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Abstract 
The feasibility of applying a self-adaptive filter to eliminate noise in the downhole mud pressure 

phase shift keying (PSK) signals is studied. The self-adaptive filter with carrier wave as the filter input 
signal and mud pressure PSK signal including noise as the filter expected input signal in structure was 
adopted to process the mud pressure PSK signals with the broadband signal characteristic in 
communication. Mathematical model of the filter was built to reconstruct the mud pressure PSK signals 
based on the evaluation criterion of least mean square error (LMS) and the mathematical model of mud 
pressure PSK signals. According to the filter mathematical model, a special self-adaptive control algorithm 
was adopted to realize the filter by adjusting the filter weight coefficients self-adaptively and the impacts of 
the filter step-size factor on signal to noise ratio (SNR) and distortion factors of the reconstructed mud 
pressure PSK signals were analyzed. Numerical calculation and simulation show that the self-adaptive 
filter can efficiently eliminate random noise in the signal frequency band and reconstruct the mud pressure 
PSK signals. In addition, low distortion factors of the reconstructed mud pressure PSK signals can be 
obtained by reasonable selecting the filter step-size factor. 
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1. Introduction 

Measurement While Drilling (MWD) consists of making various downhole 
measurements and then transmitting this information to the surface for display and further 
interpretation or immediate use. One of the most common methods of passing the information 
from the downhole sensors to the surface is through pressure pulses in the mud flow, a 
technique known as mud pulse telemetry. The newer mud pulse telemetry uses a mud siren 
type of modulator to generate mud continuous pressure wave signals and allows complex 
modulation methods to be used to produce higher data rates by accurate control of the phase or 
freqency of the mud siren, the modulation method is called phase shift keying (PSK) 
modulation. Modulation type such as differential phase shift keying (DPSK) and even more 
complex modulation method such as quadrature phase shift keying (QPSK) can be used to 
generate mud pressure PSK signals to transmitting in mud with a mud siren modulator. In MWD 
system, the principal noise source is the pressure fluctuations caused by bit vibration, downhole 
motor stalling or drill string buckling and the noise presents a band-limited white Gaussian noise 
due to the lower noise frequency spectrum [1]. Though frequency of the noise source is not 
high, there is still some noise into the signal frequency band, causing relatively larger random 
pressure fluctuating in amplitude and making signal to noise ratio (SNR) of the downhole mud 
pressure signal severely reduce. Due to spectrum aliasing of noise and the mud pressure 
signal, conventional signal processing methods cannot effectively eliminate or suppress the 
noise. Some researchers put forward the matched filter method to eliminate the noise effects by 
calculating the self-correlation coefficients of signal mixed with noise based on the difference of 
noise and signal in correlation [2], but this method is only suitable for limited single frequency 
signal modulated by the frequency shift keying (FSK) method having low transmission efficiency 
and not for the frequency band signal modulated by mud pressure PSK method. An adaptive 
compensation method [3], proposed by Brandon etc., can eliminate theoretically noise in the 
MWD signal by extracting appropriate proportion of the signal mixed with noise as reference 
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input signal of the adaptive compensator and automatical adjusting the noise intensity by 
feedback of output signal to balance noise of MWD signal, but it is difficult to implement and the 
effect is limited. According to the frequency band transmission characteristics of mud pressure 
PSK signals and mathematical theory of self-adaptive filter, a mathematical model of the self-
adaptive filter with a carrier wave as reference input signal and MWD signal mixed with noise as 
the expected input signal is built for processing the mud pressure PSK signals with broadband 
signal characteristic, and the feasibility of eliminating noise in the mud pressure PSK signals 
based on self-adaptive filtering method is also studied in this paper. 
 
