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 Adaptive quadrature amplitude modulation (QAM) is a crucial scheme that 

enables the modern communication systems to overcome the adverse effects 

of channel fluctuations and maintain an acceptable spectral efficiency. In 

order to enhance adaptive modulation even further, adoption of odd-bit QAM 

constellations alongside even constellations had been suggested to improve 

the transmission efficiency of adaptive QAM modulation. Hence, odd-bit 

QAM had been extensively studied, analyzed, and tested by many 

researchers for various patterns, sizes, and communication systems in terms 

of bit error rate (BER) and peak to average power ratio (PAPR). However, 

the PAPR performance of odd-bit QAM constellation with single carrier 

transmission systems adopted in the uplink of the 4G long term evolution 

(LTE) standards caught almost no research interest. In this paper, the PAPR 

performance of both cross and rectangular odd-bit QAM constellations are 

investigated for DFT-S-OFDM systems. Complementary cumulative 

distribution functions (CCDFs) and probability density functions (PDFs) 

curves for PAPR are also obtained. Finally, an equation for PAPR PDF is 

empirically derived for odd-bit cross QAM based DFT-S-OFDM. The results 

show that cross odd-bit QAM outperforms the rectangular odd-bit QAM in 

terms of PAPR by 1.02 dB for 8-QAM and 1.3 dB for 32-QAM. This proves 

that cross odd-bit QAM is a better choice in terms of PAPR for DFT-S-

OFDM systems. 
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1. INTRODUCTION  

Orthogonal frequency division multiplexing (OFDM) system is a popular multi-access technique for 

its spectral efficiency, and tolerance to multipath fading and inter-symbol interference. However, its main 

drawback is the high PAPR that manifests itself as high peaks in OFDM signal driving the power amplifiers 

out of linearity and causing an intermodulation distortion, especially in the uplink. One of the famous 

solutions to reduce the high PAPR problem in OFDM systems is precoding the data symbols using a discrete 

fourier transform (DFT) block before feeding them to the conventional OFDM modulator. DFT precoding 

process will largely reduce the higher signal peaks resulting in a PAPR nearly the same as the input data 

symbols. Hence, DFT-S-OFDM system (also known as single carrier frequency division multiple access (SC-

FDMA) system) is used as a multi-access technique for the uplink LTE and LTE-Advanced 4G standards.  

On the other hand, in order to enable the communication systems to maintain an acceptable 

performance in varying channel conditions, it is important to employ adaptive QAM modulation scheme to 

https://creativecommons.org/licenses/by-sa/4.0/
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control the data transmission rate via controlling the constellation size according to the channel conditions. 

Currently, the even 2
2n

 (n is an integer) QAM constellations is predominant in the most communication 

systems. Although the BER performance of odd 2
2(n+1)

 QAM constellation outperforms even QAM 

constellations providing better efficiency for adaptive modulation [1], it is less favorable due to the 

unbalanced average power between the real and imaginary signals and due to the high PAPR of rectangular 

odd-bit QAM constellations. Cross odd-bit QAM, though, cannot adopt the gray labelling which making its 

bit error rate (BER) performance suboptimal compared to the rectangular constellation, it has a balanced 

average power between real and imaginary signals and better PAPR performance making it a favorable 

candidate to adopt in adaptive modulation. 

PAPR problem in communications systems had been an interesting topic for many researchers. 

Numerous articles focused on the analysis and reduction techniques for PAPR problem in various 

communication systems. An exact PAPR distribution was derived for band-limited OFDM systems and an 

approximate closed-form expression for PAPR distribution was proposed in [2]. PAPR distribution for 

OFDM systems was calculated and derived based on the extreme value theory in [3] and [4]. The 

performance analysis of many PAPR reduction techniques for OFDM and SC-FDMA systems were 

presented in [5-11].  

On the other hand, Analysis of the PAPR performance in OFDM and SC-FDMA systems also 

caught a big interest for many researchers. Authors in [12-13] analyzed the effect of subcarrier mapping and 

pulse shaping on the PAPR performance of SC-FDMA systems. In [14-15], PAPR was analyzed for OFDM 

and beamforming MIMO-OFDM systems and mitigation algorithms were proposed to solve the deterioration 

of PAPR performance caused by OFDM and beamforming. Artificial intelligence was exploited in [16] for 

analyzing the PAPR performance of OFDM systems. Several related articles regarding the analysis of PAPR 

performance of OFDM and SC-FDMA were presented in [17-19]. Finally, an analytic formula for PAPR 

probability density function was derived for single carrier even M-QAM modulations in [20].  

