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1. INTRODUCTION

A field is an algebraic structure which play a significant role in number theory, algebra, and many
other areas of mathematics. Fields serve as development notions in various mathematical domains. The fuzzy
set theory is founded on the doctrine of concerning relative graded membership basing human mechanism of
cognition as well as perception.

Zahed [1] published his maiden well acknowledged research paper about fuzzy sets in 1965. Many
mathematician have applied various hybrid models of fuzzy sets and intuitionistic fuzzy sets to several
algebraic structure such as non-associative ring [2, 3], and time series [4, 5]. Malik and Mordeson [6] studied
fuzzy subfield and its basic properties. Moredson [7, 8] studied fuzzy field extensions and also described a
link between fuzzy set and finite fields. The development about fuzzy algebraic structure may be viewed in
[9-11].

Ramot et al [12] started the conception of complex fuzzy sets in 2002. The enlargement of fuzzy
sets to complex fuzzy sets is comparable to the extension of real numbers to complex numbers. This idea
becomes more effective for researcher and quite different from fuzzy complex numbers innovated by
Buckley [13]. In 2009, the various operations of complex fuzzy sets were founded by Zhang et al [14].
Sharma [15] described a-fuzzy subgroups and discussed their several algebraic properties in 2012
Thirunavukarasu et al [16] illustrated a possible application including complex fuzzy representation of solar
activity, forecasting problems, time series, signal processing application and compare the two national
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economies by using the concept of complex fuzzy relation. Trevijano et al [17] portrayed the annihilator of
group by using the conception of fuzzy sets. Anandh and Giri [18] examined the notion of intuitionistic fuzzy
subfield with respect to (T,S) norm in 2017. Makaba and Murali [19] discussed fuzzy subgroups of finite
groups. Al-Tahan, Davvaz [20] introduced the concept of complex H, subgroups and discussed various
characterization of these groups. Rasuli [21] discussed Q-fuzzy subring with respect to t-norm in 2018. The
Q-fuzzy subgroup in algebra was discussed in [22]. More development about fuzzy subgroup may be viewed
in [23, 24]. Shafei et al [25] studied the fuzzy logic control systems for demand management in airports and
energy efficiency by using 3D simulator.

We will extended the discussion of complex fuzzy sets to developing a new concept of complex fuzzy
subfield by adding a second dimension in membership function of fuzzy set. Many field theory problems can be
handled by complex fuzzy set. This theory will be useful for mathematician in future research work.

This paper is organized as: Section 2 contains the introductory definition of fuzzy subfield and
related result which play a key role for our further discussion. In Section 3 we define m-complex fuzzy
subfields, complex fuzzy subfields and also prove that level subset of complex fuzzy subfield is subfield of
field F, and vice versa. In Section 4, we prove that the product of two complex fuzzy subfields is complex
fuzzy subfield and develop some results of the product of two complex fuzzy subfields. The image and
inverse image of complex fuzzy subfield under field homomorphism is described in Section 5.

2. PRELIMINARIES

We recall first the elementary notion of fuzzy sets and fuzzy subfield which play a key role for our
further analysis.
Definition (2.1) [1]: A fuzzy set & of a nonempty set P is a mapping

6:P—-[0,1]

Definition (2.2) [6]: A fuzzy subset X of a field (F, +,) is called a fuzzy subfield if
1. X(m — n) = min{&(m), X(n)},
2. X(mn) = min{&(m), X(n)}
3. R(m™1) = R(m),forallm,n € F

Definition (2.3)[12]: A complex fuzzy set A of universe of discourse P is identify with the membership
function 8,(m) = n,(m)e?4(™ and is defined as

0P - {x€eC: x| <1}

This membership function receive all membership value from the unit circle of complex plane,
where i =+/—1, both n,(m) and ¢,(m) are real valued such that n,(m) € [0,1] and ¢,(m) € [0,27].
Throughout this paper we take membership function of complex fuzzy sets A and B such as 8,(m) =
n4(m)e'?AM and 65 (m) = ng(m)ei®s™ respectively.

