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ABSTRACT

In this study, we develop a novel structure χ-single valued neutrosophic set, which is a
generalization of the intuitionistic set, inconsistent intuitionistic fuzzy set, Pythagorean
fuzzy set, spherical fuzzy set, paraconsistent set, etc. Fuzzy subgroups play a vital role
in vagueness structure, it differ from regular subgroups in that it is impossible to deter-
mine which group elements belong and which do not. In this paper, we investigate the
concept of a χ-single valued neutrosophic set and χ-single valued neutrosophic sub-
groups. We explore the idea of χ-single valued neutrosophic set on fuzzy subgroups
and several characterizations related to χ-single valued neutrosophic subgroups are
suggested.
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1. INTRODUCTION
In general, the drawbacks of previously developed methods and models are mitigated by the newly

defined fuzzy algebraic structure. Because of the limitations of routine mathematics, it cannot always be
used. Certain daily systems have vague and missing information. Methodologies were seen as an alternative
to dealing with these issues and preventing flaws, such as certainty, rough set, and a fuzzy set hypothesis.
Unfortunately, each of these alternative mathematics has flaws and drawbacks, such as the majority of terms
like true, beautiful, and popular, which are not readily identifiable or even ambiguous. As a result, the rules for
such terms can differ from one person to the next.

Zadeh [1] has begun an analysis of the possibility based on the participation feature assigning a reg-
istration grade in [0, 1] in order to deal with such unclear and uncertain information. Atanassov [2] suggested
that intuitionistic fuzzy sets could be used as a fuzzy set extension in lieu of the concepts of enrolment and
non-participation. Molodtsov [3] coined the term soft set to describe a computational model for dealing with
uncertainties. Because of its applications in a variety of lively topics, the possibility of soft set has gained a new
destination for scientists. Crisp sets have two independent generalizations: fuzzy sets and soft sets. In the soft
set hypothesis, Ali et al. [4] suggested several new operations. They discussed extended and restricted union
and intersection. Yager [5]-[7] first proposed the Pythagorean fuzzy set. Few Pythagorean fuzzy data intrusions
interventions have been developed and implemented by Peng et al. [8]. Peng et al. looked at Pythagorean fuzzy
soft sets and how they were implemented in [9]. The variety of models were investigated in [10]-[14].
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Arockiarani and Jency [15] studied the basic characteristics of fuzzy neutrosophic sets and also intro-
duced the fuzzy neutrosophic topological spaces. They also explored the properties of the respective developed
spaces [16]. This concept is extended for the groups and various algebraic structures as given in [17]-[29].
The paper is arranged as follows: In Section 2, we give some basic concepts related to fuzzy single-valued
neutrosophic sets (SV NSs). In Sections 3 and 4, we introduce the notion of χ-single valued neutrosophic sets
(χ-SV NSs) and χ-single valued neutrosophic subgroups respectively, and also proposed several characteriza-
tions on χ-single valued neutrosophic subgroups.

2. PRELIMINARIES
Definition 2..1. [15] A SV NS L on the universe set S is defined as: L = {〈u, αL(u), βL(u), γL(u)〉, u ∈
S} where α, β, γ : S → [0, 1] and 0 ≤ αL(u) + βL(u) + γL(u) ≤ 3.

Definition 2..2. [15] Let S be a non empty set, and L = {〈u, αL(u), βL(u), γL(u)〉},M = {〈u, αM (u),
βM (u), γM (u)〉} be SV NSs, then proceeding properties must satisfy:
(i) L ⊆M , ∀ u if αL(u) ≤ αM (u), βL(u) ≤ βM (u), γL(u) ≥ γM (u).
(ii) L ∪M = 〈u,

∨
(αL(u), αM (u)),

∨
(βL(u), βM (u)),

∧
(γL(u), γM (u))〉.

(iii) L ∩M = 〈u,
∧
(αL(u), αM (u)),

∧
(βL(u), βM (u)),

∨
(γL(u), γM (u))〉.

(iv) L \M(u) = 〈u,
∧
(αL(u), γM (u)),

∧
(βL(u), 1− βM (u)),

∨
(γL(u), αM (u))〉.

Definition 2..3. [15] A SV NS L is called null or empty SV NS over the universe S if
αL(u) = 0, βL(u) = 0, γL(u) = 1,∀ u ∈ S. It is indicated with ON .

Definition 2..4. [15] A SV NS of L is an absolute SV NS over the universe of S, if
αL(u) = 1, βL(u) = 1, γL(u) = 0, ∀ u ∈ S. It is indicated with 1N .

Definition 2..5. [15] Lc is the complement of SV NS L which is defined as Lc = 〈u, αLc(u), βLc(u), γLc(u)〉
where αLc(u) = γL(u), βLc(u) = 1− βL(u), γLc(u) = αL(u). It is also possible to describe the complement
of the SV NS L as Lc = 1N − L.

