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 The traditional quadcopter control systems should deal with two common 
problems. Namely, the singularities related to the inverse kinematics and the 
ambiguity linked to the quaternion representation of the dynamic model. 
Moreover, the stability problem due to the system nonlinearity and high 
degree of coupling. This paper provides a solution to the two issues by 
employing a geometrical integral-backstepping control system. The integral 
terms were added to improve system ability to track desired trajectories. The 
high-level control laws are considered as a virtual control and transmitted to 

the low-level to track the high-level commands. The proposed control system 
along with the quadcopter dynamic model were expressed in the special 
Euclidean group SE(3). Finally, the control system robustness against 
mismatching parameters was studied while tracking various paths. 
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1. INTRODUCTION  

For the last two decades the filed of unmanned aerial vehicles (UAVs) was under rapid growth and 

many applications were improved by utilizing UAVs (e.g., military inspection, emergency rescue services, 

and mapping). Because of the intensive research in the filed [1, 2]. Recently, a growing interest in the multi-

rotor UAVs for the systems high capabilities (i.e., vertical take-off, and landing, navigation in narrow spaces 

and maneuvering capacity) [3-5]. However, the advantages of multi-rotor UAVs comes with highly coupled 

dynamic models which makes designing a decoupled control law that stabilizes the systems a changing task 

[6, 7]. The progress in the domain of multi-rotor UAVs leads to the adoption of geometric modeling to avoid 

singularities and ambiguity [8, 9]. However, the nonlinearity and highly coupled systems require an advanced 

control system. The backstepping control method is considered one of the advanced approaches to regulating 

nonlinear systems, which can give robust and decoupled control laws [10, 11]. 
Recently, a new control approach for dynamic systems was developed which is based on nonlinear 

manifolds that cannot be globally identified with Euclidean spaces. In previous studies [12, 13], a control 

approach that was designed by characterizing the geometric properties of nonlinear manifolds intrinsically. 

The geometric control techniques can completely avoid the singularities and ambiguities issues, this approach 
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was applied to fully actuated rigid body utilizing mathematical method of Lie groups to achieve almost 

global asymptotic stability [14-16]. Furthermore, the flying environment's internal and external perturbations 

do not affect the durability of the mentioned control [17-20]. 

In this paper, a two-level cascade control system based on integral-backstepping technique was 

designed to achieve global stability and robustness against mismatching parameters. The low-level is the 

attitude to adjust the UAVs' attitude angles and maintain a stable flight. The control loop is based on 

geometric control topology which makes the system able to avoid singularities and commands’ ambiguity, 

then we defined the attitude as a virtual control of the angular dynamic and utilized Lyapunov’s theory to 
ensure system stability. 

Moreover, the high-level control system, which is the transitional control loop, we took the linear 

velocity to be virtual control in this subsystem. First, this control subsystem makes the UAVs reach the 

desired position. Secondly, it translates the path information to the virtual control inputs of the low-level 

control system. Finally, the complex trajectories are designed to be the reference input of the system (I 

cannot understand this). 
This paper is organized as follows: in Section 2, the quadrotor dynamic model is introduced. In 

Section 3, the control system design based on the backstepping geometric method for attitude and integral-

backstepping control and stability analysis is presented. Simulation results to prove the controllers’ 

effectiveness are displayed in Section 4. Finally, the conclusions are presented in Section 5. 

 

 

2. QUADROTOR DYNAMIC MODEL  

As illustrated in Figure 1, a quadrotor vehicle model is a system of four identical motors and 

propellers that are located at the vertices of a square and generated thrust and torque normal to the plane of 

this square. Then, an inertial reference frame {𝑖1⃗⃗   , 𝑖2⃗⃗⃗    , 𝑖3⃗⃗⃗  } and a body-fixed frame {𝑏1⃗⃗  ⃗ , 𝑏2⃗⃗  ⃗  , 𝑏3⃗⃗  ⃗} were chosen. 

Also, the body-fixed frame origin is located at the center of the mass of this vehicle. 