Definition (2.4) [20] Let A = {(m, A(m)): m € P} be a fuzzy subset. Then the set
Ap = {(m, A, (m)): A,(m) = 2mA(m), m € P} is called a n-fuzzy subset.

Definition (2.5)[20]: Let A and be B CFS of P. Then
1. A complex fuzzy set A is homogeneous complex fuzzy set, if for all m,n € P, we have

na(m) < na(n) ifand only if p,(m) < @,(n)
2. A complex fuzzy set A is homogeneous complex fuzzy set with B, if for all m,n € P, we have n,(m) <
ng(m) if and only if ¢,(m) < @g(m). In this paper we take complex fuzzy set as homogeneous complex
fuzzy set.

Definition (2.6) [14] Let A be complex fuzzy sets of set P, for all m € P. The complement of complex fuzzy
set A is specified by a function
HAC(m) = T)Ac(m)ei(pAC(m) = {1 — )”A(m)}ei{zn_(PA(m)}

Definition 2.7 [14] Let A and B two complex fuzzy sets of universe of discourse P. The Cartesian product of
complex fuzzy sets A and B is defined by a function
Oaxs (M, 1) = N a5 (x, ) P40 = min{n, (m), g (n)}e mn@atm.opm)

Theorem 2.8: Intersection of two fuzzy subfield of field F is fuzzy subfield of F.
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Definition 2.9: Let g: P, — P, be a homomorphism. Let A and B be two complex fuzzy set of P, and P,. The
image g(A) and pre-image g~1(B) of A and B respectively and defined as

i - -1
Lo ge) = PP It = g0 # 0o qin ¢
2. 9 (0)(m) = 0,(g(m)),forallm € P,

3. PROPERTIES OF COMPLEX FUZZY SUBFIELD

This section devoted the study of r-fuzzy subfield and complex fuzzy subfields. We also found that
a complex fuzzy subfield generates two fuzzy subfields. We also show that level subset of complex fuzzy
subfield form subfield of field. We define the concept of direct product of complex fuzzy subfield and prove
that direct product of two complex fuzzy subfields is complex fuzzy subfield and investigate some
fundamental properties of these fields.
Definition 3.1: Let 4, = {(m, p,(m)):m € F} be a n-fuzzy set of field (F,+,") is called m-fuzzy subfield
of F,forallm,n € F, if

1L @4,(m—n) = min{‘PAn (m), 94, (n)}
2. @y, (mn) = min{‘PA,T (m), a, (n)}
3. Pa, (m™) = ®a,(m).

Theorem 3.2: Let A = {(m,6,(m)): m € F} be n-fuzzy set of (F,+,). Then A is r-fuzzy subfield if and
only if A is fuzzy subfield.

Definition 3.3: A complex fuzzy set A of field (F, +,) is called complex fuzzy subfield of F if
1. 6,(m—n)=min{0,(m),0,(n),},

2. 0,(mn) = min{6,(m),8,(n),},

3. 8,(m™Y)=6,(m), forallm,neF.

Theorem 3.4: Let A = {(m,6,(m)):m € F} be complex fuzzy set of field F. Then A is a complex fuzzy
subfield of F iff:
1. The fuzzy set B = {(m,n,(m)):m € F,n,(m) € [0,1]} is a fuzzy subfield.
2. The n-fuzzy set C = {(m, p4(m)):m € F,p,(m) € [0,2n]} is a m-fuzzy subfield.
Proof: Suppose that A be complex fuzzy subfield, for all m,n € F, then we have
n4(m —n)e'?4tmm = g, (m —n)
> min{6,(m), 0,(n)}
min{n,(m)e'?40™, n,(m)e'?4(n)}
min{n,(m),n, (n)}eimin{m(m),m(n)}