 
2. The Mathematical Model of Self-adaptive Filter 
2.1. The Structure of Self-adaptive Filter 

Self-adaptive filter is a kind of digital filter based on modern adaptive control theory [4, 
5], it can be used to realize dynamic tracking and noise elimination of the signal by self-adaptive 
adjusting the filter parameters according to the signal features. Self-adaptive filter is commonly 
used in processing narrow band signal in radio communication system, in which the ratio 
between signal frequency band and carrier wave frequency is greatly less than 1 and signal 
frequency in frequency band has little change comparing with carrier wave frequency. Figure 1 
is the general structure of adaptive filter, in which ( )x n  is input signal with noise, ( )d n  is 

expected signal input, ( )y n  is the filter output, and ( )e n  is error signal output. The expected 

signal is special signal reflecting the feature of extracted signal. Under the effect of error signal, 
the self-adaptive filter adjusts the filter coefficients self-adaptively and the output signal 
continuously approaches to the expected signal to make the error minimal eventually, and the 
effective characteristic included in the input signal is dynamically extracted, then the useful 
signal reconstruction and noise elimination or suppression will realize. 

 
 

 
 
 
According to the linear system theory, the self-adaptive filter output matrix ( )Y n  is 

convolution of the input matrix ( )X n  and unit impulse response matrix ( )H n  and can be shown 

as follows. 
 

( ) ( ) ( )Y n X n H n                                                                                                                   (1) 

 
Comparing with conventional digital filter structure with fixed parameters, the self-

adaptive filter parameters form a weight coefficient matrix ( )W n  with 1 N  dimension. If the 

input matrix ( )X n  is N 1  dimension, then the output matrix ( )Y n  of the self-adaptive filter can 

be expressed as: 
N 1

0

( ) ( ) ( ) ( ) ( ) ( )i
i

Y W X w xn n n y n n n i




                                                                                (2) 

 
Where, n  and i  are discrete variables, ( )W n  is weight coefficient matrix of the self-adaptive 

filter, ( )iw n  is matrix coefficient of ( )W n , ( )x n i  is matrix coefficient of the matrix ( )X n  and can 

be expressed by the unit delay sampling value of input signal. 

weight coefficient matrix ( )W n

+

( )d n

( )x n

( )e n

( )y n  

Figure 1. The structure of self-adaptive filter
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In the filtering process, based on the special control algorithm [6, 7], the self-adaptive 
filter obtains the filter weight coefficients according to the error signal ( )e n  and the input matrix 

( )X n  and iteratively updates weight coefficient matrix ( )W n . Through finite iteration, the output 

signal will approach to the expected signal. 
In MWD system, transmitted MWD signal or mud pressure PSK signal are a kind of 

mechanical modulation signal [8, 9]. Because of mechanical system inertia and pressure signal 
transmitting in the mud, the carrier wave frequency is limited in the low frequency about a few 
tens Hertz. The ratio of modulation signal frequency band and carrier wave frequency is usually 
close to 1 and is a kind of typical broadband signal [10, 11]. Therefore, how to construct the 
expected signal is a key to get the transmitted MWD signal by self-adaptive filtering. For the 
mud pressure PSK signals, the signal spectrum is related to data encoding. If the signal 
average power spectrum is used as the effective feature to construct the expected signal, it is 
not sufficient to represent all the signals in differential encoding status and only the carrier wave 
can be used to represent various encoding modulation signal characteristics. However, for the 
broadband signal, signal frequency in frequency band changes greatly relative to the carrier 
wave frequency and the encoding information signal cannot be extracted properly if using 
carrier wave as the expected signal. Therefore, the self-adaptive filter structure and 
mathematical modeling for processing broadband signal should be adjusted based on the basic 
mathematical principle of adaptive filter. 
 
2.2. The Structure of Self-adaptive Filter 

The characteristics change of self-adaptive filter is implemented by adjusting filter 
weight coefficients with self-adaptive algorithm and all filter weight coefficient adjustment 
algorithms are trying to make output signal ( )y n  approach expected signal ( )d n . The least 

mean-square error (LMS) algorithm adjusts weight coefficients matrix to make the mean-square 
value   of error signal ( ) ( ) ( )e n d n y n   minimize, and when   is minimum, the optimal weight 

coefficient matrix ( )W n  can be obtained to adapt the statistical characteristics of unknown or 

time-varying signal and noise and the  optimal filtering effect will be achieved [12, 13]. 
Suppose that the discrete downhole signal is the sum of MWD signal ( )s n  and white 

Gaussian noise w ( )n n . According to the communication theory, the noise introduced in 

broadband downhole MWD signal is additive random interference and its mean-square value is 
not zero. When   is minimum, it must approach the mean-square value of random noise, and 

( )y n  will approach the MWD signal ( )s n . 

