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1. INTRODUCTION
The issue in this article is the assumption of finding the vector value xe R™, i.e. as in:

x€Q, Fx)=0 Q)

When F: Q ¢ R" - R" is continuous and monotonous and satisfy (F(x) — F(y))T(x —vy) = 0. Methods for
solving this type of problem vary when they are not restricted to Newton's method and quasi-Newton methods, and
they are preferred due to the convergence of their local lines to the second and local levels. When dealing with large-
scale nonlinear equations, the so-called Conjugate Gradient (CG) method of all kinds is effective [1-8]. Applications
and innovations continue around these technologies to this day [9-11]. The monotonic equations arose in several
different practical situations for example see [12]. The most important advantage of CG-methods is that the direction
of the search does not require the calculation of the Jacobin matrix which leads to low math requirements on each
iteration. Likewise, when these methods overlap with the projection technique proposed by Solodov and Svaiter [13]
to solve large-scale nonlinear equations and constrained nonlinear equations that some researchers have expanded as
in [14-19]. Recently, many researchers have presented articles on how to find the solution to both constrained and
unconstrained monotones (1) and give them a lot of attention [20-27]. Include the idea of projection that needs to be
accelerated using a monotonous case F by monotony F and letting z,, = x; + a; d,., the hyperplane:

H= (x € R"IF(z)"(x - 2,) = 0}.
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Separates strictly x; from the solution set of (2). Through [13] where the next iteration x; ., to be the
projection of x; onto the hyperplane H,. So, x,,, can be evaluated as:

F(z)T (x—z})F (zx) @)

Xi+1 = Polxy — &xF(z)] = x5 — IF (zp)112

£ = F(zi)T (xie—zg)
k IF (zi)lI?

This paper is organized as follows: In Section 2, we describe the proposed new procedure. Section 3
derived the penalty parameters. Global convergence has been demonstrated in Section 4. For Section 5 we
list numerical experiments in it.

2.  OPTIMAL DAMPED DAI-LIAO

The researchers gave Dai and Liao [28] a parameter worthy of updating to this time because of its ability
to reach global convergence through the properties of parameter t, which could set us some failures resulting from
the deviation of the search direction of its path to reach the smallest point of the function, such that:

T
DL _ Yk+1Vk—tSk) 3
ppr = talyto ©

Later Liu and Li modified (3) by using the projection technique in their formula [29]. The researcher
Fatemi [30] presented a precise method in deriving the conjugate gradient parameter 5, by setting
conditions on it (the condition of orthogonality and conjugation) and through the penalty function the results
of the derivation were largely appropriate in developing a formula for the Dai-Liao parameter and the

positive value of t. In this section, we present an improved method for deriving a parameter 8, . That is:

1
q(d) = fisr + g;ﬂld + EdTBkﬂd

And take Vq(ay,1dy.1), the gradient of the model in x,,,, as an estimation of g,,,. It is easy to
see that:

Vq(@rs1di+1) = i1 t Aps1Brad (4)

Unfortunately, a;.,, in (4) is not available in the current iteration, because d,, is unknown. Thus,
we modified (4), and set

k2 = Gr+1 Tt Bryrd (5)
Where t>0 is suitable approximation of a,,,. If the search direction of CG-method such that
div1 = —Gk+1 T Brds (6)

An efficient nonlinear CG-method, we introduce the following optimization problem based on the
penalty function:

ming, [gkr1dir + P E20l(Ghs25k-0)? + (dis1Vi-)?1] ™

Now, substituting (5) and (6) in (7), and use the projection technique we obtain:

Hll?iﬂ —N1Fisall? + Brghadi
e

m
2
+P Z[(Fkrﬂsk—i)z + 2tF] 1Sk Diear BraaSiei + t2(diar " BiraSe—i)” + (Fra1Vi-)? = 2BiFrsa Y-ty Vi
i=0

+ (ﬁkdzh—i)z]]
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After some algebraic abbreviations, we get the following formula