 

 

 
 

Figure 1. Quadrotor dynamique 

 

 

The model is represented by the rotation matrix 𝑅 ∈ 𝑆𝑂(3) [13-16]. Consequently, the configuration 

manifold is the special euclidean group SE(3), which is the semi-direct product of ℝ3 and the special 

orthogonal group SO(3). The rotation matrix 𝑅 is given by the product of the three successive matrices: 𝑅 =
𝑅𝑜𝑡𝑧(  𝜓 ) ∗ 𝑅𝑜𝑡𝑦( 𝜃) ∗ 𝑅𝑜𝑡𝑥( 𝜃), where 𝑅𝑜𝑡𝑧(  𝜓 ), 𝑅𝑜𝑡𝑦( 𝜃) and 𝑅𝑜𝑡𝑥( 𝜃) are the partial rotation matrices 

around 𝑏3⃗⃗  ⃗ , 𝑏2⃗⃗  ⃗  and   𝑏1⃗⃗  ⃗. where 𝑆𝑂(3) = {𝑅 ∈ 𝑅3×3: 𝑅𝑇 = 𝑅−1 ∧ det(𝑅) = 1} [17-20]. The representation of 
the rotation matrix is depicted in (1) as follow: 

 

𝑅 = [
𝑐𝜓𝑐𝜃
𝑐𝜃𝑠𝜓

𝑐𝜓𝑠𝜃𝑠𝜙 − 𝑠𝜓𝑐𝜙 𝑐𝜓𝑠𝜃𝑐𝜙 + 𝑠𝜓𝑠𝜙

𝑠𝜓𝑠𝜃𝑠𝜙 − 𝑐𝜓𝑐𝜙 𝑠𝜓𝑠𝜃𝑐𝜙 − 𝑐𝜓𝑠𝜙

−𝑠𝜃 𝑠𝜙𝑐𝜃 𝑐𝜙𝑐𝜃
]  (1) 
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We note that 𝑠𝜙 and 𝑐𝜙 denote sin (𝜙) and cos (𝜙) respectively and similarly for 𝜃 and 𝜓. 

The dynamical model of the quadrotor can be described as: 

 

𝑚�̈� = 𝑚𝑔𝑖3 − 𝑇𝑅𝑖3 + 𝐹𝑒𝑥𝑡  (2a) 

 

�̇� = 𝑅Ω× (2b) 
 

𝐽Ω̇ + Ω × 𝐽Ω = 𝑀 +𝑀𝑒𝑥𝑡 (2c) 

 

Where the 𝑚 is a mass and 𝐽 inertia matrix, 𝑟 is the quadrotor position in the inertial frame, Ω is the angular 

velocity in the body frame, 𝐹𝑒𝑥𝑡 and 𝑀𝑒𝑥𝑡 are external force and moment, respectively.  

 

∘×  : ℝ3 → 𝑆𝑂(3) is defined by the condition that 𝑎×𝑏 = 𝑎 × 𝑏 for all 𝑎, 𝑏 ∈ ℝ3 

 

The Euler equation determines the angular acceleration: 
 

[
𝐽𝑥𝑥
0

0 0
𝐽𝑦𝑦 0

0 0 𝐽𝑧𝑧

] [

Ω1̇
Ω2̇
Ω3̇

] = [
𝑀1

𝑀2

𝑀3

] − [
Ω1
Ω2
Ω3

] × [
𝐽𝑥𝑥
0

0 0
𝐽𝑦𝑦 0

0 0 𝐽𝑧𝑧

] [
Ω1
Ω2
Ω3

] (3) 

 

Each rotor of the quadrotor has an angular velocity 𝜔𝑗  to define the trust and the drag forces 𝑇𝑗 =

𝑘𝑇𝜔𝑗
2 and 𝜏𝑗 = 𝑘𝑚𝜔𝑗

2 respectively, where the 𝑘𝑇  and 𝑘𝑚  are the thrust and drag coefficients. The equation 

for mapping of the roll, pitch, and yaw direction can be written as: 
 

[

𝑇
𝑀1

𝑀2

𝑀3

] = [

1 1 1 1
0 −𝑙 0 𝑙
𝑙
−𝑐𝜏

0
𝑐𝜏

−𝑙
−𝑐𝜏

0
𝑐𝜏

] [

𝑇1
𝑇2
𝑇3
𝑇4

] (4) 

 

If we take into account the speeds of the attached propellers to the drivers (motors), the last equation 

becomes: 
 

 

[

𝑇
𝑀1

𝑀2

𝑀3

] = [

𝑏 𝑏 𝑏 𝑏
0 −𝑏𝑙 0 𝑏𝑙
𝑏𝑙
−𝑏𝑐𝜏

0
𝑏𝑐𝜏

−𝑏𝑙
−𝑏𝑐𝜏

0
𝑏𝑐𝜏

]

[
 
 
 
 
𝜔1
2

𝜔2
2

𝜔3
2

𝜔4
2]
 
 
 
 

 (5) 

 

 

3. CONTROL DESIGN 

After developing the dynamic model of the vehicle in the SE(3), The moment vector and the thrust 

magnitude are the control inputs of our system. The structure of the geometric control law is shown in Figure 2. 

