more stable and always preserves the
descent search directions. Our reported results showed that the proposed methods are efficient for solving large-
scalc unconstrained optimization. Generally, the percentage performance of the new proposed algorithms BTQ and
BTC can be computed as compared to the standard FR algorithm for the general tools NI, NR and NF.
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