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This study formulates a dynamical system for the control of a single product
inventory system in accordance with the random value of demand and the
percentage of damaged product during the delivery process. The formulated
model has the form of a linear state-space system comprising of two
disturbances, which represents the random value of demand and the
percentage of the damaged product during delivery. The optimal value of the
product amount ordered to the supplier is properly calculated by using the
linear quadratic gaussian (LQG) method. The controller is used by the
manager to make inventory level decisions under the uncertainty of demand
and damaged items during the product delivery process. The result showed
that the optimal product order for each review time was achieved, and the
inventory level was used to obtain the right set point properly. Moreover,
based on comparison with other research results, the proposed model was
well performed.
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1. INTRODUCTION

A supply chain comprises of many parties that need to be properly managed and optimized to minimize
cost and maximize profits. Over the past few decades, various studies have been conducted on supply chain
optimization, which indicates peoples' interest in topics related to the product's flow process. Many purposes can
be addressed to the studies associated with the supply chain, such as maintaining operational costs [1]. Some
existing managerial topics related to supply chains were conducted using specific pre-existing cases such as the
control of an inventory system with deteriorating stock [2], transportation losses [3], time delay [1], and random
demand [4]. However, there are limited studies related to inventory control problems on the use of both random
demand and possibility of products to be damaged during shipping.

According to research, suppliers, manufacturers, and distributors in the supply chain have an inventory
system used to stock their raw material or products for future usage. Products stored in warehouses require
holding costs to pay. In the other hand, the warehouse and suppliers' capacity need to be considered while
storing products. Therefore, the number of products stored in the warehouse needs to be optimized. This is
commonly known as inventory management, with several approaches previously constructed as the decision-
making tool to solve this problem. Each approach comprises of some specific characteristics associated with the
problem faced. Several approaches used the mathematical model to describe the behavior of the problem.
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However, the simplest dynamical model for the inventory system was developed using a linear state space
equation [5]. Some more advanced approaches were also developed using a price discount [6]-[8]. Further
works were carried out for specific control purposes such as on-hand stock tracking by using some existing
control algorithm like H,, method [9], linear quadratic controller (LGQ) [10], and predictive controller [11].

Numerous studies have also been conducted on the optimal control of a dynamic system using various
methods with their advantages and disadvantages available in the literature. One of the methods used to solve
optimization problems with uncertain parameters is the linear quadratic gaussian (LQG) [12]. There are several
reports in varying fields regarding the advantages of using this control method: for example, power
system [13], [14], mechanical control problem [15], [16], power flow [17], unmanned aerial vehicle [18],
simplified car [19], acquisition process [20], slung transportation [21], vehicle automation [22], [23], buck
converter controlling [24], robotic & electronic systems [25], [26], and optics system [27].

Simulations are needed to be carried out to determine the performance of a control method for a specific
dynamical system. Therefore, this study employed the LQG method to inventory dynamical systems to determine
the optimal decisions for a single product inventory system with uncertain demands and product damages during
delivery. This control aims to decide the optimal amount of the product that needs to be ordered to the supplier,
where the inventory level is controlled to follow a set-point or trajectory. In the discussed inventory model, there is
an uncertain parameter representing the percentage of the ordered product, which cannot enter the warehouse due
to damage during the delivery process. Therefore, to observe this control method's performance, computational
simulations were carried out and compared to some existing literature results.

2. RESEARCH METHOD
2.1. Dynamical system

In an inventory system with one product type stored in the warehouse, the numbers of items are
observed periodically, for instance, daily is known as the review time period. Let k € N be the review time,
where y(k) = 0 the inventory level i.e., the number of items stored in the warehouse at review time k, d(k)
is the number of the products demanded at review time k which is uncertain and is treated as a disturbance of
the system, and u(k) is the number of items ordered to the supplier at review time k. In the problem
discussed here, the ordered product at review time k does not enter the warehouse at the same review time k.
However, there is a possibility of a time gap between ordering and receiving items. This time gap, also
known as delay time, is denoted by 72 € N. This means that the items ordered at review time k arrives the
warehouse at review time k + 7.

In particular, not all items ordered to the supplier are received due to damages incurred during
delivery. Let uy (k) be the number of damaged items from the total amount of the ordered products at review
time k. This value is not known with certainty; therefore, it is treated as the disturbance of the system. The
control problem is associated with selecting the number of items that need to be ordered to the supplier at
every review time to ensure the on-hand product stock level follows a set point or trajectory. Lety(k < 0) =
0, then the evolution of the inventory level y for any review time k > 0is expressed as follows:

y(k) = u(0) — 1y (0) + u(l) —ug(1) + -+ ulk - — 1) —uy(k — 7 — 1) — d(0) — d(1) — d(2) — -~
—d(k-1)

this can also be rewritten as follows:
y(k) = It u() — T ug () — TEE d (), )

Taken:=7n+1, y(k) =x.(k), and x;(k):=u(k—n+i) for i=23,...,n+ 1. The (1) can also be
rewritten as follows:

{x(k +1) = Ax(k) + Byu(k) + Byugy (k) @
y(k) = Cx(k) —d(k)

where x(k) = [x;(k), x2(k),...,x,(k)]" is used to denote the state vector,
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are constant matrices. This is a linear state space equation with two disturbances i.e., u; (k) and d (k). Many
control methods are suitable to control this class of system. We choose the LQG as it is a simply control
method and is available in many software/applications.