 

 

 
 

Figure 2. Bloc schematic of the control 
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where 𝑇 ∈  ℝ associated with the desired position of the quadrotor 𝑟𝑑 , the moment control is associated with 

the desired direction of the first body-fixed frame �⃗� 1𝑑 and the desired direction of the third body-fixed frame 

�⃗� 3𝑑 [21-23]. Thus, the desired position is 𝑟𝑑 , wherein this case, we can obtain the corresponding desired 

attitude 𝑅𝑑: 

 

𝑅𝑑 = [�⃗� 1𝑑 , �⃗� 2𝑑 , �⃗� 3𝑑] ∈ 𝑆𝑂(3) (6) 
 

where �⃗⃗� 1𝑑 = �⃗⃗� 2𝑑 × �⃗⃗� 3𝑑,  �⃗⃗� 2𝑑 = �⃗⃗� 2𝑑 =
�⃗⃗� 3𝑑×�⃗⃗� 1𝑑

‖�⃗⃗� 3𝑑×�⃗⃗� 1𝑑‖
 and 𝑅3𝑑 = 𝑏⃗⃗ ⃗⃗ ⃗⃗  ⃗

3𝑑 

 

From the attitude kinematics represented by (2a) and (6), we obtain angular velocity command Ω𝑑 ∈

ℝ3. 
 

3.1.   High-level position control  

In this part, we use backstepping control to deduce the thrust magnitude 𝑇 ∈  ℝ and the desired 

direction of the third body-fixed frame �⃗� 3𝑑. Let's define the position error as 𝑒1 = 𝑟 − 𝑟𝑑  and its derivative 

�̇�1 = �̇� − �̇�𝑑. Then, designing the 𝜉 to be as the virtual input and 𝑒2 = �̇� − 𝜉 to be the virtual control error, we 

select the Lyapunov function 𝑉1 and its derivative as follow: 

 

𝑉1 =
1

2
𝑒1
𝑇𝐼𝑒1 (7) 

 

�̇�1 = 𝑒1
𝑇𝐼�̇�1 = 𝑒1

𝑇𝐼(�̇� − �̇�𝑑) = 𝑒1
𝑇𝐼(𝑒2 + 𝜉 − �̇�𝑑) (8) 

 

To make 𝑒1 progressive stable, the (8) needs to content �̇�1 < 0. Then, we select 𝜉 = �̇� − 𝑘1𝑒1, where 

𝑘1 is a positive constant. 

 

�̇�1 = 𝑒1
𝑇𝐼(𝑒2 + �̇�𝑑 − 𝑘1𝑒1 − �̇�𝑑) = 𝑒1

𝑇𝐼𝑒2 − 𝑘1𝑒1
𝑇𝐼𝑒1  (9) 

 

where 𝑒2 = �̇� − 𝜉 = �̇� − �̇�𝑑 + 𝑘1𝑒1. Because of 𝑒2 is not generally a zero, so the second step of backstepping 

is given by 𝑉2 and its derivative: 
 

𝑉2 =
1

2
𝑒1
𝑇𝐼𝑒1 +

1

2
𝑒2
𝑇𝐼𝑒2 (10) 

 

�̇�2 = 𝑒2
𝑇𝐼�̇�2 + 𝑒1

𝑇𝐼�̇�1 = 𝑒2
𝑇𝐼(�̈� − �̈�𝑑 + 𝑘1�̇�1) + �̇�1

= 𝑒2
𝑇𝐼(�̈� − �̈�𝑑 + 𝑘1�̇�1) − 𝑘1𝑒1

𝑇𝐼𝑒1  + 𝑒1
𝑇𝐼𝑒2

= 𝑒2
𝑇 (𝑔𝑖3 −

1

𝑚
𝑇𝑅𝑖3 − �̈�𝑑 + 𝑘1�̇�1)− 𝑘1𝑒1

𝑇𝐼𝑒1  + 𝑒1
𝑇𝐼𝑒2

 (11) 

