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This paper investigates the applied uncertainty and sensitivity analysis to
resistors used in a voltage series operational amplifier circuit. Two types of
resistor bands are considered, namely the gold band (5% tolerance) and the
silver band (10% tolerance). To generate resistors uncertainty sample points,
the SIMLAB uncertainty and sensitivity tool is used. A total of 6,144 sample
points based on Sobol’ technique has been created for each resistor band. The
voltage series amplifier is modelled in MATLAB/Simulink. A MATLAB
script has been written to execute Monte-Carlo simulations to read the
resistor sample points, updating and executing the voltage series model and
finally calculating the voltage gain. The result of uncertainty analysis shows
that the produced voltage gain is uncertain within the range of +1 for the
gold band and +2 for the silver band with respect to a target voltage gain.
The result of the sensitivity analysis shows that each resistor, although their
values are different, contributes equally to the uncertainty of the voltage gain.
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1. INTRODUCTION

Operational amplifier (op-amp) is a voltage controlled voltage source amplifier widely used in many
electronic applications and circuits such as audio amplifier. The operation of a basic op-amp is to transform a
low voltage signal to a higher voltage signal. The basic op-amp voltage gain without any feedback circuit is
extremely high. The voltage gain (i.e. the ratio of output voltage to input voltage) can be between 20 V/mV
and 100 V /uV. As an example, a typical voltage gain for general purpose LM741 op-amp is 200 V/mV [1].
The high voltage gain makes the basic op-amp component impractical for electronic applications. To
overcome the problem, the op-amp is required to couple with a feedback circuit. The feedback circuit can
reduce the extremely high voltage gain to a lower voltage gain that is usable in electronic applications.

There are two types of feedback circuits which are positive and negative feedback. The latter is
commonly used due to several advantages such as stability at higher frequency, reduction of nonlinear
distortion and bandwidth extension [2]. The negative feedback circuit can be built by adding a few external
components such as resistors and capacitors. Figure 1 shows a simple non-inverting negative feedback circuit
by using two external resistors R, and R connected to a basic LM741 op-amp. This circuit, also known as a
voltage series, can set its voltage gain target by choosing appropriate values for resistors R, and R.
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Figure 1. Voltage series op-amp

Theoretically, the voltage gain A, for the voltage series circuit is given by [2, 3]:
. |4 RF
Voltage gain, Ay, (;) =1+ . 1)
1

Using (1), a voltage gain of 11V /V can be achieved by using circuit resistors R, and Ry of 1kQ and
10kQ, respectively. The resulting voltage gain remains fixed at 11V /V providing that the resistors R, and Ry
values are ideal and unchanged. In practice, the resistors R, and Ry are subjected to variations and errors due
to the process of manufacturing and type of material used such as molded carbon composition and film
resistors [4-7]. Resistor manufacturers provide resistor color code which includes information about resistor
variations (i.e. tolerances). The resistor color code can be ranged from low precision (3-band) to high
precision (6-band) [8-10]. In case of 3-band resistor, the tolerance band used is fixed at 20% of its nominal
value. For other cases, the tolerance band is between 0.05% and 20%. In any case, the tolerances indicate the
possibility of resistor uncertainties which may also lead to voltage gain uncertainties. It is important to
investigate the voltage gain uncertainties such that it is within certain design boundaries.

Uncertainty analysis can be used to assure that the voltage series circuit is designed to achieve a
target voltage gain. Furthermore, it can also be used to show the bounds of circuit behavior. The uncertainty
analysis quantifies all possible voltage gain outcomes that result from input uncertainties. The result of
uncertainty analysis is the probability distributions of the voltage gain. In general, the small voltage gain
uncertainty indicates the better voltage series circuit, and vice-versa. If the voltage gain uncertainty is high,
some sensitive electronic components might be affected since these components work properly in a stable
and fixed voltage gain condition. Beside the uncertainty analysis, it is also essential to apply the sensitivity
analysis. Sensitivity analysis is how the input or model parameter uncertainty impacts the model outcome
[11-13]. This means that the sensitivity analysis is much related to the uncertainty analysis. We can use the
sensitivity analysis to quantify the contribution of each resistor to the uncertainty of the voltage gain. The
result from the sensitivity analysis can be used to prioritize the circuit components [14]. A component with
low sensitivity index (i.e. low contribution) can be set as a low prioritization component since it has a small
effect on the voltage gain.