2.2. LQG (revisiting)
Consider a linear dynamical inventory system with disturbance in the form of (2) where u, (k) and
d (k) used to denote white noise with covariance matrix;

i [ Ifzd((kk))] [a() dckﬂ] = diag[E[uq(k)uq (k)], Eld(k)a ()l] > 0.

This dynamical system is used for regulation purposes; i.e., the control input value is used to bring the state
value to the origin. The objective function is as follows:

J =xT(NFx(N) + ZR=5 (I GG ey + Ilul o) @)

subject to (2), with constant weighting matrices F >0, Q(k) >0 and R(k)>0. This control method works
by minimizing the expectation of this objective function using the following feedback form:
u(k) = —K (k)2 (k) 4)
where,
X(k+1)=A%(k) + Bu(k) + L(k+ D)y(k + 1) — L(k + 1)CAX(k) + L(k + 1)CBu(k),
K(k) = (B"S(k + DB + R(k))"BTS(k + 1)A4,

and L(k) = P(k)CT(CP(k)CT + D(k))~1. The optimal input value is iteratively determined from the
following matrix equations:
P(k+1) ={AP(k)AT — AP(k)CT(CP(K)CT + D(k))"1CP(k)AT},
P(0) = E[(x(0) — £(0))(x(0) — £(0))"],
S(k) =ATS(k+1)A—ATS(k + 1)B(BTS(k + 1)B + R)"'BTS(k + 1)A + Q(k)

using initial value £(0) = E[x(0)] and S(N) = F.

3. NUMERICAL EXPERIMENT
In an inventory model (2) with a one-day review and delay time of i = 1, the dynamical model is
derived as follows:

xk+ 1) =[5 o] xG0+ [Fute) + [ uath)
y(k) =1[1 0]x(k) —d(k).

The value of the parameters used in this simulation is summarized in Table 1, with the inventory system and
the corresponding controller simulated and calculated using MATLAB and a computer with 3.2 GHz of
Quad-core Processor and 8 GB of memory.

®)

Table 1. Parameter value for numerical experiment
Parameter Q R F Umin Umax Ymin Ymax E(ud (k)u;i (k)) E(d (k)dT(k))
Value  diag[0.1,01] 1 0 0 200 0 300 diag[1,0] 1

Figure 1 shows the demand value that was randomly generated by using a normal distribution with
mean and variance values of 20 and 10 units for a 30-days review time, and zero demand towards day 50. The
same scenario is applied to the review time from day 51 to 100. The purpose of the 0 valued demand is to show
the controller's response and the corresponding output (inventory level) for this scenario. Figure 2 displays the
number of products that need to be procured by the supplier. For review times above day 30, the numbers of
procured products are decided by the controller following the demand value, as shown in Figure 1. The result
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showed that after day 30, the demand value was O units till day 50. Therefore, the controller decided to make 0
units for the product order, with a similar explanation applied for review time up to day 100.

Figure 3 shows the system's inventory level as the consequences of the decision illustrated in
Figure 2. The number of products stored in the warehouse fluctuated to day 30 in order to satisfy demand and
gain minimal objective function. For then, till day 50, the inventory level approached the set point with the
difference between units 1 and 0. A similar explanation is applied from day 51 to 100, which shows that the
demand is constant with the inventory level properly set to a point. A different behavior appeared when the
demand is unknown, with the inventory level fluctuated to satisfy the demand. The controller works with
each review time to bring the inventory level as close as possible to the set point. However, a sudden
occurrence in demand decreases the products stored in the inventory at the current review time, thereby,
making the level far from the set point.
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Figure 1. Random demand value
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Figure 3. Inventory level and its set point

The results shown in Figures 1 to 3 are similar to available previous studies and used for verification.
The set point tracking result shown in Figure 3, for the review time of 0 to 30 and 55 to 85 were located at 80 to
100 units and far from the set point of 50 units. Compared to the on-hand stock level dynamics shown in
Figures 2 and 3 in [28], [29], it shows that this phenomenon is proper due to the controller ability to satisfy
uncertain demands. For review time from day 30 to 50 and day 80 to 100, the inventory level is closed to the set
point as shown in Figure 2 in [30], [11]. The review time between day 30 and 33 or 80 and 83, with a set point
of 0, shows that the inventory level was not directly at 0. This is due to the delivery delay when the ordered
product fails to directly enter the warehouse, which means that the controller needs time to bring the inventory
level to the set point. This result is better compared to the stock level dynamic shown in the results discussed
in [9] due to the shorter gap time of the inventory level to be near the set point.
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4. CONCLUDING REMARKS AND FUTURE RESEARCH DIRECTION

This study analyzed an optimal control problem of a single product inventory system with random
demand and damages incurred during delivery. The controller was designed using the LQG method, where
the demand value and the damaged product during the delivery process were treated as disturbances in the
dynamical model. The applied controller was given strong performance based on the numerical experiment
and by comparing it with some existing works. This means that practitioners can use this result as a
decision-making tool to solve inventory control problems.

Further studies are interesting for multi-product and multi-supplier cases. In addition, more
complicated inventory problems such as inventory systems with deteriorating products and shortages are also
interesting to study. This will produce a more complicated dynamical system and therefore it needs a study to
find a suitable control method.
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