As A is homogeneous,
na(m —n) = min{n,(m),n,(n)} and p,(m — n) = min{p,(m), p, (M)}
Moreover,
na(mn)e'®atm) = 6, (mn)
= min{6,(m), 0,(n)}
= min{n,(m)e'?40™, 5, (n)e M}
= min{nA (m)’ Na (n)} eimin{(PA(m)KPA(n)}
Implies that ,(mn) = min{n,(m),n,(n)} and ¢, (mn) = min{e,(m), p,(n)}
Moreover,
-1y, ipa(m™1) — -1 — ipa(m)
na(m=e 0,(m™) = 04,(m) = ny(m)e
Implies that n,(m™1) = n,(m) and p,(m™1) > @, (m).
Hence B and C are fuzzy subfield and -fuzzy subfield,respectively.
Conversely, suppose that B and C is fuzzy subfield and rz-fuzzy subfield. Then we have
na(m —n) = min{n,(m),n,(n)} and ¢, (m —n) = min{p,(m), p, (W)},
na(mn) = min{n,(m), p4(n)} and p,(mn) = min{gp,(m), p,(n)},
na(m™) = n,(m) and (M=) = @, (m).
As A is homogeneous,
S0, 8,(m —n) = n,(m — n)eiPalm-m
> min{n,(m), n,(n)}emneatmeamy
= min{n, (m)e'*4t™, n, (n)e'vaM}
8,(m —n) = min{6,(m), 6,(n)}
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Moreover, 8, (mn) = n,(mn)e®atmm

> min{n,(m),n,(n)} eimin{pa(m),p ()}

= min{nA(m)e"‘PA(m),r;A(n)ei‘PA(")}

= min{6,(m), 6,(n)}
Als0, 0,(m™1) = 1,(m™1)e'?a(m™) > 3, (m)e'®a™ = 6, (m).
Hence, A is complex fuzzy subfield.

Theorem 3.5: Intersection of two complex fuzzy subfield of field (F, +,) is also complex fuzzy subfield of
(F,+,.).
Proof: Let 4 = {(m,8,(m)):m € F} and B = {(m, 85(m)): m € F} be two complex fuzzy subfield of F.
Note that, ,(m) and ¢,(m) are fuzzy subfield and 7-fuzzy subfield. From theorem (3.2) and (2.9), we have
Nang(m) and @445 (m) are fuzzy subfield and -fuzzy subfield.
Consider, 8,5 (m — n) = Nanp(Mm — n)eiPansm-m
> min{nan5 (M), Nanp (M)} eMin{PanBM).0 405"}
= min{nAnB(m)ei‘PAnB(m), rIAnB(n)ei(PAnB(n)}
Bang(m —n) = min{f,n5(M), O4np (M)}
Moreover, 8,5 (mn) = 145 (Mn)ePansmm)
> min{n g (M), Nanp (M)} e Min{Pansm).0 4050}
— min{nAnB(m)ei(pAnB(m)x nAnB(n)ei(PAnB(n)}
Therefore, 8,44, (mn) = min{6,5(m), 8405 (M)}
Thus, 8405(m™") = UAnB(m_l)ei(pAnB(m_l) > Nang(M)ePansm™ =g, . (m).
Hence, proved our claim.

Theorem 3.6: If A = {(m, 8,(m)): m € F} is a complex fuzzy subfield of field F, for all m € F. Then
1 14(0) = 14(m), p4(0) = @4(m),
2. Na(1) 2 na(m), (1) = pa(m),
where 0 and 1 is identity element of F.
Proof: (1). Consider, 1,(0)e?4® = p,(mm=1)eiva(mm™)
= 0,(mm™1)
= min{8,(m), 6,(m)}
= min{’?A (m)elealm), Na (m)eWA(m)}
> min{n,(m), n,(m)} emnieatmeatm)
nA(o)eiqu(O) > nA(m)ei(PA(m)
As A is homogeneous

Thus, 7,(0) = n,(m), and ¢,(0) = @,4(m).
Similarly, we can prove that the second part of this theorem.