To sum up, nearly no studies have investigated the PAPR performance of single carrier transmission 

systems when adopting odd-bit QAM constellations. Therefore, in this paper, PAPR performance of DFT-S-

OFDM system when using both cross and rectangular odd-bit QAM constellations at different FFT sizes 

(Bandwidths) and QAM orders will be analyzed, simulated, tested and compared. Moreover, an expression of 

PAPR PDF for odd-bit cross QAM based DFT-S-OFDM systems will empirically be derived. Section 2 of 

this article will provide a theoretical analysis for different odd-bit QAM constellations distribution patterns 

and their impact on the PAPR performance of DFT-S-OFDM systems. The proposed model used to simulate 

and test the PAPR performance of odd-bit QAM based DFT-S-OFDM system will also be included in 

Section 2. Section 3 will introduce the simulation results represented by the PAPR PDF and CCDF curves for 

both rectangular and cross odd-bit QAM based DFT-S-OFDM systems at various FFT sizes, and 

constellation orders. It will also include the derivation of an empirical expression of PAPR PDF for odd-bit 

cross QAM based DFT-S-OFDM systems. Finally, the important conclusions will be presented in Section 4. 

 

 

2. RESEARCH METHODOLOGY AND THE PROPOSED MODEL 

Since the PAPR of DFT-S-OFDM system depends on the input symbols, Odd-bit QAM distribution 

patterns and required energy have a direct impact on the PAPR of the system. Hence, a theoretical analysis 

and derivations regarding odd-bit QAM different constellations and DFT-S-OFDM systems in terms of 

PAPR is crucial in the investigation of the PAPR performance of DFT-S-OFDM systems when adopting odd-

bit QAM. 

 

2.1. Odd-bit QAM 

Odd-bit QAM maps an odd number of bits (k) into M symbols where k = log2M. Many patterns 

were proposed as candidates for odd-bit QAM such as the rectangular, cross, circular or triangular 

constellations, yet, the most popular patterns used for Odd QAM are the rectangular and cross constellations. 

The odd-bit rectangular QAM constellation points are arranged in 2
m
 columns and 2

n
 rows where m = n+1. 

Figure 1 shows the odd-bit rectangular QAM of 8 and 32 size constellations. 

As shown in Figure 1, rectangular odd-bit QAM uses gray labelling (gray penalty is 1) to map data 

bits into symbols in order to reduce BER. Moreover, it is easier to generate and demodulate the rectangular 

odd-bit QAM signal since it is represented by two pulse amplitude modulation (PAM) signals on phase 

quadrature carriers. However, it is obvious that the average power in real and imaginary parts is unbalanced 

leading to a high PAPR value that limits the performance of power amplifiers by driving them out of 

linearity. 

Cross odd-bit QAM, as rectangular odd-bit QAM, maps an odd number of bits into symbols. Yet, 

the way of distributing the constellation points is different. As shown in Figure 2, the constellation points on 
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the edges of the constellation diagram are moved up and down [21]. This arrangement gives the cross odd-bit 

QAM balanced average power between real and imaginary signals, thus, enhancing the PAPR performance 

of the system. 

 

 

  

(a) (b) 

  

Figure 1. Constellation points distribution for (a) 8-Rectangular QAM, (b) 32-Rectangular QAM 

 

 

  

(a) (b) 

  

Figure 2. Constellation points distribution for (a) 8-Cross QAM, (b) 32-Cross QAM 

 

 

Moreover, the cross odd-bit QAM surpasses rectangular odd-bit QAM in terms of required energy 

for a minimum Euclidean distance (dmin) of two as shown in (1). 
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       (  √ )

 
        

CQAM Gain = 10 [log10 (6) – log10(4.73)] = 1.03 dB  

 

Applying the same approach for rectangular and cross 32-QAM constellations yields in CQAM gain 

of 1.14 dB. As shown in Figure 2, cross odd-bit QAM adopts a pseudo gray labelling which unlike the 

rectangular odd-bit QAM, is an imperfect labelling that increases the BER. However, since the gray penalty 

for cross odd-bit QAM is near unity (10/8 for 8-CQAM and 7/6 for 32-CQAM) [21], the BER performance 

will slightly be affected by the adoption of cross odd-bit QAM constellations. 
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2.2. PAPR analysis of DFT spread OFDM systems 

Although OFDM has a high tolerance for multipath fading, inter-symbol interference, and good 

spectral efficiency, peak to average power ratio (PAPR) is one of the big issues that need to be solved in 

OFDM systems. The reason behind the high PAPR value in OFDM systems is due to the phase constructive 

addition of the signals in subcarriers leading to high peaks in the resulting OFDM signal [22].  