When taking the downhole MWD signal with noise as the expected signal 

w( ) ( ) ( )d n s n n n   and carrier wave c c( ) sin( )x n A n  as input signal, mud pressure PSK signal 

 s c( ) sin ( )s n A n f n   as MWD signal. Among those formulas, cA  is the carrier wave 

amplitude, c c2 f   is the angular frequency of carrier wave, cf  is the carrier wave frequency, 

sA  is the signal amplitude, ( )f n  is the phase-shift function. Then, the output signal of the self-

adaptive filter can be expressed as: 
N 1 N 1

0 0
c c( ) ( ) ( ) ( ) sin[ ( )]i i

i i

w x wy n n n i n A n i
 

 

                                                                        (3) 

 
The mean-square value of error signal can be described as: 

 

     2 2 2
w w( ) ( ) ( ) ( ) 2 ( ) ( ) ( )E e n E s n y n E n n E n n s n y n                                          (4) 

 
Considering ( )s n  and ( )y n  are not respectively relevant with random noise w ( )n n , 

there are   w2 ( ) ( ) ( ) 0E n n s n y n   and 2
w ( ) 0E n n    , then the minimum mean-square value of 

error signal can be expressed as: 
2N 1

2
s c c c w

0

min = min sin[ ( )] ( ) sin[ ( )] + ( )i
i

E A n f n w n A n i E n n  




         
                            (5) 
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When   approaches the minimum value we can get the result as follows: 
 

N 1

c c s c
0

( ) sin[ ( )] sin[ ( )]i
i

w n A n i A n f n 




                                                                           (6) 

 
The physical meaning of Equation (6) is that when the mean-square value of error 

signal is minimum, the linear sum of the carrier wave value .. at one time and N-1 past time 
values of  c csin ( )A n i   with weight from the weight coefficient matrix can be used to approach 

the information signal value of  s csin ( )A n f n   and realize the reconstruction of mud pressure 

PSK signal. Where, N  is the matrix dimension number or order of the digital filter. 
Therefore, the mud pressure PSK signal can be reconstructed by the filter output signal 

as: 
N 1

c c
0

( ) ( ) ( ) sin[ ( )]i
i

y n s n w n A n i






                                                                                     (7) 

 
Where, ( )iw n  is matrix coefficient of the optimal weight coefficients matrix ( )W n . 

The weight coefficients matrix can be obtained by Widrow-Hoft random gradient 
algorithm [14] and the matrix coefficients can be expressed as: 

 
( 1) ( ) 2 ( ) ( )w n w n e n x n                                                                                                      (8) 

When both the conditions of min   and *( )( )
0

W n WW n





  are satisfied, the optimal weight 

coefficients matrix ( )W n  can be obtained. 

In the Equation (8),   is the self-adaptive step-size factor which determines the system 

stability and convergence rate; if   is oversize, the convergence rate is higher but the tracking 

precision of signal will be worse and the system will be divergent when seriously, if   is 

undersize, the convergence rate is unsatisfying and the tracking performance of signal will 
become worse. 
 