 
Then, the control law T is designed as follow: 

 

𝑇 = (−𝑚𝑔𝑖3 +𝑚�̈�𝑑 + (𝑘1
2 − 1)𝑒1 + (𝑘1 + 𝑘2)𝑒2)𝑅𝑖3 (12) 

 

where 𝑘1 and 𝑘2 are positive constants. The Lyapunov function's derivative is negative [24], so in this time, 

we say that global stability is according and it can control the position 𝑟  to be progressive stability by the 

control 𝑇. After the simulation is done, it becomes clear that we need to add integration, the control 𝑇 

became: 

 

𝑇 = (
𝑚𝑔𝑖3 −𝑚�̈�𝑑 + 𝑘𝑖 ∫𝑒1 + (𝑘1

2 − 1)𝑒1
+(𝑘1 + 𝑘2)𝑒2

)𝑅𝑖3 (13) 

 

3.2.   Low-level attitude control 

The backstepping geometric controller uses an error function while using the backstepping control 

approach to improve its robustness. We notice that it is not possible to compare directly between 𝑅 and 𝑅𝑑 

due to the tangent vector of �̇� and 𝑅�̇� which are in different tangent spaces. 
In (14) defines the attitude error, and (15) defines the Angular Velocity error: 
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𝑒𝑅 =
1

2
(𝑅𝑑

𝑇𝑅 − 𝑅𝑇𝑅𝑑)
𝑣   (14) 

 

where ∘𝑣 is vee map (∘𝑣∶ 𝑆𝑂(3) → ℝ3 is the inverse of ∘× which was defined before. 
 

𝑒Ω = Ω − 𝑅
𝑇𝑅𝑑Ω𝑑   (15) 

 

However, before obtaining the attitude controller dynamics, we need to know �̇�𝑅 and �̇�Ω, which are 
defined by (16) and (17): 

 

�̇�𝑅 =
1

2
(𝑡𝑟(𝑅𝑑

𝑇𝑅)𝑇𝐼])𝑒Ω = 𝐷𝑒Ω   (16)  

 

�̇�Ω = �̇� + (Ω𝑥𝑅𝑑
𝑇𝑅 − 𝑅𝑑

𝑇𝑅Ω̇𝑑)   (17) 

 
The matrix D defined in (17) is invertible when the rotation angle between R and Rd is less than 

180°. To control the position of our quadrotor and the attitude implicitly, we use the following positive 

Lyapunov function: 
 

𝑉3 =
1

2
𝑒𝑅
𝑇𝐼𝑒𝑅 +

1

2
𝑒Ω
𝑇𝐽𝑒Ω   (18) 

 

The derivative of the Lyapunov function is given as: 

 

�̇�3 = 𝑒Ω
𝑇𝐽 (�̇� + (Ω𝑥𝑅𝑑

𝑇𝑅 − 𝑅𝑑
𝑇𝑅Ω̇𝑑))+ 𝑒𝑅

𝑇𝐼�̇�𝑅   (19) 

 

�̇�3 = 𝑒Ω
𝑇 ((𝑀 −Ω × 𝐽Ω) + 𝐽(Ω𝑥𝑅𝑑

𝑇𝑅 − 𝑅𝑑
𝑇𝑅Ω̇𝑑))+ 𝑒𝑅

𝑇𝐼�̇�𝑅   (20) 

 

The control law becomes: 

 

𝑀 = −𝑘3𝑒𝑅 − 𝑘5𝑒Ω + Ω× 𝐽Ω − J(Ω×𝑅
𝑇𝑅𝑑Ω𝑑 −𝑅

𝑇𝑅𝑑Ω̇𝑑)   (21) 

 

Concerning the attitude error, we add an integrator controller to the control law𝑀: 

 

𝑀 = −𝑘3𝑒𝑅 − 𝑘4 ∫𝑒𝑅𝑑𝑡 − 𝑘5𝑒Ω +Ω × 𝐽Ω− J(Ω×𝑅
𝑇𝑅𝑑Ω𝑑 − 𝑅

𝑇𝑅𝑑Ω̇𝑑) (22) 