For large Fast Fourier Transform (FFT) sizes (FFT size larger than 64 [4]), and assuming that the 

data symbols are statistically independent and identically distributed, the real and imaginary parts of the 

complex OFDM signal will converge to a Gaussian distribution according to Central Limit Theorem. The 

envelope of the OFDM signal will naturally follow the Rayleigh distribution. Assuming that the average 

power of the data symbols is normalized to one, the PDF will be formulated by [23, (2)].  

 

       
 

   
 

  

          
 (2) 

 

Where      . In order to obtain the PAPR CCDF, the CDF of the maximum of Rn must be 

obtained  

 

                      (3) 

 

            (                            )  (4) 
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Where         ∫                        
 

 
 

 

From (5), it can be deduced that the PAPR performance of OFDM systems degrades when FFT size 

gets larger, thus, limiting the performance of the communication system. One of the solutions to enhance the 

PAPR performance is to use DFT-S-OFDM system instead of OFDM system. In DFT-S-OFDM, the data 

symbols are FFT spread prior to the conventional IFFT process used in OFDM. Virtually, assuming that FFT 

and IFFT share the same size, FFT and IFFT will cancel each other making the PAPR nearly as same as the 

PAPR of single-carrier systems [23]. Due to its enhanced PAPR performance, the DFT-S-OFDM was 

adopted in the Long-term evolution standards uplink. Figure 3 shows the block diagram of the DFT-S-

OFDM. 

 

 

 
 

Figure 3. DFT-S-OFDM block diagram 

 

 

Since DFT-S-OFDM system has approximately the same PAPR of a single carrier system, the 

choice of QAM constellation size or pattern has a significant impact on the PAPR performance of the 

communication system. 

 

2.3. The proposed model 

The proposed model focused on simulating the transmission process of many data packets through 

DFT-S-OFDM system when adopting both cross and rectangular odd-bit QAM schemes. Peak to average 

power ratio values for each transmitted DFT-S-OFDM symbol were measured and used in obtaining and 

visualizing PAPR PDF and CCDF curves. The detailed modelling procedure is stated in the following points. 
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a) DFT spread OFDM system was simulated using MATLAB program. The simulation model was 

programmed to be configurable so that simulated communication system parameters such as FFT sizes, 

subcarriers mapping method, type of pulse shaping, pattern and size of the modulation scheme can be 

easily modified. Table 1 lists the parameters used for the simulation. LTE standard FFT sizes were 

adopted in the simulation. 

 

 

Table 1. System simulation parameters 
Parameters Value 

Communication System DFT Spread OFDM 

Subcarrier Mapping Localized 

Pulse Shaping Rectangular 
FFT Sizes Tested 128, 256, 512, 1024, 1536, 2048 [24] 

QAM Patterns Tested Cross, Rectangular 

QAM Sizes Tested 8-QAM, 32-QAM 

 

 

b) The simulation involved sending a 50000 data packets of different legnths (depending on FFT size and 

the order of QAM modulation selected) through the simulated DFT-S-OFDM communication system. 

For each data packet transmission, we measured the power of of all complex symbols in the transmitted 

DFT-S-OFDM signal. Then, we obtained PAPR for each transmission (i) using [25, (6)]. 

 

                   (
   (|   |

 )
 

 
∑  |   |

   
   

)  (6) 

 

Where (S) is vector consisted of (N) complex symbols that all together forms the transmitted DFTs OFDM 

signal. PAPR values for each transmission were stored in a separate vector denoted by (Y). 

c) A vector representing PAPR axis in PDF plot is created and denoted by (X) with 3 dB as minimum 

value, 13 dB as maximum value, and 0.05 dB step. From the PAPR values stored in vector (Y), we 

obtained PAPR probability density function and plotted it as a probability vector (PDF) versus (X) 

using the following relation.  

 

              (            )  
∑     (       )
   
    ∑     (     )

   
   

   
  (7) 

 

Where     (     ) is the number of elements in vector (Y) where (     ), (pkt) is the number of data 

packets transmitted (50000 in our model). 

d) PAPR cumulative complementary distribution functions (CCDFs) had also been obtained and plotted 

from vector (Y) using the relation. 
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e) We applied curve-fitting techniques on the PAPR PDFs curves obtained from the simulation to derive 

empirical formula that describe the statistical distribution of PAPR in odd-bit cross QAM based DFT-S-

OFDM systems. Figure 4 shows the flow chart of the proposed model  

 

 

 
 