3. χ-SINGLE VALUED NEUTROSOPHIC SETS
Definition 3..1. Consider L = {〈u, αL(u), βL(u), γL(u)〉, u ∈ S}, then χ-SV NS Lχ on the discourse uni-
verse S is defined as Lχ = {〈αχL(u) =

∧
{αL(u), χ}, βχL(u) =

∧
{βL(u), χ}, γχL(u) =

∨
{γL(u), χ}〉, u ∈

S} and 0 ≤ αχL(u) + βχL + γχL ≤ 3, where χ ∈ [0, 1], where α, β, γ : L→ [0, 1].

Definition 3..2. Let S be a non empty set, andLχ = 〈αχL(u) =
∧
{αL(u), χ}, βχL(u) =

∧
{βL(u), χ}, γχL(u) =∨

{γL(u), χ}〉,Mχ = 〈αχM (u) =
∧
{αM (u), χ}, βχM (u) =

∧
{βM (u), χ}, γχM (u) =

∨
{γM (u), χ}〉, then

following conditions must hold
(i) Lχ ⊆Mχ, ∀ u if αχL(u) ≤ α

χ
M (u), βχL(u) ≤ β

χ
M (u), γχL(u) ≥ γ

χ
M (u).

(ii) Lχ ∪Mχ = 〈u,
∨
(αχL(u), α

χ
M (u)),

∨
(βχL(u), β

χ
M (u)),

∧
(γχL(u), γ

χ
M (u))〉.

(iii) Lχ ∩Mχ = 〈u,
∧
(αχL(u), α

χ
M (u)),

∧
(βχL(u), β

χ
M (u)),

∨
(γχL(u), γ

χ
M (u))〉.

(iv) Lχ \Mχ(u) = 〈u,
∧
(αχL(u), γ

χ
M (u)),

∧
(βχL(u), 1− β

χ
M (u)),

∨
(γχL(u), α

χ
M (u))〉.

Definition 3..3. A χ-SV NS Lχ is called null or empty χ-SV NS over the universe S if αχL(u) = 0, βχL(u) =
0, γχL(u) = 1, ∀ u ∈ S. It is indicated with ON .

Definition 3..4. A χ-SV NS of Lχ is an absolute χ-SV NS over the universe of S if
αχL(u) = 1, βχL(u) = 1, γχL(u) = 0, ∀ u ∈ S. It is indicated with 1N .

Definition 3..5. Lc
χ

is the complement of χ-SV NS Lχ which is defined asLc
χ

= 〈u, αχLc(u), β
χ
Lc(u), γ

χ
Lc(u)〉

where αχLc(u) = γχL(u), β
χ
Lc(u) = 1 − βχL(u), γ

χ
Lc(u) = αχL(u). Complement of the χ-SV NS Lχ is Lc

χ

=
1N − Lχ.

Definition 3..6. Let S and T be two non-empty set, Define a function g : S → T . (i) IfMχ = {〈v, αχM (v), βχM
(v), γχM (v)〉 : v in T} be a χ-SV NS in T , then g−1(Mχ) is a pre-image of Mχ under g be a χ-SV NS in
S as described g−1(Mχ) = {〈u, g−1(αχM (u)), g−1(βχM (u)), g−1(γχM (u))〉 : u in S} where g−1(αχM (u)) =
αχM (g(u)). (ii) If Lχ = {〈u, αχL(u), β

χ
L(u), γ

χ
L(u)〉 : u in S} be a χ-SV NS in S then under g the image of
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Lχ is denoted by g(Lχ), is the χ-SV NS in T as described g(Lχ) = {〈v, g(αχL(v)), g(β
χ
L(v)), g∼(γ

χ
L(v))〉 :

v in T}

g(αχL(v)) =

 sup
u∈g−1(v)

αχL(u) , if g−1(v) 6= 0N

0 , otherwise
g(βχL(v)) =

 sup
u∈g−1(v)

βχL(u) , if g−1(v) 6= 0N

0 , otherwise

g∼(γ
χ
L(v)) =

 inf
u∈g−1(v)

γχL(u) , if g−1(v) 6= 0N

1 , otherwise

and g∼(γ
χ
L(v)) = (1− g(1− γχL))v .

Definition 3..7. Consider Lχ is a χ-SV NS in group (S, .). Then Lχ is said to be χ-single valued neutrosophic
group (in short, χ-SV NG) in S if it fulfill these two conditions: (i) αχL(uv) ≥ αχL(u) ∧ α

χ
L(v), βχL(uv) ≥

βχL(u)∧β
χ
L(v) and γχL(uv) ≤ γ

χ
L(u)∧γ

χ
L(v) (ii) αχL(u

−1) ≥ αχL(u), β
χ
L(u
−1) ≥ βχL(u), γ

χ
L(u
−1) ≤ γχL(u).