 
3. The Numerical Simulation Analysis of Self-adaptive Filtering Effect 

Taking mud pressure PSK signal as the transmitted MWD signal, according to 
mathematical model of mud pressure DPSK signal and QPSK signal [15, 16], the MWD signal 
can be expressed as s c( ) sin[2 ( )]s t A f f t  . Among the formula, carrier wave frequency is 

c 20Hzf  , signal amplitude is s 1PaA  , data code of the DPSK signal is 

DPSK =[1 1 1 1 1 1 1 1 1 1]C , data code of the QPSK signal is QPSK =[0 0 0 1 1 0 1 1 0 0]C , both 

maximum frequencies of the two kinds of coding signal spectrum are max 30Hzf  , the signal 

power is 2 2
s s( / 2) 0.5PaP A  ; the mean-square value of the introduced white Gaussian noise 

is 2 2
w ( ) 0.5Pan t  , the signal-to-noise ratio is 2

s w/ ( ) 1SNR P n t  , the order of filter is K 101 , the 

self-adaptive step-size factor is 0.001  , the initial weight coefficient is (0) 0w  , the sampling 

frequency is s 4000Hzf  . The effect of self-adaptive filter takes the improvement of signal-to-

noise ratio (SNR) and the distortion factor of signal waveform as the evaluation criterion. The 
signal-to-noise ratio of signal can be defined as: 

M
2

1
M

2

1

( )

[ ( ) ( )]

k

k

y k
SNR

y k y k











                                                                                                         (9) 

 
The waveform distortion factor of signal can be defined as: 
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In Equation (9) and Equation (10), ( )s k  is the mud pressure PSK original signal and 

max( )s k  is its maximum value; ( )y k  is the output signal of self-adaptive filter; ( )y k  is the output 

signal of digital low-pass filter after self-adaptive filtering; max( )y k  is the maximum output signal 

value of the digital low-pass filter; k  is sampling sequence number; M  is sampling number in a 
coding period. 

 
3.1. The Numerical Simulation and Analysis of Self-adaptive Filtering on Mud Pressure 
DPSK Signal 

Figure 2 shows the mud pressure DPSK signal without noise, Figure 3 shows the mud 
pressure DPSK signal mixed with white Gaussian noise with SNR=1 and Figure 4 shows the 
reconstructed mud pressure DPSK signal waveform after self-adaptive filtering. In Figure 4, the 
noise in reconstructed signal decreases substantially and SNR is 25.5, raised nearly 25 times. 
Through frequency spectrum analysis, the noise in reconstructed signal is high-frequency noise 
outside the frequency band of mud pressure DPSK signal, and can be eliminated by an ordinary 
digital low-pass filter. Figure 5 shows the signal waveform of reconstructed mud pressure DPSK 
signal passing a digital low-pass filter with cut-off frequency 40Hz and the noise outside the 
frequency band is almost eliminated. In Figure 5, the reconstructed signal has some extent of 
waveform distortion comparing with the original signal in Figure 2 and the distortion factor is 
about 10.9%. The reason is that the filter step-size factor is too small for improving the ability of 
tracking noise, which results in lower convergence rate and the increasing reconstruction error 
of low frequency component in mud pressure DPSK signal frequency spectrum. Increasing the 
step-size factor will bring down the ability of tracking noise and the SNR of reconstructed signal,  
but the ability of tracking low frequency component in mud pressure DPSK signal frequency 
spectrum will be improved and the signal distortion factor will be decreased. Therefore, 
appropriate increasing the step-size factor can improve the reconstructed signal quality, but the 
signal distortion factor will raise when the step-size factor reaches the critical value because of 
higher convergence rate and low tracking accuracy. Table 1 shows the numerical computation. 
results among the value of step-size factor, the SNR and the distortion factor of the 
reconstruction signal. 
 

 
Time (seconds) 

Figure 2. Mud Pressure DPSK Signal Without Noise 

 

 
Time (seconds) 

Figure 3. Mud Pressure DPSK Signal Mixed with white Gaussian 

 

 
Time (seconds) 

Figure 4. Reconstructed Mud Pressure DPSK Signal after self- adaptive Filtering 
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Time (seconds) 

Figure 5. Waveform of the Reconstructed Mud Pressure DPSK Signal 

 
 

Table 1. Impact of filter step-size factor on reconstructed mud pressure DPSK signal 
Step-size factor SNR Distortion factor(%) 

0.0005 67.1 14.8 
  0.001 25.5 10.9 
  0.002 11.4   7.1 
  0.003   6.4   6.4 
  0.004   4.2   4.4 
  0.005   3.1   6.6 

 
 

The numerical simulation and filtering effects show that the self-adaptive filter can 
eliminate the noise in signal frequency band and choosing an appropriate step-size factor can 
minimize distortion factor of reconstructed signal. Though there are certain noises left in the 
reconstructed signal, the noises are outside the signal frequency band and can be eliminated by 
an ordinary digital low-pass filter, then the signal SNR will be improved greatly. 