Theorem 3.7: Let A = {(m HA(m)):m € F} be complex fuzzy set of field F. Then the following are
equivalent:
1. A is complex fuzzy subfield of F.
2. A° is complex fuzzy subfield of F.
Proof: (1) = (2)
Suppose A is complex fuzzy subfield of F. Then we have
8,(m —n) = min{,(m), 6,(n)}
= min{TIA (m)eteatm (n)eim(n)}
= min{n,(m),n, (n)}eimin{m(m).m(n)}

O,c(m —1n) < (1 — min{n,(m), 1,(n)})e!Gr-minieatm.eatud
max{1 — 7,(m), 1 — n,(n)} eminr-eatm.2n-¢am)}
max{7 4¢(m), 1 c(n)} e ML ac @ ge()
= max{nAc(m)ei‘pAC(m), nAc(n)ei"’A”(”)}.

Moreover,
0,(mn) = min{6,(m), 6,(n)}
= min{nA(m)eiwA(m)_nA (n)ei‘/’A(n)}
= min{n,(m), n,(n)}eminteam.ea@}
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O,c(mn) < (1 — min{ny(m), ns(n)})e G- min{ealtm.eath
= max{1l —n,(m),1 —n,(n)} gimin{Zn=¢a(m)2r=-¢an)}
= max{7]4e (m), 04¢(n)} e @A)
= max(se(m)e'®4<, e (n)e 94}
As aresult, 8,c(mn) < max{0,4c(m), 8,4c(n)}.
Further, 8,(m™1) = 8,(m) = n,(m)ei?atm
Implies that, 8,c(m™1) < (1 — n,(m))elC™=2atm) =y o (m)e!Pac(™ = @,c(m)
Conversely, assume that A€ is a complex fuzzy subfield of F. Then we have
04c(m —n) < max{0,c(m), ,c(n)}
= max{ne(m)e'?act™, 1 4c(n)e P ac M}
= max{n sc(m), nse(n)} eMn@acm)e e
= max{1 — n,(m), 1 — n,(n)} emMin2r—pam 2m-g(m}
Oac(m —n) = (1 — min{ns(m), na(n)})e'@r-min{ealm.eatmh
8,(m —n) = min{n,(m),n, (n)}eimintea(m.ea(m)
= min{nA (m)eiqu(m), Na (n)ei‘/’A(”)}
8,(m —n) = min{6,(m), 6,(n)}
Moreover,8,c(mn) < max{08,c(m), 64c(n)}
= maX{"IAC (m)e'Pactm), UAC(n)ei(pAc(n)}
= max{nc(m), nc(n)} e MPacm @ 4e)
= max{1 — 7,(m), 1 — n,(n)} eminr=—pam 2m-pam)}
O,c(mn) = (1 — min{n,(m),n,(n)})e@m-minteatm a3
f4(mn) = min{nA(m).nA(n)}eimi“{“’A(m)"”A(")}
= min{nA (m)e'*4tm p, (n)ei(p‘q(n)}
8,(mn) = min{6,(m), 6,(n)}
Further, 6,c(m™") < 64c(m) = nac(m)e'®ac™ = (1 —n,(m))e!Fm-0a(m)
Implies that 6,(m™=1) > n,(m)e' 4™ = g,(m)
Thus conclude the proof.

Definition 3.8: Let 4 = {(m, 6,(m)):m € P,0, = n,(m)e’?A™} be a complex fuzzy set of universe of
discourse P. For r € [0,1],and t € [0,27] the level subset of complex fuzzy set A is defined by

A ={x €Pina(m) 21,0,(n) = t}

For t = 0, we obtain the lower level subset A, = {m € P:n,(m) = r} and for t = 0, then we obtain the

lower level subset A, = {m € P: p,(m) = t}.

Theorem 3.9: Let A = {m,6,(m): m € F} be complex fuzzy set of field F. Then A is a complex fuzzy
subfield of F if and only A, is a subfield of field F, for all » € [0,1] and t € [0,27]. Where n,(0) = r <