Definition 3..8. let Lχ and Mχ be two χ-SV NSs in S where (S, .) be a groupoid, Then the χ-single valued
neutrosophic product of Lχ and Mχ, Lχ ◦Mχ is defined as follows: for any u ∈ S,

αχL◦M (u) =

{ ∨
vw=u

[αχL(v) ∧ α
χ
M (w)] , for each(v, w) ∈ S × S with vw = u,

0 , otherwise

βχL◦M (u) =

{ ∨
vw=u

[βχL(v) ∧ β
χ
M (w)] , for each(v, w) ∈ S × S with vw = u,

0 , otherwise

γχL◦M (u) =

{ ∧
vw=u

[γχL(v) ∧ γ
χ
M (w)] , for each(v, w) ∈ S × S with vw = u,

1 , otherwise.

Definition 3..9. Consider Lχ ∈ χ-SV NS(G) and G be a groupoid. Then Lχ is called: (1) χ-single val-
ued neutrosophic left ideal (χ-SV NLI) of G if for some u, v ∈ G,Lχ(uv) ≥ Lχ(v). (i.e.,) αχL(uv) ≥
αχL(v), β

χ
L(uv) ≥ β

χ
L(v), and γχL(uv) ≤ γL(v) (2) χ-single valued neutrosophic right ideal (χ-SV NRI) of

G if for some u, v ∈ G,Lχ(uv) ≥ Lχ(u). (i.e.,) αχL(uv) ≥ αχL(u), βL(uv) ≥ βχL(u), and γ
χ
L(uv) ≤ γχL(u)

(3) χ-single valued neutrosophic ideal (χ-SV NI) of G if it is χ-SV NLI as well as χ-SV NRI Clearly, Lχ is
a χ-SV NI of G⇔ for any u, v ∈ G, αχL(uv) ≥ α

χ
L(u)∨α

χ
L(v), β

χ
L(uv) ≥ β

χ
L(u)∨β

χ
L(v), and γχL(uv) ≤

γχL(u) ∧ γ
χ
L(v). Furthermore, a χ-SV NI (respectively χ-SV NLI , χ-SV NRI ) is a single valued χ-

neutrosophic subgroupoid χ-SV NSGP of G. Remember for every χ-SV NSGP Lχ of G we get αχL(u
n) ≥

αχL(u), β
χ
L(u

n) ≥ βχL(u), and γχL(u
n) ≤ γχL(u) for every u ∈ G, while un is any composite of u ′s. The

collection of all χ-SV NSGP s with G will be denoted as χ-SV NSGP (G).

Definition 3..10. Let (G, .) be a groupoid and assumeON 6= Lχ ∈ χ-SV NS(G) Then Lχ is called a χ-single
valued neutrosophic subgroupoid in G (χ-SV NSGP in G) if Lχ ◦ Lχ ⊂ Lχ.

Definition 3..11. Let (G, .) be a groupoid and consider Lχ ∈ χ-SV NS(G). Then Lχ is said to be χ-
SV NSGP inG, if for every u, v ∈ G, αχL(uv) ≥ α

χ
L(u)∨α

χ
L(v), β

χ
L(uv) ≥ β

χ
L(u)∨β

χ
L(v), and γ

χ
L(uv) ≤

γχL(u) ∧ γ
χ
L(v). Clearly 0N and 1N are both χ-SV NSGPs of G.

Definition 3..12. Let Lχ ∈ χ-SV NS(G). If for any α ∈ P (G), ∃ a t0 ∈ α such that Lχ(t0) =
⋃
t∈α

(Lχ(t))

t0 ∈ α such that Lχ(t0) =
⋃
t∈α

(Lχ(t)) .i.e., αχL(t0) =
∨
t∈α

(αχL(t)), βχL(t0) =
∨
t∈α

(βχL(t)) , γ
χ
L(t0) =∧

t∈α
(γχL(t)), where P (G) denote the power set of G. then we called Lχ have a sup-property.

Definition 3..13. Let Lχ be a χ-SV NS in S and let $, δ, υ ∈ β with $+ δ+ υ ≤ 3. Then the set S($,δ,υ)
Lχ =

{u ∈ S : Lχ(u) ≥ C($,δ,υ)(u)} = {i ∈ S : αχL(u) ≥ λ, βχL ≥ µ, γχL(u) ≤ ν} is called a ($, δ, υ) - level
subset of Lχ.
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4. χ-SINGLE VALUED NEUTROSOPHIC SUBGROUPS
Definition 4..1. Consider Lχ ∈ χ-SV NSGP (G) and assume G be a group. Then Lχ is said to be χ-
single valued neutrosophic subgroup (χ-SV NSG) of G if Lχ(u−1) ≥ Lχ(u). i.e. αχL(u

−1) ≥ αχL(u),
βχL(u

−1) ≥ βχL(u), and γχL(u
−1) ≤ γχL(u), ∀ u ∈ G.