Figure 4. Flowchart of the proposed simulation model 
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3. SIMULATION RESULTS 

The system model described earlier had been simulated to test the PAPR performance of both cross 

and rectangular odd-bit QAM schemes for the FFT sizes, and QAM patterns specified in Table 1. Figure 5 

shows the actual PAPR PDFs obtained from simulation (the dotted curves) for cross and rectangular odd-bit 

QAM constellations at the various FFT sizes and QAM orders mentioned in Table 1. PAPR PDFs also show 

that the mean (µ) is an increasing function of FFT size (N) while the variance (σ
2
) is a decreasing function of 

(N). Mean (µ) and variance (σ
2
) values for both cross and rectangular odd-bit QAM at all FFT sizes are 

measured and recorded in Table 2 and Table 3. 

 

 

Table 2. Measured mean and variance values of 32-CQAM and 32-RQAM 
32-CQAM 32-RQAM 

N 128 256 512 1024 1536 2048  N 128 256 512 1024 1536 2048 

µ 6.76 7.16 7.52 7.85 8.01 8.13 µ 7.92 8.40 8.82 9.20 9.39 9.52 

σ2 0.58 0.44 0.34 0.27 0.23 0.21 σ2 0.73 0.55 0.44 0.34 0.29 0.26 

 

 

Table 3. Measured mean and variance values of 8-CQAM and 8-RQAM 
8-CQAM 8-RQAM 

N 128 256 512 1024 1536 2048 N 128 256 512 1024 1536 2048 

µ 6.62 7.05 7.44 7.78 7.96 8.08 µ 7.59 8.08 8.48 8.82 9.00 9.13 
σ2 0.66 0.51 0.40 0.32 0.27 0.25 σ2 0.66 0.50 0.38 0.29 0.25 0.23 

 

 

  
(a) 

 

(b) 

 

  
(c) (d) 

  

Figure 5. Actual PAPR PDFs based on simulation versus PAPR PDFs based on (12) for (a) 32-Cross QAM, 

(b) 32-Rectangular QAM (c) 8-Cross QAM, (d) 8-Rectangular QAM 
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CCDF curves were also plotted for both cross and rectangular odd-bit QAM for 8, and 32 sizes at 

various bandwidths in Figure 6. The results confirm that cross odd-bit QAM outperforms rectangular odd-bit 

QAM by approximately the same margins obtained from the PDFs. 

 

 

  
(a) (b) 

  

Figure 6. CCDFs of Cross QAM and Rectangular QAM for (a) 32-points size, (b) 8-points size 

 

 

Gaussian curve-fitting technique (using MATLAB curve-fitting tool) had been applied on the PAPR 

PDFs vectors obtained from simulation in order to derive empirical formula that generally describes the 

PAPR statistical distribution of cross odd-bit QAM based DFT-S-OFDM system. The result of curve fitting 

shows that all PAPR PDFs when using cross odd-bit QAM schemes follow a scaled Gaussian distribution of 

(9). 

 

     
     

√   
 
 

      

     (9) 

 

Where (p) represents PAPR as random variable measured in (dB), (µ) and (  ) represents the mean 

and variance of the distribution.  

As explained earlier, (µ) and (  ) are increasing and decreasing functions of FFT size (N) 

respectively. Power curve-fitting technique had been used to obtain a relation that describes (µ) and (  ) as a 

function of FFT size (N) using the measured values of mean and variance versus FFT size in Table 2. The 

empirically obtained relations of (µ) and (  ) as functions of FFT size (N) are. 

 

              (10) 

 

               (11) 

 

Thus, the final general form of PAPR PDF equation for cross odd-bit QAM based DFT-S-OFDM 

system as a function of FFT size would be. 

 

     
     

√          
 
  

                

            (12) 

 

The PAPR PDFs curves (the continuous curves) based on (12) in Figure 5 prove that the empirically 

derived PAPR PDF equation is highly accurate.  

 

 

4. CONCLUSIONS 

In this paper, the Peak to average power ratio (PAPR) performance of DFT-S-OFDM system is 

investigated, simulated, and tested while adopting cross and rectangular odd-bit QAM constellations. The 
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results included PAPR PDFs and CCDFs for both rectangular and cross odd-bit QAM constellations at 

different FFT sizes (Bandwidths) and QAM orders. Curve fitting was applied on PAPR PDF curves obtained 

from simulation to empirically obtain a formula that accurately describes the PAPR statistical distribution 

when cross odd-bit QAM is used. Results showed the supremacy of cross odd-bit QAM over rectangular 

odd-bit QAM in terms of energy efficiency and PAPR performance. 
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