1
Br = q)[ Fk+1dk+2PZFk+1yk 1A Yie—i +2t2PZFk+1Bk+1Sk 15 By 1Sk
=0 i=0
—2tP YL oFk+15k i i Bies1S—i] ©)

Where ¢ = 2t2P X7 (dFByi1Sk—i)® + 2P X o (dryi_i)?
To get a new parameter we consider the following assumption as the hessian approximation By,

satisfies the extended damped quasi-Newton equation and with the incorporation of the use of projection
technology we get:

1 1 —
Byi1Sk-i = & (ki + (1 = T ) Byesy—y) = g)’z?—i = Vi )
Where
1 if Sk—iVk-i = Sk-iBiSk—i (10
Tk = 1 Sk iBkSk-i : 10
« sl_ﬁk:k_—:sf_mc_l if Sk—iV—i < Sk-iBiSk—i
And &, is the projection step. We get
new _ _F;+1dk ZInOFlz;lyk LdTRwyk i
« ZPZmo(tz(ko’k D?+ (dgye-0?) Z 2ot (diVe-)? + (diyr-0?)
t2 X o Fir1 Vie-idi Vie—i t X0 Fit1Sk—i A Vie—i
Zzno(tz(ko’k D2+ (dgye-0?) Z 2o (2 (di Te-)? + (diYi-)?)
So, there are two possible scenarios for this parameter such that:
Case I: if s]_;yx_; = si_;BisSi_; thent, = 1and y?_; = %
k
prewt = —Fiadi n o Fea Vi idiYi—i
ZPZE 0(52 (d Vk- 1)2+(d V- 1)2> i= 0(52 (d V- 1)2 +(d V- I.) )
t? t
?Zl OFk+1yk ldkyk i S_ZEOFlz;lsk—idEYR—i
+
i= 0(52 (d Vk- 1)2 +(d Vk- 1)2) i= 0(52 (d Vk- 1)2 +(d Vk- I.) )
If s = $pdy
newl _ Zznopl?ﬂyk Ldzyk—i_ &kt P20 FitpaSk- Ldek i EkFies1Sk (11)
‘ So@ve)’ @D 3R(alve)” 2nnERo(alvis)’

It is interesting to investigate the method when P, approaches infinity, because by making this
coefficient larger, we penalize the conjugacy condition and the orthogonality property violations more
severely, thereby forcing the minimizer of (7) closer to that of linear conjugate gradient method. We obtain

newl _ ZrigoF}?HJ/k—idiJ/k—i &t ST FlaSk-idiYi-i (12)
k 2 2 2
S o(dkyi-i) (241 57 (dfyk-i)

We notice from the previous equation that it belongs to the parameter class for Dai-Liao and that's
exactly when setting m=0 we have
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T T T
newl _ FreraVk Skt FreaSk _ _ SkFaaSk (13a)
k — ar (t2+1) df 2P, (t2+1)dT

kYk + 4% 1(E“+1)d vk

T T
newl _ Ik+1Vk _ _ Skt Jk+15k (13b)
k - T 2 T

diye  (t2+1) dpyk

When compared to the parameter Dai-Liao, we notice that the value is

Skt 1
=G VEQO] (14)
D A A A A
Case Il if sT_;yp_i < si_iBysy_; then yP_; = % from equation (9) and s, = &,d,, by projection technique,
k
m=0 to convert the 5¢" form to
t2. T D.T.D ¢
ZEL yPaly t.T T.D
new2 _ f% Tk Tk _ kokHSkdkyk FIZ+1ydeyk _ FIZ+15k 15
k T2 TN (4T 2 2 1 LT |2 2. 1 LT |2 2, 1 pL T 2()
g(dkyk) +(dyi) ) g_i(dkyk) +(dgyk) g(dek) +(djyi) 2P28k g(dkyk) +(dyyi)

If we substituting equation (9) in (15) and using algebraic simplifications, we obtain the formula:

1 a¥ 4
R = e ([t1FkT+1J’k — s + d’i—;’; [t3Fe1 Yk — taFisaSi] = mls‘gﬂsk) (16a)
Le. @ = (2 (diyi)? + & (diyi)?)
t, = t*tl + & and  t, =t &t — it (1— 1)
t3 = tZTk(l_Tk) and t4_ = tfk(l_‘[k)_tz(l_‘[k)z

As we talked about (P;) then (P,) when you come close to infinity, then we use the parameter omitted from
this limit:

1 dls
Brew? = F([tlFILlyk — t,FF s ]+ ‘;i—y’;[QF}ZHyk - t4FIZ+1Sk]> (16b)

to obtain better results as in Section 5.