 
3.2 The Numerical Simulation and Analysis of Self-adaptive Filtering on Mud Pressure 
QPSK Signal 

Figure 6 shows the mud pressure QPSK signal without noise, Figure 7 shows the mud 
pressure QPSK signal mixed with white Gaussian noise with SNR=1 and Figure 8 shows 
reconstructedmud pressure QPSK signal waveform after self-adaptive filtering.   

 
 

 
Time (seconds) 

Figure 6. Mud Pressure QPSK Signal without Noise 

 
 

 
Time (seconds) 

Figure 7. Mud Pressure QPSK Signal Mixed with white Gaussian Noise 

 
 

 
Time (seconds) 

Figure 8. Reconstructed Mud Pressure QPSK Signal after Self-Adaptive Filtering 
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Time (seconds) 

Figure 9. Waveform of the Reconstructed Mud Pressure QPSK Aignal Passing a Digital Low-
Pass Filter with 40Hz cut-off Frequency 

 
 
In Figure 8, the noise in reconstructed signal decreases substantially and SNR is 24.4, 

raised nearly 23 times. Because of the noise in reconstructed signal being outside the signal 
frequency band, it can be eliminated by an ordinary digital low-pass filter. Figure 9 shows the 
signal waveform of reconstructed mud pressure QPSK signal passing a digital low-pass filter 
with cut-off frequency 40Hz and noise outside the frequency band is almost eliminated. In 
Figure 9, the distortion factor of reconstructed mud pressure QPSK signal is about 7.3%. Table 
2 shows the numerical results among the value of the step-size factor, the SNR and the signal 
distortion factor. This indicates that the distortion factor of reconstructed mud pressure QPSK 
signal is generally smaller than that of reconstructed mud pressure DPSK signal and the 
reconstruction quality of mud pressure QPSK signal after self-adaptive filtering is relatively 
better than that of mud pressure DPSK signal, but choosing a reasonable step-size factor is the 
key to get lower signal distortion factor. Because of more complex demodulation of mud 
pressure QPSK signal than that of mud pressure DPSK signal, the low distortion factor of 
reconstructed mud pressure QPSK signal provides a good condition for the correct 
demodulation of the signal. 
 
 

Table 2. Impact of filter step-size factor on reconstructed mud pressure QPSK signal 
Step-size factor SNR Distortion factor(%) 

0.0005 68.9   8.8 
  0.001 24.4   7.3 
  0.002   9.8   5.6 
  0.003   6.7   5.6 
  0.004   4.7   4.2 
  0.005   3.2   4.4 

 
 
4. Conclusions 

Theoretical analysis and numerical simulation show that the self-adaptive filter using 
transmitted MWD signal mixed with noise as the expected signal and carrier wave as the input 
signal can realize the noise elimination of broadband signal, which is suitable for eliminating 
random noise introduced in mud pressure PSK signal in transmission process. 

Self-adaptive filter can eliminate the random noise in signal frequency band. The noise 
in reconstructed signal is outside the signal frequency band and can be eliminated by an 
ordinary digital low-pass filter, a higher SNR will be obtained. 

The quality of reconstructed signal depends on the signal distortion factor being related 
to the filter step-size factor, therefore the lower signal distortion factor can be obtained by 
choosing a reasonable filter step-size factor. In addition, numerical calculation shows that the 
distortion factor of reconstructed mud pressure QPSK signal is smaller than that of the mud 
pressure DPSK signal under condition of the same filter step-size factor. 
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