N4(1),94(0) =t < (1),
Proof: Obviously A, 1) is nonempty, as 0,1 € A,
Let m,n € A, ) be any two elements. Then
 nam) 2 t,pa(m) = tandna(n) 27, 0(m) 2 ¢
Consider, ,(m — n)e!®?atm="m = g,(m — n)
min{6,(m), QA (m)} .
min{nA (m)e”pA(m)’ UA (n)e”pA(n)}
= min{n,(m),ny, (n)}eimin{<pA(m).<pA(n)}

v

(As A is homogeneous)
na(m —n) = min{n,(m),ny(n)} = min{r,r} =r
@4(m —n) = min{p,(m), p,(n)} = min{t, t} =t
S>m-—ne€Aqyy
Further, n,(mn)e’at™v = g, (mn) > min{8,(m), 6,(n)}
= min{nA(m)eiwA(m), nA(n)eiwA(n)}
= min{n,(m),ns (n)}eimin{m(m).m(n)}
(As A is homogeneous)
na(mn) = min{n,(m),n,(W)} = min{r,r} =r
@a(mn) = min{p,(m), p,(n)} = min{t, t} = ¢
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> mn € A(r,t)
Moreover,
na(m e ®atm™) = 6,(m™) = 6,(m) = na(m)e'vat™
(by homogeneity )
na(m™) =n,(m) = r,and p,(m™") = @,(m) > ¢
= m_l € A(r,t)
Hence A, 1 is subfield.
Conversely, Let A, . is a subfield of F and let min{n,(m),n,(n)} = r and min{p,(m), @, (n)} = t. Then
we have
na(m) 2 r,n,(n) = r,and p,(m) = t,9,(n) = ¢
na(m) 271,¢0,(m) = tandny(n) =7, @a(n) = ¢
This implies that m € Ay n € Ay
As Ay issubfield. Som —n,mn € Ay @ na(m—n) =r,pu(m—n) = ¢
Implies that, n,(m — n) = min{n,(m),n,(n)} and @,(m — n) = min{p, (M), p,(n)}
A is homogeneous, then we have,
8,(m —n) = min{6,(m), 6,(n)}
Also, we have ny(mn) > r,p,(mn) > t
Implies that, n,(mn) = min{n,(m),n4(n)} and p,(mn) = min{g,(m), (M)}
A is homogeneous, then we have,
8,(mn) = min{6,(m), 6,(n)}
Further, let m € F be any element. Letn,(m) = r, and ¢,(m) = t.
Then, n4(m) = r, and @,4(m) = tis true. Implies that m € A,
As Ay is subfield. So, m™ € (4 X B) (1)
>nm D >randg,(m™ ) >t
= na(m™1) 2 n,4(m) and @, (m™") = @4(M)
Consequently,
HA(m_l) = 6,(m).
Hence proved the theorem.

Definition 3.10: Let A = {(m, 8,(m)):m € F} and B = {(m, 8(m)): m € F} be any two m-fuzzy sets of
sets F, and F, respectively. The Cartesian product of - fuzzy sets A and B is defined as
A X B;(m,n) = min{4,(m), B,(n)},forallm € Fiand n € F,

Remark 3.11: Let A = {(m,8,(m)):m € F}and B = {(m, 83(m)): m € F} be two - fuzzy subfields of F,
and F,, respectively. Then A x B is n- fuzzy subfield of F; X F,

Definition 3.12: Let A = {(m,8,(m)):m € F} and B = {(m, 83(m)): m € F} two complex fuzzy sets of
fields F; and F,. The Cartesian product of complex fuzzy sets A and B is defined by a function
Oaxp (M, 1) = N 4xp (M, n)ePaxBMM) = min{n,(m), ng(n)}eminieatm.es}

Theorem 3.13: Let A ={(m,8,(m)):m € F} and B = {(m,05(m)):m € F} be two complex fuzzy
subfield of F; and F, respectively. Then A x B is complex fuzzy subfield of F; x F,.
Proof: Letm,x € F; and n,y € F, be an elements. Then (m,n), (x,y) € F; X F,.
Consider
8A><B((mrn) - (x,y)) = Opxg(m —x,n—y)
= Naxp(m = x,n = y)eivaxatn=xn=)

= min{n,(m — x),75(n — y)} emintwatn—Dwa(n-y)
min{n4(m — x)e'PAM), 3, (n — y)ei#an-»)