3. DERIVING THE PENALTY PARAMETER
The derivation will be according to the two new parameters defined in (13) and (16), which we will
be updated by achieving the condition of a sufficient descent direction for the CG-method as shown below:

3.1. Lemma
Assume that the generated method (13) with line search, then for a few positive scalars §; and §,
satisfying §; + 6, < 1, we have:

Fie1dier < —(1 = 8; = 8 FpqII? an

When
T
gt — 1] < [ (18)
k
2
P = 281 P i s, A, <1 isascalar. (19)
(t2+1) |k =0.5 Ak Sp) T Fpea |

Proof:

We have used (2) and (13) that:
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Fy1dieq = =lIFql1? + ((F{+1Yk)(yzsk)(FlcT+1sk) (tz+1)(Fk+15k)(Yksk)(Fk+15k)>

o ;f Sk)
Sk (FE+1Sk)2 (20)

2P (t2+1) (y}c"sk)z

since A, < 1, implies that

Fk+1dk+1 = Fyes4 117 +( (((J’k O-SAkSk)TFkH)(yzsk)(FkTﬂsk))
Yk S

_ ek (Fiee1Si)? N (}_ it ) 1
2P (t2+ 1) (yfsp)? 2 (t2+ 1)) Wfsp)?

(Fi151) Ok i) (i1 S)
Now, using the following inequality:
< t_’ 21,2 21
Xy S Tx*+5y (21)

Where x, y and t' are positive scalars, we have:

!

Fli1diss < = Fiiqll? +4( 57 (W = 0.54454)" Fier1)* i 51)*
Yi S
1 ¢k (et —1)2
- FT 2 _ FT 2 K 7 FT 2
+ (y,ZSk)Zt’( k+15k) AR CESY) (Fies15K)° + 27 se @ + 1) (Fie+15k)
Lett' = 2P, (t2+ 1),
P, (t? +1) (&t — 1)?
Fli1disr < =N gpaall* + — ——— (k= 0.5445)" Fe1)* + £ (Fi151)?

2yFs (2 + 1)
By Cauchy-Schwarz inequality implies:

P (t?+1) (€t — 1)?
FTo dp.. <—[1-=2 0.54;,5,)TF, 2——
k+1%k+1 = 2||F E (e — ki) Free1) sp(t2+ 1)

Fliidiy, <—(1=8,—-6,) < _P1”Fk+1”

2 8111Fk 41112 268,(yTs
= 1P | - when [t —1| < /—Z(ykz )
(t2+1) ||(yk—0.5 Aksk)TFk+1” ”5k“

Since t is an approximation of the step size, we use the following updated formula:

( 2 8(viesk)
; if 1t — 1] < 220
e={" k o (22)

|1+ 2827 si) o.W.

lIskll

IIskIIZ] IFyesa Il

Py

Now the proof is completed.
3.2. Lemma

Assume that the newly generated method (16) with line search, then for a few positive scalars
85,04, 65 and §, satisfying 65 + &, + 65 + 85 < 1, we have:

Fii1disr S —(1 =83 — 84 — 85 — 86) I Fyis |17 (23)

When
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26 2(~,T
[t, — 2] < % & |t, — 2] </26,t2(1 —14)32 (24)