A few works have been carried out using uncertainty and sensitivity analysis techniques in an
electronic field. W. Hernandez and J. de Vicente [15] investigated the uncertainty of the robust photometer
circuit (RPC) transfer function. The paper shows an example of the design RPC where the gain and the phase
shift were found to be robust. F. Yuan and A. Opal [16] proposed a new method for noise and sensitivity
analysis of a multiphase periodically switched linear circuit. The study, however, has applied only the
sensitivity analysis in the frequency domain. The results show that the output of the circuit is sensitive with
respect to all elements of the circuit. J. Cheng et al. [17] have used the sensitive analysis to investigate the
effects of electromagnetic interference (EMI) in the pA741 op-amp circuit. The result indicates that the
differential input stage and the intermediate amplifying stage of the pA741 op-amp circuit are the most
sensitive function model to the EMI effects. There has been also a study on a sensitivity analysis tool known
as LIMSoft by N. B. Hamida, et al. [18]. The tool provides sensitivity computation and analysis to design
fault-resistant circuits and generate test vectors. The recent study using the uncertainty analysis was
conducted by T. Bari¢ et al. [19]. The authors investigated the impact of balance resistor uncertainty on
super-capacitors voltage and derived mathematical expression for the impact. It shows that the mathematical
expression can be used to achieve the desired voltage variation level within safety margins.

In this paper, a Sobol’ technique [12, 20] which is sampling-based has been applied to a model of a
voltage series amplifier. The objective of this paper is to quantify the uncertainty and sensitivity of the
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voltage gain due to the uncertainty of its external resistors R; and R, shown in Figure 1. Two common types
of resistor bands which are gold (+5% tolerance) and silver (+10% tolerance) are considered. The
uncertainty and sensitivity analysis has been performed using SIMLAB [21] and MATLAB/Simulink
tools [22]. SIMLAB is used to generate a sample of resistor uncertainties based on Sobol technique, measure
voltage gain uncertainty and obtain sensitivity indices for resistors. The MATLAB/Simulink is used to model
the simple voltage series amplifier and automate the execution of the model based on Monte-Carlo
simulations.

2. RESEARCH METHOD
2.1. Uncertainty and sensitivity analysis

The aim of the uncertainty analysis is to quantify the propagation of inputs and parameters
uncertainties to the model outputs, whereas the sensitivity analysis quantifies the contribution of those inputs
and parameters to the uncertainties [23, 24]. The uncertainty and sensitivity analysis can be broadly classified
into local and global techniques. The local uncertainty and sensitivity analysis, such as Morris technique, is a
simple technique whereby only one input factor is varied at a time. The input factor is varied around its
nominal value while other factors being fixed at their nominal values. The local uncertainty and sensitivity
analysis are suitable for screening important among many input factors. However, the local uncertainty and
sensitivity analysis are unable to quantify the interaction contribution among input factors [11, 12, 20, 25].

In contrast, global uncertainty and sensitivity analysis, such as Sobol’ technique, are based on
varying all input factors simultaneously within their respective factor spaces. The advantage of the global
analysis is in its ability to quantify the interaction contribution of input factors. The global analysis, however,
requires a high computational cost [23]. In this paper, we use a Sobol’ technique which is global uncertainty
and sensitivity analysis. The Sobol’ technique is a variance-based technique. This technique decomposes the
output variance into components that quantify the importance of the single model input factors. The
uncertainty and sensitivity analysis based on Sobol’ technique have been demonstrated to be one of the most
robust and popular techniques applied in many study areas [26-30].