Proposition 4..2. Let {Lχη}η∈ζ ⊂ χ-SV NSG(G). Then
⋂
η∈ζ

Lχη ∈ χ-SV NSG(G).

Proposition 4..3. Let Lχ andMχ be any two χ-SV NSGs of a groupG. Then these are equivalent conditions:
(1) Lχ ◦Mχ ∈ χ-SV NSG(G) (2) Lχ ◦Mχ =Mχ ◦ Lχ.

Proof. Proof is obvious.

Proposition 4..4. Let Lχ ∈ χ-SV NSG(G). Then Lχ(u−1) = Lχ(u), i.e. αχL(u
−1) = αχL(u), β

χ
L(u
−1) =

βχL(u), γ
χ
L(u
−1) = γχL(u) and L(u) ≤ L(e) i.e. αχL(u) ≤ αχL(e), β

χ
L(u) ≤ βχL(e), γ

χ
L(u) ≥ γχL(e) for every

u ∈ G, where e signify the identity element in G.

Proof. Suppose u ∈ G. So αχL(u) = αχL((u
−1)−1) ≥ αχL(u−1) , ∀ u ∈ G. βχL(u) = βχL((u

−1)−1) ≥ βχL(u−1)
, ∀ u ∈ G. γχL(u) = γχL((u

−1)−1) ≤ γχL(u
−1) , ∀ u ∈ G. Since Lχ ∈ χ-SV NSG(G), αχL(u

−1) ≥ αχL(u),
βχL(u

−1) ≥ βχL(u) and γχL(u
−1) ≤ γχL(u) for every u ∈ G. Hence αχL(u

−1) = αχL(u), β
χ
L(u
−1) = βχL(u),

βχL(u
−1) = βχL(u) .(i.e.,) Lχ(u−1) = Lχ(u) Also, αχL(e) = αχL(uu

−1) ≥ αχL(u) ∧ α
χ
L(u
−1) = αχL(u),

βχL(e) = βχL(uu
−1) ≥ βχL(u) ∧ β

χ
L(u
−1) = βχL(u) γ

χ
L(e) = γχL(uu

−1) ≤ γχL(u) ∧ γ
χ
L(u
−1) = γχL(u) Hence

αχL(u) ≤ α
χ
L(e), β

χ
L(u) ≤ β

χ
L(e), γ

χ
L(u) ≥ γ

χ
L(e) ∀ u ∈ G. (i.e.,) Lχ(u) ≤ Lχ(e).

Proposition 4..5. If Lχ ∈ χ-SV NSG(G), then GLχ = {u ∈ G : Lχ(u) = Lχ(e), i.e., αχL(u) =
αχL(e), β

χ
L(u) = βχL(e), γ

χ
L(u) = γχL(e)} is a subgroup of G.

Proof. Let u, v ∈ GLχ . Then αχL(u) = αχL(e), β
χ
L(u) = βχL(e), γ

χ
L(u) = γχL(e) and αχL(v) = αχL(e), β

χ
L(v) =

βχL(e), γ
χ
L(v) = γχL(e). Thus αχL(uv

−1) ≥ αχL(u) ∧ α
χ
L(v
−1) = αχL(u) ∧ α

χ
L(v) by proposition 4..4 =

αχL(e) ∧ α
χ
L(e) = αχL(e) Similarly βχL(uv

−1) ≥ βχL(e). γ
χ
L(uv

−1) ≤ γχL(u) ∨ γ
χ
L(v
−1) = γχL(u) ∨ γ

χ
L(v) by

proposition 4..4 = γχL(e) ∨ γ
χ
L(e) = γχL(e). Also, by proposition 4..4, αχL(uv

−1) ≤ αχL(e), β
χ
L(uv

−1) ≤
βχL(e), γ

χ
L(uv

−1) ≥ γχL(e). So, αχL(uv
−1) = αχL(e), β

χ
L(uv

−1) = βχL(e), γ
χ
L(uv

−1) = γχL(e). .(i.e.,)
Lχ(uv−1) = Lχ(e). Thus uv−1 ∈ GLχ . Hence GLχ is a subgroup of G.

Proposition 4..6. Let Lχ ∈ χ-SV NSG(G). If Lχ(uv−1) = Lχ(e).(i.e.,)
αχL(uv

−1) = αχL(e), β
χ
L(uv

−1) = βχL(e), γ
χ
L(uv

−1) = γχL(e) for any u, v ∈ G,
then Lχ(u) = Lχ(v) (i.e.,) αχL(u) = αχL(v), β

χ
L(u) = βχL(v), γ

χ
L(u) = γχL(v)

Proof. Let u, v ∈ GLχ . Then αχL(u) = αχL((uv
−1)v) ≥ αχL(uv

−1) ∧ αχL(v) = αχL(e) ∧ α
χ
L(v) = αχL(v)

Also, by proposition 4..4 αχL(u
−1) = αχL(u), then we have αχL(uv

−1) = αχL((vu
−1)−1) = αχL(vu

−1) and
thus αχL(v) = αχL((vu

−1)u) ≥ αχL(vu
−1) ∧ αχL(u) = αχL(uv

−1) ∧ αχL(u) = αχL(e) ∧ α
χ
L(u) = αχL(u). So

αχL(u) = αχL(v). Similarly, we have βχL(u) = βχL(v), γ
χ
L(u) = γχL(v).