2 83l Fgqq I _ 2 85IF 4412

and P,, = Py, = 25
2a ||(f1Yk—0-5/1k5k)TFk+1||2 zb ||(f3J’k—0-51kSk)TFk+1||2 ()
A <1 isascalar.
Proof:
We substituting (16) in (6) and multiplying by F; ,, that:
FkT+1dk+1 = _”Fk+1”2
1
+(pd ([tl(Fk+1yk)(ykSk)(Fk+1Sk) ta (Fi15) Wi i) (Fi1510)]
d£ T T E 2
+yTS [ts(Fyi) Vi si) (FreaSk) — ta (Pl 1 5i) O i) (Frya )] | — (Fk+15k)
k 2k
Fip1isr = — ”Fk+1” +(p (R O'SAkSk)TFk+1)(y;Sk)(FIZ;lSk)
+ o [5~  (LsO 0TSO F 50 + o (s = 0545 Fe) (ST P50
5
[2 t4] (Fiv151) (51 (Fiy15%) — (Fk+1sk)
By following the same steps in Lemma 3.1 we get:
r , (&2 —2)° 5
Fii1dir < =lFeiall? + Pog (6175 — 0.5445,) " Fiei1) +2$ (Fk+1sk)
kYkS
(¢4 )2

+ Py ((t3y — 0.54;83 )" Fye)* +

T 2
th(l _ Tk)zsl’g'sk (Fk+lsk)
By Cauchy-Schwarz inequality implies:

(t, —2)* )
28 yisi

lIsilI? IIFk+1II2

Flodyo < [1 el = 0535l = T2 s = Pyl — 0585

(t, — 2)?
2t2(1 — 1) %Sy sk

Then,

Fk+1dk+1 (1 - 53 64 - 65 - 66)”Fk+1”2 =< _P2”Fk+1”2
The proof is completed.

3.3. Algorithm (PDL-CG) [29]
Given x, € Q,y > 0,r, 0, € (0,1), stop test e > 0, set k = 0.
Stepl: Evaluate F(x;) and test if ||F (x;)|l < e stop, else go to Step 3.

T
Step2: Generate the search direction d, by (6) and here gfP" = F:::Yk 2lly ||2%; W, =y, +

tydandt, = 1+ max( yk k) Stop if d, = 0.

Step3: Set z, = x;, + a,d;, where the step size a;, = max(yr™|m = 0,1,2,..) is determined by the line
search —F (x; + axd)"d), > ogaylld,||?

Step4d: If z, € Qand |[F(z,)I| < € stop, else compute the next point x,, from Step (2).

Step5: Let k = k + 1 and go to Step 1.
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3.4. New Algorithm (NDDL-CG).

Stepl: Given x, € Q,r,n,0,¢ € (0,1), stop teste > 0, setk = 0.

Step2: Evaluate F(x;,) and test if || F (x; )|l < € stop, else go to Step 3.

Step3: When y!I's, > sI's, compute P, from (19) and if P, # oo then ¢! from (13a) else from (13b).
Step4: When y!I's, < sI's, compute P, from (25) and if P, # oo then g7¢%? from (16a) else from (16b).
Step5: Compute d,, by (6) and stop if d, = 0.

Step6: Set z, = x;, + a,d;, where a;, = r™ with m being the smallest positive integer m such that:

m T m
_F (xk +erk) dk > U%lldkllz

Step7: If z, € Qand |[F(z,)I| < € stop, else compute the next point x,_, from (2).
Step8: Let k = k + 1 and go to Stepl.

4. GLOBAL CONVERGENCE

In the previous section, we gave a preface to the proof of convergence condition by establishing the
property of sufficient descent through Lemmas 3.1 and 3.2. Now we need some assumption, to begin with,
the proof of convergence condition, which is illustrated thus:

4.1. Assumption
Suppose F fulfills the following assumptions:
a) The solution group of (2) is non-empty.
b) The function F is Lipschitz continuous, i.e., there exists a positive constant L such that:

IFGx) = F)I < Lllx =yl ,vx,y € R* (26)
c) F isuniformly monotone, that is,
(F(x) =F(y),x—y)=cllx—yll*,vx,y € R",c>0 (27)