Consider a mathematical model f() which the output variable Y is a nonlinear deterministic
function of its k input factors:

Y = f(x1, %0, 0, Xi) 2

where x = [x;, X5, ..., X;] are the uncertain input factors of the mathematical model. It is assumed that the
input factors are random and independent variables. The output expected value E(Y) and variance V(Y) are
given by:

E(Y) = ff(xpxz: s Xp) dx (3)

V() = JIf G2, 2) — E(YV)]? dx 4

The expected value of Y conditional on x; is given by:
dx
E(Y|x;) = ff(xpxz» s Xg) ax; (5)

The first order sensitivity index of the model is defined by:

_ VIE(|x)]
Si = V() (6)

The total order sensitivity index of the model is defined by:

VIE(Y|x_)]
STi =1- T (7)

Where x_; represents the total of input factors excluding xi.

The first order index shows the effect of a single parameter on the output variance. The total order
index shows the effect of the first order and interaction involving that parameters (second and higher order
effects) on the output variance. If the first order and total order indices are similar, the model has mostly no
interaction effects [11, 12]. To assist in computing the S; and S;; indices, the SIMLAB uncertainty and
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sensitivity tool is used. The SIMLAB is a software tool specifically designed for investigating uncertainty
and sensitivity analysis [21].

2.2. Methodology

The methodology used to apply uncertainty and sensitivity analysis is shown in Figure 2. It is
implemented within two environments which are the SIMLAB and the MATLAB/Simulink. The function of
the SIMLAB is for pre-processing and post-processing by generating sample points and finally calculating
uncertainty and sensitivity indices. The MATLAB/Simulink is used to simulate a voltage series model and
calculate its voltage gain.

Firstly, two input factors, R, and R, defined their parameters and uncertainties in the SIMLAB
environment. There were two study cases since we considered two resistor tolerance bands (+£5% and
+10%). Table 1 summarizes the investigated input factors with their corresponding uncertainties.

Table 1. Input factors uncertainty

Input Case | (£5%) Case Il (£10%)
R, 1kQ + 5% 1kQ + 10%
Rg 10kQ + 5% 10kQ + 10%

For both case | and case I, the probability of each resistor was assumed to be a uniform distribution.
This means that the probabilities for the occurrence of these resistor values within their possible ranges are
the same. Based on Sobol’ sensitivity technique selected in the SIMLAB tool, each case study has generated
6144 x 2 uncertain sample points.
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Figure 2. Uncertainty and sensitivity analysis methodology

In the second environment, we initially modelled a voltage series in Simulink as shown in Figure 3.
We set R, and Ry as the variable input factors such that these factors would be sequentially updated when
executing the model. We used MATLAB scripts to automatically read the 6144 x 2 sample points and for
each row of the sample points, the scripts updated the variable input resistors, R, and Rg. Then, the voltage
series model was executed for 5 milliseconds. The peak to peak input V;(,,,y and output peak to peak voltage
Vopp) Were automatically captured. The voltage gain was calculated using (8):
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Figure 3. Voltage series model in simulink

The process to update R, and Ry, runs the voltage series model, plots the input and output voltages
and calculates the voltage gain based on Monte-Carlo simulations. The process has been repeating for all
6144 sample points. Once completed, a file containing the list of calculated voltage gain was created.
Finally, the file containing the list of voltage gain and the sample points were imported into SIMLAB again
for post-processing. The post-processing includes the mapping between the generated sample points and their
corresponding voltage gain based on the Sobol’ technique. The results of uncertainty and sensitivity analysis
are described next.

3. RESULTS AND DISCUSSION

There are two case studies which are voltage series that used resistors with +5% tolerance (case I)
and resistors with +10% tolerance (case I1). For both cases, the uncertainty and sensitivity analysis based on
Sobol’ technique has been applied to quantify the uncertainty of voltage gain and the contribution of the
resistors to the uncertainty of the voltage gain.

3.1. Case I (Resistors with +5% tolerance)

This case assumes that the resistors R; and Ry are uncertain within 5% from their nominal value.
Thus, the range values for the resistors R, and R are 0.95kQ < R, < 1.05kQ and 9.5kQ < R, < 10.5kQ,
respectively. Using the SIMLAB tool, a total of 6144 sample points has been generated as shown by Figure
4. The minimum value for R, is 0.95 k2 and the maximum value is 1.05 k2. Similarly, the minimum and
maximum values for Ry are 9.5 k2 and 10.5 k£, respectively. The distributions for both R, and R, sample
points are distributed in a uniform way.