Proposition 4..7. Lχ ∈ χ-SV NSG(G) if and only if
αχL(uv

−1) ≥ αχL(u) ∧ α
χ
L(v), β

χ
L(uv

−1) ≥ βχL(u) ∧ β
χ
L(v), γ

χ
L(uv

−1) ≤ γχL(u) ∨ γ
χ
L(v) for any u, v ∈ G.

Proof. Using Definition 4..1 and proposition 4..4 we get the proof.

Proposition 4..8. The group G cannot be the union of two proper χ-SV NSGs.

Proof. LetLχ andMχ are proper χ-SV NSGs of a groupGwheneverLχ∪Mχ = 1N , L
χ 6= 1N and Mχ 6=

1N . Lχ ∪Mχ = 1N ⇒ αχL ∨ α
χ
M = 1, βχL ∨ β

χ
M = 1, γχL ∧ γ

χ
M = 0. Then αχL = 1 or αχM = 1, βχL =

1 or βχM = 1, γχL = 0 or γχM = 0 Since Lχ 6= 1N and Mχ 6= 1N , αχL 6= 1 or βχL 6= 1 or γχL 6= 0 and
αχM 6= 1 or βχM 6= 1 or γχM 6= 0. In either cases, we get the contradiction.

Proposition 4..9. If Lχ is a χ-SV NSGP of a group G then it is χ-SV NSG of G.

Proof. Suppose u ∈ G. AlsoG has a order finite, Assume order of u is n (finite).⇒ un = e ,whereas e indicate
identity of G. Thus u−1 = un−1. Since Lχ is a χ-SV NSGP of a group G, Thus αχL(u

−1) = αχL(u
n−1) =

αχL(u
n−2u) ≥ αχL(u) β

χ
L(u
−1) = βχL(u

n−1) = βχL(u
n−2u) ≥ βχL(u), γ

χ
L(u
−1) = γχL(u

n−1) = γχL(u
n−2i) ≤

γχL(u). Hence Lχ is a χ-SV NSG of G.
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Proposition 4..10. Suppose Lχ be a χ-SV NSG of a group G and let u ∈ G. Then Lχ(uv) = Lχ(v)
,i.e. αχL(uv) = αχL(u), β

χ
L(uv) = βχL(u), γ

χ
L(uv) = γχL(u) ∀ v ∈ G ⇔ Lχ(u) = Lχ(e). i.e. αχL(u) =

αχL(e), β
χ
L(u) = βχL(e), γ

χ
L(u) = γχL(e), where identity of G is e.

Proof. Suppose Lχ(uv) = Lχ(v) for every v ∈ G. Then obviously Lχ(u) = Lχ(e) . Conversely, considering
Lχ(u) = Lχ(e). Then by Proposition 4..4 αχL(v) ≤ αχL(u), β

χ
L(v) ≤ βχL(u), γ

χ
L(v) ≤ γχL(u) ∀ v ∈ G. Since

Lχ is a χ-SV NSG ofG, then αχL(uv) ≥ α
χ
L(u)∧α

χ
L(v), β

χ
L(uv) ≥ β

χ
L(u)∧β

χ
L(v), γ

χ
L(uv) ≤ γ

χ
L(u)∨γ

χ
L(v).

Thus αχL(uv) ≥ αχL(v), β
χ
L(uv) ≥ βχL(v), α

χ
L(uv) ≤ γχL(v) ∀ v ∈ G. On the other hand, by Proposition 4..4

αχL(v) = αχL(u
−1uv) ≥ αχL(u) ∧ α

χ
L(uv), β

χ
L(v) ≥ βχL(u) ∧ β

χ
L(uv), γ

χ
L(v) ≤ γχL(u) ∨ γ

χ
L(uv). Since

αχL(u) ≥ αχL(v), β
χ
L(u) ≥ βχL(v), γ

χ
L(u) ≤ γχL(v) ∀ v ∈ G αχL(u) ∧ α

χ
L(uv) = αχL(uv), β

χ
L(u) ∧ β

χ
L(uv) =

βχL(uv), γ
χ
L(u) ∨ γ

χ
L(uv) = γχL(uv). So αχL(v) ≥ αχL(uv), β

χ
L(v) ≥ βχL(uv), γ

χ
L(v) ≤ αχL(uv) ∀ v ∈ G.