 

where 𝑘3, 𝑘4 and 𝑘5 are positive constants, which can be calculated approximately as demonstrated in the 

stability analysis section as follow:  

 

- Among the properties of these errors, we quote: 

 
‖�̇�𝑅‖

2
≤ 𝜌(𝑅, 𝑅𝑑) ≤

1

𝛼−1
‖𝑒𝑅

2‖   (23) 

 

- The time derive of 𝜌(𝑅, 𝑅𝑑) is given by: 

 

�̇�(𝑅, 𝑅𝑑) = 𝑒𝑅𝑒Ω   (24) 

 

- We have [25, 26]: 

 
‖�̇�𝑅‖ < ‖𝑒Ω‖   (25) 
 

According to the relation of (25), we can write: 

 

𝑧1
𝑇𝑀11𝑧1 + 𝑘4‖∫𝑒𝑅𝑑𝑡‖. ‖𝑒R +

1

2
∫ 𝑒𝑅𝑑𝑡‖ ≤ 𝑉 ≤ 𝑧1

𝑇𝑀12𝑧1 +  (26) 

𝑘4 ‖∫𝑒𝑅𝑑𝑡‖ . ‖𝑒R +
1

2
∫𝑒𝑅𝑑𝑡‖ 

 

Where, 
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 𝑧1
𝑇 = [‖𝑒R‖    ‖𝑒Ω‖], 𝑀11 =

1

2
[
𝑘3 + 𝑘4 𝜆𝑀(𝐽)
𝜆𝑀(𝐽) 𝜆𝑚(𝐽)

], 𝑀12 =
1

2
[
2(𝑘3+𝑘4)

2−𝛼
𝜆𝑀(𝐽)

𝜆𝑀(𝐽) 𝜆𝑀(𝐽)
], 𝜆𝑚(𝐽) and 𝜆𝑀(𝐽) represent the 

minimum and maximum eigenvalues of the matrix 𝐽, respectively.  

 

Even to be the derive of Lyapunov function is a negative define should check that relation: 

 

�̇� < −𝑧1
𝑇𝐿1𝑧1 (27) 

 
where: 

 

𝐿1 = [
(𝑘3 − 𝑘4 0

0 𝑘3 − 𝜆𝑚(𝐽)
] (28) 

 

The matrices𝑀11, 𝑀11and 𝐿1 must be defined positive with the following conditions: 

 

{
 
 

 
 

𝑘4 < 𝑘3

𝑘3 < min {
𝜆𝑀
2 (𝐽)

𝜆𝑚(𝐽)
,
𝜆𝑀(𝐽)

2
(𝛼 − 2)}

𝑘5 > 𝑀𝑎𝑥 {
𝜆𝑀
2 (𝐽)

𝜆𝑚(𝐽)
− 𝑘3,

𝜆𝑀(𝐽)

2
(𝛼 − 2) − 𝑘3, 𝜆𝑀(𝐽) }

 (29) 

 

The formula of �⃗� 3𝑑 became 
 

�⃗� 3𝑑 = −
(𝑚𝑔𝑖3−𝑚�̈�𝑑+𝑘𝑖 ∫ 𝑒1+(𝑘1

2−1)𝑒1+(𝑘1+𝑘2)𝑒2)

‖𝑚𝑔𝑖3−𝑚�̈�𝑑−𝑘𝑖 ∫ 𝑒1−(𝑘1
2−1)𝑒1−(𝑘1+𝑘2)𝑒2‖

 (30) 

 

where we assume that 
 

𝑚𝑔𝑖3 −𝑚�̈�𝑑 − 𝑘𝑖 ∫𝑒1 − (𝑘1
2 − 1)𝑒1 − (𝑘1 + 𝑘2)𝑒2 ≠ 0 (31) 

 
The controllers are based on a Backstepping geometric method. This control is a cascade where we 

used control backstepping for the position, and attitude tracking with the need for the tow desired values 𝑟𝑑  

and 𝑏1𝑑. 

 

 

4. SIMULATION RESULTS 

In this section, we define the quadrotor's parameter values, as shown in Table 1. Then, we specify 

the desired input. 