As an example, Figure 5 shows a selected sample set out of 6144 sample sets used to simulate the
input and output voltages. The selected sample set values are R; = 0.9569 kQ and R = 9.9920 kQ. The
simulation shows that the input peak to peak voltage, V;,,) = 2mV while the output peak to peak voltage,
Vop) = 23.02mV. Therefore, the voltage gain, A, = 23.02mV /2mV = 11.51. As the target voltage gain is

11, the produced voltage gain is deviated by = (11.51 - 11) = 0.51.

Figure 6 shows the histogram of the voltage gain that has been tabulated for all the 6144 sample
points. ldeally, with R, = 1kQ and R = 10 kQ, the target voltage gain is 11. However, with the 5%
uncertainty for both resistors R, and R, the minimum and maximum possible values for voltage gain are
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10.1 and 12.1., respectively. Thus, the range of voltage gain uncertainties is between 10.1 and 12.1. This
result indicates that the 5% uncertainty for both resistors R, and R resulting in the voltage gain is uncertain,
which is approximately 11 + 1.
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Figure 4. Resistor R, and Ry histogram
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Figure 6. Voltage gain histogram (case 1)
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Table 2 shows the sensitivity indices for case I. The first order index for R, and R is 0.500578 and
0.499302, respectively. Since the resistor indices are almost of the same values, their contribution level to
the voltage gain uncertainty is similar. This result means that although the Ry is 10 times the R, values, these
resistors make an equally important input factor for the voltage series circuit. R, and R total order indices
also show a similar value as compared to their first order indices which means that no interaction between R,
and Ry contributes to the voltage gain uncertainty.

Table 2. Sensitivity indices for R; and R, (Case I)
Resistor ~ First order  Total order
Ry 0.500578 0.501015
Rp 0.499302 0.499740

3.2. Case Il (Resistors with +10% tolerance)

This case is like case | except that the resistors R, and R are uncertain at wider ranges. In this case,
both the R, and Ry are uncertain at +£10% from their nominal values. Figure 7 shows the histogram of
voltage gain for case Il. The ideal voltage gain is 11. However, with the uncertainty of both resistors R, and
Ry the voltage gain is uncertain between 9.2 and 13.2. This result indicates that the voltage gain is uncertain
which is approximately 11 + 2.
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Figure 7. Voltage gain histogram (case I1)

Table 3 tabulates the sensitivity indices for case Il. The first order indices for R, and Ry are
0.501499 and 0.497151, respectively. This result shows that R, and R index values are almost the same
indicating that their contribution level to the voltage gain uncertainty is similar. The R, and Ry total order
indices also show almost similar value as compared to their first order indices. This means that no interaction
between R; and Ry contributes to the voltage gain uncertainty

Table 3. Sensitivity indices for R, and Ry (case Il)

Resistor First order Total order
Ry 0.501499 0.503216
Rp 0.497151 0.498868

4. CONCLUSION

This paper shows the applied uncertainty and sensitivity analysis based on Sobol’s technique to the
voltage series amplifier. The uncertainty analysis is used to measure the uncertainty of voltage gain due to the
uncertainties in the resistors of the amplifier. Furthermore, the sensitivity analysis is used to identify the
contribution of the resistors to the uncertainty of the voltage gain. Two cases of resistor uncertainties are
considered which are resistor with a gold tolerance (case 1) and resistor with a silver tolerance (case Il). For
both cases, the ideal target voltage gain has been set to 11. The results for the case | show that the voltage
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gain shows a small uncertainty which is between 10.1 and 12.1. As expected, the voltage gain shows a wider
uncertainty for case Il since the resistors with low tolerance are used. The uncertainty of voltage gain for case
Il is between 9.2 and 13.2. The applied sensitivity analysis in both cases shows that voltage series resistors
R; and R contribute equally to the output voltage uncertainty although the R, value is larger than R, by a
factor of 10. The resistors R, and R, however, show no contribution of interaction on the uncertainty of the
voltage gain. Future works will consider electronic circuits of higher complexities.
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