= min{f,(m — x),05(n — y)}

> min{min{6, (), 6,(x)}, min{05 (), 65 (y)}}

= min{min{6,(m), 05(n)}, min{6,(x), 05 (»)}}
Oaxe((m,n) = (x,)) = min{6,,5(m, 1), 645 (x, ¥)}

Also, HAXB((m; n)(x, y)) = 045 (mx, ny) '
= Naxp (mx’ ny)e“/—’AxB(mxrnJ’)
= min{n,(mx), ng(ny)} eminteamo).esny)}
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= min{nA (mx)eiwA(mX), Ng (ny)eim(ny)}

= min{6,(mx), 63(ny)}

> min{min{6, (), 6,(x)}, min{6z(n), 5 (y)}}

= min{min{6, (m), 65 (n)}, min{6, (x), 65(y)}}
gAxB ((m, n) (x, }’)) = min{gAxB (mv n)v 9A><B (x! }’)}

Further, 8,,g(m™1,n71) = nAXB(m—l’n—l)eiwaB(m_l.n_l)
min{ns(m™1), 75 (n"1)} eminteatm ) ea(n)
min{n,(m=1)ealm™) np(n~1)eival™)}

= min{6,(m™1),05(n" 1)}

> min{6,(m), 65(n)}

Consequently,
Oaxp(m™1,n™1) = O,4,5(m,n)
Thus conclude the proof.

Corollary 3.14: Let A4, A, ... A, be complex fuzzy subfields of F,, F,, ... F, respectively. Then 4; X 4, X
.. X A, iscomplex fuzzy subfields of F; X F, X ... X F,.

4, HOMOMORPHISM OF COMPLEX FUZZY SUBFIELD

In this section, we define the homomorphic image and pre image of complex fuzzy subfield. We
prove some results of complex fuzzy subfield under field homomorphism.
Definition 4.1: Let g: F; - F, be a homomorphism from field F; to field F,. Let A = {(m,6,(m)):m € F}
and B = {(m, 65(m)): m € F} be two fuzzy sets of fields F, and F, respectively, for all m € F, and for all
n € F, The image g(A) and pre-image g(B) of A and B respectively and defined as

_ (min{8,(m),if g(m) =n,me g7 t(n) # 0
90)m) = { 0, otherwise

9_1(93)("1) = HB(g(m))'m € F,.

,nNE F,,

Theorem 4.2: Let g: F; = F, be homomorphism from field F; to field F,. Let A be fuzzy subfield of F, and
B be fuzzy subfield of F,. Then g(A) is fuzzy subfield of F, and g~(B) is fuzzy subfield of F;.

Lemma 4.3: Let g: F; > F, be a homomorphism from field F, to field F,. Let A = {(m, 8,(m)):m € F,}
and B = {(m, 85(m)): m € F,} be two complex fuzzy subfields. Then
1. g(8,)(n) = gn)(n)ed @™ foralln € F,
2. g71(05)(m) = g~ () (M)e9 @B forallm € F,
Proof: Consider
9(0)(m) = min{(8,)(m),if g(m) = n}
min{(n,) (m)e @2, if g(m) = (n)}
min{(n,,) (m),if g(m) = n} eminl(wa)m)ifg(m)=n}
= g(na) (n)e'9e)®
Hence, g(6,)(n) = g(n,) (n)e'9 @™
Consider, g™ (85)(m) = 05(g(m)) = 15(g(m))ei?s9™) = g=1(n.)(m)e'd™ @)t
97 (0p)(m) = g7 (p) (m)e's (@™,

Theorem 4.4: Let g: F, - F, be a field homomorphism from F, to F,. Let A = {(m,6,(m)):m € F} be
complex fuzzy subfield of F;. Then g(A) is complex fuzzy subfield of F,.
Proof: Obviously, n,(m) and ¢,(m) are fuzzy subfield and m-fuzzy subfield respectively. From Theorem
3.2 and Theorem 4.2 the homomorphic image of n,(m) and ¢,(m) are fuzzy subfield and -fuzzy subfield,
respectively, for all m,n € F,. Then we have

gmp)(m —n) = min{g(nz)(m), g(n) (M)}

g(mp)(mn) = min{g(ng)(m), g(nz) (M)}

gmp)(m™1) = g(np)(m)