 

 
Table 1. The parameters of quadrotor UAV 

Point Size Purpose in Paper Special Appearance 

Mass 𝑚 4.34 kg 

thrust coefficient 𝑏 3.3.10-5 N/rad/s 

drag coefficient 𝑐𝜏 0.0226 m 

longer 𝑙 0.314 m 

Inertia x 𝑗𝑥𝑥 0.082 kgm2 

Inertia y 𝑗𝑦𝑦 0.082 kgm2 

Inertia z 𝑗𝑧𝑧 0.1377 kgm2 

Maximum speed Max.rpm 1300 rpm 

 

 

The initial hovering conditions are:  𝑟(0) = Ω(0) = [0,0,0]𝑇 , 𝑅(0) = 𝐼3×3 
The desired trajectory 𝑟𝑑 = [𝑟1𝑑 , 𝑟2𝑑 , 𝑟3𝑑]

𝑇  varies as follows: 
First, the quadrotor takes off vertically to 15 m. Then, the desired direction of the first body-fixed 

frame �⃗� 1𝑑 takes 5 m at t = 2s, while at time equal 4s the quadrotor's coordinate becomes [5, 10, -15]. At  t = 

8s, the desired direction of the second body-fixed frame �⃗� 2𝑑 decreases to 3m and the �⃗� 1𝑑 decreases to 8 m at t 
= 10s. 
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In the second case, we design robust control by changing the inertia by 100% in the initial 𝐽 = 1.5 ∗
 [𝑗𝑥𝑥 , 𝑗𝑦𝑦 , 𝑗𝑧𝑧 ] and 𝑚 = 2 ∗𝑚. In the third section, we apply an external force that we consider, such as wind 

gust 𝐹𝑒𝑥 = [20, 30, 0]N. The first force (20) at time 𝑡 ≥  2𝑠 and the second force (30) at 𝑡 ≥  6𝑠. 
Simulation results of Figure 3(a) on the right side show the position of the components in three 

directions, which are almost the same as the desired values, and on the left side show its error, which is 

defined as 𝑒1 = 𝑟 − 𝑟𝑑. The components in the three directions converge to the desired states or stable states. 
We observed the position of x, where it converges to the desired trajectory at t = 1.5s, y converges at t = 1s, 

while z converges in almost 2.5s. Figure 3(b) clearly shows the input control T and M, where the thrust was 

between∓200 𝑁. After 12s, M2 and M3 become zero. Figure 3(c) shows the third body-fixed frame �⃗� 3 
without changing the parameters. Figure 3(d) shows the phase plan of Euler angles, which presents the clear 

stability of the system. Figure 4(a) shows the results of the position of the third body-fixed frame �⃗� 3 after 

changing the mass and the inertia, and Figure 4(b) then an external force 𝐹𝑒𝑥 was applied. We observed the 

suggested control robustness. Figure (5) shows the trajectory of the quadrotor in 3D for two cases before and 

after changing the mass and the inertia by applying an external force 𝐹𝑒𝑥. 

 

 

  

 

(a) Position and its error 

 

(b) Thrust and different moments 

 

 

  

 

(c) The desired direction of the third body-fixed 

frame �⃗� 3𝑑 

 

(d) Phase plan of Euler anglers 

 
Figure 3. Flipping using backstepping control without changing the parameters 
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(a) Trajectory with changing the parameters (b) Trajectory with an external force 
 

Figure 4. Flipping using backstepping control with disturbance 
 

 

  

(a) Trajectory without an external force (b) Trajectory with an external force 
 

Figure 5. Global trajectory of the quadrotor in 3 dimensions 
 

 

5. CONCLUSION 

In this work, a dynamic global model for a quadrotor UAV was presented. Furthermore, a new 

tracking controller's development was designed based on a backstepping geometric method developed 

directly on the SE(3) to avoid singularities and ambiguities inherent to other attitude representations. The 

main conclusions are summarized as follows, (a) The state variables can converge fast to the desired value. 

(b) The errors of position and attitude angles can quickly converge to 0 or stay in a small percentage. (c) The 

new control strategy which suits complex flight missions can make the quadrotor track different trajectories. 

Thus, simulations have validated the different prescribed trajectories tracked by actual trajectories very well 
with this paper's proposed method. Future work should be focused on designing a robust trajectory tracking 

method that can be applied to complex models and improve the controller's stabilization. 
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