4.2. Lemma [13]
assume (x € R™) satisfy F(x) = 0 and {x} is generated by the new algorithm (NDDL-CG) that check
Lemmas 3.1 and 3.2, then [[x;,; — X1 < llx, — %1% = llx1 — x1|I? . Specifically, it is {x} bounded and

Lic=ollxpsr — xpll < o0 (28)

4.3. Lemma
Suppose {x} is generated by the new algorithm (NDDL-CG) then

limye, aylldill = 0 (29)

Proof:
The sequence {||x; — x|} not increasing, converging, and thus constrained. As well, {x;} is bounded
and limy_,o |[x,1 — x|l = 0. From (2) and used a line search, we have:

_F@)" (x = ) _ N F(z )" di
X1 — x|l = —”F(Zk)”Z IF(z)ll = —IIF(Zk)II

> a,lld,ll =0

Then the proof is completed.

4.4, Theorem.
Let {x, } and {z,} be the sequences generated by the new algorithm (NDDL-CG) then

liminf o, [IF ()1l = 0. (30)

Proof:

Case I: If liminf|[dyll;o0 = 0, we have liminf ,_ ||F(x;)|l = 0. We use the continuity of F, the
sequence {x;} has some accumulation point x such that F(x) = 0. Since {||x; — x||} converges and X is an
accumulation point of {x,}, it follows that converges to x.

Case II: If lim inf ||dj || ;0o > 0, We have lim inf ,_, [|F(x,)|l > 0. By (29), it holds that lim,,_,., &, = 0.
Using the line search:
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m T

4 r™m
_F(xk‘l'?dk) dk<o-?”dk”2

and the boundedness of {x,},{d,}, we can choose a subsequence such that allowing k to go to infinity in the
above inequality results

—Fx)™d <0 (31)
On the other hand, from (17) and (23) we get
—F(@)Td = p; IFI? >0 (32)
For i=1 and 2. It is through (31) and (32) indicates a contradiction. So, it is lim inf ,_,., [[F(x; )|l > 0

does not hold and the proof is complete.

4. RESULTS AND EXPLANATIONS

In this section, we present several results that explain the importance of the new algorithm (NDDL-
CG) compared to the standard Dai-Liao (PDL-CG) algorithm [20] using Matlab R2018b program in a laptop
calculator with its Core™i5 specifications. The program finds the results on several non-derivative functions
through several primary points indicated asshown in Table 1.

Table 1. Number of initial points

Name of Variable Number
X, 1,11,..,1)7
x; (10,10,10,..,10)7
111 1
X3 — - = N\T
97777
X4 ~ - - 3\T
(n'n'n""n)
Xs (i i i i)T
10°10°10°"""10

These algorithms are implemented for dimensions n (1000, 2000, 5000, 7000, 12000). The stopping scale is
IF(x )l < 1078, These algorithms are distinguished by their performance in (Iter): number of iterations,
(Eval-F): number of function evaluations, (Time): CPU time in second and (Norm): the norm of
approximation solution. The test problems are F(xX) = (fi, far far on ST where
x = (x1,%3,%3, 0, x,)7, fori = 1,2,...,n and Q = R} Information of test functions as shown in Table 2.

Winner w.r.t. number of iterations, FVAL, TIME and NORM as shown in Table 3, according to all
the initial points that we chose, shows the number of times the new algorithm has succeeded (NDDL-CG)
versus each other against (PDL-CG) by relying on the number of iterations and on the number of times the
goal function is calculated and on the time taken for each implementation In addition to the base value. As
for Table 4, it represents the total implementation results of the (hew (NDDL-CG) and old (PDL-CG))
algorithms) for each starting point of the initial five points.