9(pg)(m —n) = min{g(pz) (M), g(@s) (M)}

9(pp)(mn) = min{g(pp)(m), g(@s) (M)}

9(@p)(m™) = g(@p)(m)
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Consider

g(0)(m—n) = gn)m —n)ed@Dm=m vm n e F,
min{g(n,)(m), g(n,) (1)} ell9@DM.g(pM)}
min{g(1,)(M)e 9@, g(5 ) (n)eld @)
min{g(6,)(m), g(6,)(n)}

v

Moreover,

9(8)(mn) = g(n,)(mn)e'9@MM) v m n € F,
> min{g(n,)(m), g(n4) (n)} e @HM.5@M)
= min{g(nA)(m)eig(wA)(m)_ g (n)eig(‘/’A)(")}
= min{g(6,)(m), g(6,)(n)}
quzequently, 9(84)(mn) = min{g(6,)(m), g(6,)(n)}
urther,

g(0)(m™) = g(n,)(m1e9@d("™) forallm € F,
> g(114) (m)e's @A™
= g(6,)(m)

Thus, g(8,)(m™1) = g(8,)(m)

This establishes the proof.

Theorem 4.5: Let g: F; > F, be a homomorphism from field F; to field F,. Let B = {(m, 65(m)): m € F}
be two complex fuzzy subfields of F,. Then g=1(B) is complex fuzzy subfield of F;.
Proof: Obviously, ng(m) and @gz(m) are fuzzy subfield and m-fuzzy subfield respectively. Then From
Theorem 3.2 and Theorem 4.2 the inverse image of ngz(m) and @g(m) are fuzzy subfield and m-fuzzy
subfield, respectively, for all m,n € F,. Then we have

g9~ (mp)(m —n) = min{g~'(np)(m), g~  (nz) ()}

9~ () (mn) = min{g ™" (nz)(m), g~ () (W)}

g (mp)(m™) = g~ (np) (M)

97 (@p)(m —n) = min{g~*(9p) (M), g~ (pp) (M)}

9~ (¢p)(mn) > min{g™* (@) (M), g™ (¢5) (W)}

9 (@p)(m™) = g7 (@) (M)

Consider

g~ 1(05)(m —n) = g~ 1(np)(m — n)eid @M= forallm,n € F,

> min{g~(n5) (M), g~ () ()} e!l9™ Wr)m.g™ (pp) ()}
min{g‘l(nB)(m)eig‘l(wB)(m),g—l(nB)(n)eig‘l(ws)(n)}
min{g~'(65)(m), g~ (65) ()}

g7 1(05)(mn) = g~ (np)(mn)e'd” @B forallm,n € F,
> min{g ™ () (M), g~ (1) (n)} 9™ @B M.g ™" (p)(m)}
= min{g‘l(nB)(m)eig_i(‘PB)(m),g—l(nB)(n)eig‘1(<P3)(n)}
= min{g ™ (85)(m), g7 (65) (M)}

g7 (8p)(mn) = min{g~(65)(m), g~ (65) (M)}

Therefore,

Further,
g7 B)(m™) = g~ (@p)(m e’ @B forallm € Fy
> g7 (15)(m) €' @)™
= g7 (65)(m)
Consequently, g~*(65)(m™1) = g~1(85)(m)
This conclude the proof.

A note on complex fuzzy subfield (Muhammad Gulzar)
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5. CONCLUSION

Up to this point we have introduced the m-fuzzy subfield, complex fuzzy subfield and lower level
subset of complex fuzzy subfield and have proved that level subset of complex fuzzy subfield is subfield of
field F. We have also defined product of two complex fuzzy subfields and have proved that the product two
complex fuzzy subfields is also complex fuzzy subfield and discussed various algebraic properties. Further,
we have studied the behavior of homomorphic image and inverse image of these complex fuzzy subfields.
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