Hence αχL(uv) = αχL(v), β
χ
L(uv) = βχL(v), γ

χ
L(uv) = γχL(v), ∀ v ∈ G.

Proposition 4..11. Let define a group homomorphism g : G→ G′, whereas Lχ ∈ χ-SV NSG(G), Mχ ∈ χ-
SV NSG(G′). Then these conditions must be satisfy:
(i) Lχ contain the sup-property⇒ g(Lχ) ∈ χ-SV NG(G′).
(ii) g−1(Mχ) ∈ χ-SV NSG(G).

Proof. (i) By Proposition, Assume groupoid homomorphism g : G → G′′ also consider Lχ ∈ χ-SV NS(G)
contain the sup property. (1) Lχ ∈ χ-SV NSGP (G) ⇒ g(Lχ) ∈ χ-SV NSGP (G′′). (2) If Lχ is a χ-
SV NI(χ-SV NLI, χ-SV NRI) of G, then g(Lχ) is a χ-SV NI(χ-SV NLI, χ-SV NRI) of G′′. Since
g(Lχ) ∈ χ-SV NSGP (G), it is enough indicate that αg(L)(v−1) ≥ αg(L)(v), βg(L)(v−1) ≥ βg(L)(v), γg(L)
(v−1) ≤ γg(L)(v), ∀ v ∈ g(G). Let v ∈ g(G). Then φ 6= g−1(v) ⊂ G. Since Lχ has the sup-property, ∃
u0 ∈ g−1(v) for that
αχL(u0) =

∨
t∈g−1(v)

αχL(t), β
χ
L(u0) =

∨
t∈g−1(v)

βχL(t), γ
χ
L(u0) =

∧
t∈g−1(v)

γχL(t),

αg(L)(v
−1) = g(αχL)(v

−1) =
∨

t∈g−1(v−1)

αχL(t) ≥ α
χ
L(u
−1
0 ) ≥ αχL(u0), αg(L)(v).

βg(L)(v
−1) = g(βχL)(v

−1) =
∨

t∈g−1(v−1)

βχL(t) ≥ β
χ
L(u
−1
0 ) ≥ βχL(u0), βg(L)(v).

γg(L)(v
−1) = g(γχL)(v

−1) =
∧

t∈g−1(v−1)

γχL(t) ≤ γ
χ
L(u
−1
0 ) ≤ γχL(u0), γg(L)(v).

Hence g(Lχ) ∈ χ-SV NSG(G). (ii) By Proposition in [18], we have a groupoid homomorphism
g : G → G′′ and suppose Mχ ∈ χ-SV NS(G′′) (1) If Mχ ∈ χ-SV NSGP (G′′), then g−1(Mχ) ∈ χ-
SV NSGP (G). (2) If Mχ is a χ-SV NI(χ-SV NLI, χ-SV NRI) of G′′ then g−1(Mχ) is a χ-SV NI(χ-
SV NLI, χ-SV NRI) ofG . Since g−1(Mχ) ∈ χ-SV NSGP (G), It is adequate to express g−1(Mχ)(u−1) ≥
g−1(Mχ)(u) ∀ u ∈ G. Let u ∈ G. Thenαχg−1(M)(u

−1) = g−1(αχM )(u−1) = αχM (g((u−1)) = αχM (((g(u))−1)

≥ αχM (g(u)) = αg−1(M)(u), βg−1(M)(u
−1) = g−1(βχM )(u−1) = βχM (g((u−1)) = βχM (((g(u))−1) ≥

βχM (g(u)) = βg−1(M)(u), γg−1(M)(u
−1) = g−1(γχM )(u−1) = γχM (g((u−1)) = γχM (((g(u))−1) ≤ γχM (g(u))

= γg−1(M)(u). Hence g−1(Mχ) ∈ χ-SV NSG(G).

Proposition 4..12. Let Lχ be a χ-SV NSG of a group G. Then for every ($, δ, υ) ∈ β3 with ($, δ, υ) ≤
Lχ(e), (i.e.,) $ ≤ αχL(e), δ ≤ βχL(e), υ ≥ γχL(e), G

($,δ,υ)
Lχ is a subgroup of G, where e represent the identity

of G.

Proof. Clearly, G($,δ,υ)
Lχ 6= φ. Let u, v ∈ G

($,δ,υ)
Lχ . Then Lχ(u) ≥ ($, δ, υ) and Lχ(v) ≥ ($, δ, υ). (i.e.,)

αχL(u) ≥ $, βχL(u) ≥ δ, γχL(u) ≤ υ and αχL(v) ≥ $, βχL(v) ≥ δ, γχL(v) ≤ υ. Since Lχ ∈ χ-SV NSG(G),
αχL(uv) ≥ αχL(u) ∧ α

χ
L(v) ≥ $,βχL(uv) ≥ βχL(u) ∧ β

χ
L(v) ≥ δ, γχL(uv) ≤ γχL(u) ∨ γ

χ
L(v) ≤ υ. Thus

Lχ(uv) ≥ ($, δ, υ). So uv ∈ G($,δ,υ)
Lχ . On the other hand , αχL(u

−1) ≥ αχL(u) ≥ $,βχL(u
−1) ≥ βχL(u) ≥

δ, γχL(u
−1) ≤ γχL(u) ≤ υ. Thus Lχ(u−1) ≥ ($, δ, υ). So u−1 ∈ G($,δ,υ)

Lχ . Hence G($,δ,υ)
Lχ is a subgroup of

G.