Table 2. Information of test functions [31-36]

Name of Functions Details Reference
F, F;(x) = 2 x; — sin|x;| [31]
F, F;(x) = x; — sin(x;) [31]
F; F(x)= e¥i—1 [32]
X
Fy RGO = In(lxl +1) - = (33]
Fy Fy(x) = min(min(|x;|, x?) , max(|x;], x7)) [34]
F6 cos(x1+x7) [34]

Fl(x) =x,—e n+i
€05 (Xj41 +X+X;-1)
F(x)=x;—e n+1 ,fori=23,..,n—-1
cos(Xp—1+xpn)
E(x)=x,—¢ n+l

Fi(x) = %exi -1 [31]
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Name of Functions Details Reference
Fy F(x)=e""—1,F(x)=e*i—x;_;—1 [33]
Fy L [35]

RGO = ) il
n 35]
F,
. FG) = ) x| e Bisinecd
i=1
Fiy z [36]
F(x) = lei sin(x) + 0.1 (x))]
i=1
Fi, z , [36]
RO = ) ]
i=1

Table3. Winner w.r.t. number of iterations, FVAL, TIME and NORM

Name of Variable PDL-CG NDDL-CG
ITER/FVAL/TIME/NORM ITER/FVAL/TIME /NORM
X1 35/35/24/26 25/25/36/34
Xy 21/21/19/25 39/39/41/35
X3 15/15/11/18 25/25/37/22
X4 15/15/11/16 10/10/14/9
Xs 15/11/3/20 25/29/371/20
Total 101/97/68/105 124/128/165/120

Table4. Total of functions for each initial points

Name of Variable

PDL-CG
ITER/FVAL / TIME / NORM

NDDL-CG
ITER/FVAL / TIME / NORM

X1
X2
X3
X4
Xs
Total

1658 /3612 /1431.865 / 2.96E-07
1758 /3611 /2441.866 / 2.96E-07
1201 /2607 / 1583.853 / 1.52E-07
135/680/1196.513 / 2.63E-08
1678 /4987 /2678.288 / 1.89E-07
6430 /15497 / 9332.385 / 9.59E-07

431/1136/931.698 / 1.26E-07
382/990/835.6486 / 1.11E-07
307/945/681.346 / 9.7E-08
74/173/347.9768 / 1.65E-08
226 /652 /458.5485 / 7.13E-08
1420 /3896 / 3255.2179 / 4.22E-07

Using Dolan and Mor’e [37] style, the following three figures are also for comparison between the
two algorithms concerning the number of iterations, the number of times the function is calculated and the
time is taken, which we calculated for the point x., Figure 1 shows the effect of the number of iterations on
the two algorithms when switching and increasing dimensions. As for Figure 2, it is clear that the new
algorithm is based on calculating the number of times the target function is better. Figure 3 shows the amount
of time spent on the algorithms used in this work. As a conclusion, the figure shows us that the new

algorithm is more efficient when compared to the old algorithm.

Performance profile: 3.400000e-02
T T T T T

Performance of function evaluation
o
[

o
N

e

1 :
09
08 f
So7
©
So6f
=
o
8 05F
c
®©
g 0.4
£
2o3
02}
0.1 PDL-CG |-
——NDDL-CG
2 4 6 8 12 14 16

Figure 1. Performance of the two algorithms
w.r.t. (Iter)

Performance profile: 5.000000e-01
T T

o
™
T

e
3
T

g
o
T

=}
IS
T

o
w
T

Y ‘

w.r.t. (Eval-F)

Figure 2. Performance of the two algorithms
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Performance profile: 5.000000e-01
T T T ——

Performance of Time
© o o o o o o
w S (9, o ~ o ©
T T T T T

<
[N}
T

°

PDL-CG |
——NDDL-CG
n L

L L 1 I I
1 2 3 4 5 6 7 8

Figure 3. Performing the two algorithms w.r.t. (TIME)

5. CONCLUSION

From the results we conclude that the new algorithm (NDDL-CG) is more efficient than the old
algorithm (PDL-CG) using most of the initial values when comparing its performance in changing
dimensions. We also notice through the three drawings presented in the evaluation of previous results that the
efficiency of the new algorithm increases with the increase in the number of dimensions and stability appears
in some of the relevant results by calculating the goal function, and therefore the addition to the new
algorithm (which contains the parameter of the penalty function) makes the new algorithm more appropriate
than the algorithms Others are in the same field of work.
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