Proposition 4..13. Assume Lχ be a χ-SV NS in a group G such that G($,δ,υ)
Lχ is a subgroup of G for each

($, δ, υ) ∈ β3 with ($, δ, υ) ≤ Lχ(e). Then Lχ is a χ-SV NSG of a group G .
Proof. For any u, v ∈ G, let Lχ(u) = (t1, s1, r1) and let Lχ(v) = (t2, s2, r2) . Then clearly, u ∈ G(t1,s1,r1)

Lχ

and v ∈ G
(t2,s2,r2)
Lχ . Suppose t1 < t2, s1 < s2 and r1 > r2. Then G

(t2,s2,r2)
Lχ ⊂ G

(t1,s1,r1)
Lχ . Thus

v ∈ G
(t1,s1,r1)
Lχ . Since G(t1,s1,r1)

Lχ is a subgroup of G, uv ∈ G
(t1,s1,r1)
Lχ . Then Lχ(uv) = (t1, s1, r1). (i.e.,)
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αχL(uv) ≥ t1, β
χ
L(uv) ≥ s1, γ

χ
L(uv) ≤ r1. So αχL(uv) ≥ α

χ
L(u)∧α

χ
L(v), β

χ
L(uv) ≥ β

χ
L(u)∧β

χ
L(v), γ

χ
L(uv) ≤

γχL(u) ∨ γ
χ
L(v) For each u ∈ G. let Lχ(uv) = ($, δ, υ) . Then u ∈ G($,δ,υ)

Lχ . Since G($,δ,υ)
Lχ is a subgroup

of G , u−1 ∈ G($,δ,υ)
Lχ . So Lχ(u−1) ≥ ($, δ, υ). (i.e.,) αχL(u

1) ≥ αχL(u), β
χ
L(u

1) ≥ βχL(u), γ
χ
L(u

1) ≤ γχL(u).
Hence Lχ is a χ-SV NSG of a group G.

Proposition 4..14. Let Lχ be a χ-SV NS in S, suppose ($1, δ1, υ1), ($2, δ2, υ2) ∈ Im(Lχ) . If $1 <
$2, δ1 < δ2, υ1 < υ2 then Lχ($1,δ1,υ1) ⊃ Lχ($2,δ2,υ2).

Proposition 4..15. Let Lχ be a χ-SV NS in a group G .Then Lχ is a χ-SV NSG of G ⇔ Lχ($,δ,υ) is a
subgroup of G for every ($, δ, υ) ∈ Im(Lχ).

Definition 4..16. Let Lχ be a χ-SV NSG of group G and consider ($, δ, υ) ∈ Im(Lχ). Then subgroup
Lχ($,δ,υ) is known a ($, δ, υ)-level subgroup of Lχ.
Lemma 4..17. Assume Lχ be any χ-SV NS in S.
Then αχL(u) =

∨
{$ : u ∈ Lχ($,δ,υ)}, βχL(u) =

∨
{δ : u ∈ Lχ($,δ,υ)}, γχL(u) =

∧
{υ : u ∈ Lχ($,δ,υ)}.

where u ∈ S and ($, δ, υ) ∈ β3 with $ + δ + υ ≤ 3.
Proof. Let π =

∨
{$ : u ∈ Lχ($,δ,υ)}, ψ =

∨
{δ : u ∈ Lχ($,δ,υ)}, θ = ∧{υ : u ∈ Lχ($,δ,υ)} and

let ε > 0 be arbitrary. Then π − ε <
∨
{$ : u ∈ Lχ($,δ,υ)}, ψ − ε <

∨
{δ : u ∈ Lχ($,δ,υ)}, θ + ε >

∧{$ : u ∈ Lχ($,δ,υ)}. Thus ∃ ($, δ, υ) ∈ ψ with $ + δ + υ ≤ 3 such that u ∈ Lχ($,δ,υ), π − ε <
$, ψ − ε < δ, θ + ε > υ. Since u ∈ Lχ($,δ,υ), πχL(u) ≥ $, ψχL(u) ≥ δ, θχL(u) ≤ υ. Thus πχL(u) ≥
π− ε, ψχL(u) ≥ ψ− ε, θ

χ
L(u) ≤ θ− ε. Since ε > 0 is arbitrary ,πχL(u) ≥ π, ψ

χ
L(u) ≥ ψ, θ

χ
L(u) ≤ θ We show

that πχL(u) ≤ π, ψχL(u) ≤ ψ, θχL(u) ≥ θ. Let πχL(u) = t1, ψ
χ
L(u) = t2, θ

χ
L(u) = t3. Then t1 + t2 + t3 ≤ 3.

Thus u ∈ Lχ(t1,t2,t3). So t1 ∈ {$ : u ∈ Lχ($,δ,υ)}, t2 ∈ {δ : u ∈ Lχ($,δ,υ)}, t3 ∈ {υ : u ∈ Lχ($,δ,υ)}.
Thus t1 ≤

∨
{$ : u ∈ Lχ($,δ,υ)}, t2 ≤

∨
{δ : u ∈ Lχ($,δ,υ)}, t3 ≥

∧
{υ : u ∈ Lχ($,δ,υ)}. (i.e.,)

πχL(u) ≤ π, ψχL(u) ≤ ψ, θχL(u) ≥ θ. We should indicate by (Lχ) the χ-SV NSG generated by the fuzzy
χ-neutrosophic set Lχ in G . Similarly (Lχ($,δ,υ)) for the level subset Lχ($,δ,υ).
Lemma 4..18. Let G be a group of order finite. Suppose ∃ is a χ-SV NSG Lχ of G that meets these condi-
tions: for any u, v ∈ G , (i) Lχ(u) = Lχ(v)⇒ (u) = (v).
(ii)πχL(u) > πχL(v), ψ

χ
L(u) > ψχL(v), θ

χ
L(u) < θχL(v)⇒ (u) ⊂ (v). Then G is a cyclic.

Proof. Consider Lχ is constant on G. So Lχ(u) = Lχ(v) ⇒ (u) = (v) . By (u), (u) = (v). ⇒ G = (u).
Assume Lχ is not constant on G. Assume Im(Lχ) = {(t0, s0, r0), (t1, s1, r1), ..., (tn, sn, rn)}, where t0 >
t1 > ... > tn, s0 > s1 > ... > sn, r0 < r1 < ... < rn. Using proposition 4..14, 4..15, we attain the chain of
level subgroups of Lχ : L

χ(t0,s0,r0) ⊂ Lχ(t1,s1,r1) ⊂ ....Lχ(tn,sn,rn) = G Let u ∈ G−Lχ(tn−1,sn−1,rn−1). We
have to show G = (u). Let g ∈ G − Lχ(tn−1,sn−1,rn−1). Since t0 > t1 > ... > tn, s0 > s1 > ... > sn, t0 <
t1 < ... < tn, L

χ(g) = Lχ(u) = L
χ(tn−1,sn−1,rn−1). By (u), (g) = (u). Thus G − Lχ(tn−1,sn−1,rn−1) ⊂

(u). Now assume g ∈ L
χ(tn−1,sn−1,rn−1). Then πχL(g) ≥ tn−1 > tn = πχL(u), ψ

χ
L(g) ≥ sn−1 > sn =

ψχL(u), θ
χ
L(g) ≤ rn−1 < rn = θχL(u). By (ii), (g) ⊂ (u). Thus L

χ(tn−1,sn−1,rn−1) ⊂ (u). So G = (u). So in
each case, G is cyclic.
Lemma 4..19. Suppose pn be the order of group G such that p is prime. Then ∃ a χ-SV NSG Lχ of G
Complying with the following conditions: every u, v ∈ G,
(i) Lχ(u) = Lχ(v)⇒ (u) = (v)
(ii) πχL(u) > πχL(v), ψ

χ
L(u) > ψχL(v), θ

χ
L(u) < θχL(v)⇒ (u) ⊂ (v).

Proof. Assume chain of following subgroup of G : (e) = G0 ⊂ G1 ⊂ ... ⊂ Gn−1 ⊂ Gn = G, where
Gu; the collection of subgroup of G and generated by element with order pu, i = 0, 1, ...n whereas e is
the identity of G. We construct a complex mapping Lχ = (πL, ψL, θL) : G → ψ3 as: for every u ∈ G,
Lχ(e) = (t0, s0, r0) and Lχ(u) = (tu, su, ru) if u ∈ Gu − Gi−1 for any i = 1, 2, ...n, where tu, su, ru ∈ χ
such that tu + su + ru ≤ 3,t0 > t1 > ... > tn, s0 > s1 > ... > sn, r0 < r1 < ... < rn. We can then
easily verify that Lχ is a χ-SV NSG of G sustaining both conditions. From Lemma 4..18 and Lemma 4..19,
get necessary result.

5. CONCLUSION
In this article, we give the notion of χ-SV NSs and subgroups. We investigate several operations

and algebraic properties related to these ideas. In future work, researchers may extend this idea in topological
spaces, rings, ideals, fields, and vector spaces.
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