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1. INTRODUCTION

Magic squares being a mathematical theme of entertainment attracted the attention of many
mathematicians and therefore magic squares are considered an example of the beauty of mathematics
subjects and have many applications [1-6]. The first magic square is found in China and is called Lo Shu
square which is a square matrix with positive integers in which all the lines (rows, column, diagonals) are
equal to the same value. The magic squares attracted wide attention, which led to their transition to India,
Europe and the Islamic world in order to study them and to know their characteristics. The prevailing belief
then was that these squares possessed magical properties and therefore were linked in many cultures by
astrology and divination [7-9]. In recent years magic squares have been linked with water retention to reach
the magic squares that trap as much as possible of water. The problem of water retention is to pour water on a
certain surface and calculate the amount of water that will settle inside the holes of that surface. The rest of
the excess water is leaking through the edges, and thus finding maximum magic square that retaining water.
Figure 1 illustrates a magic square whose height is determined by the value within each cell.

Figure 1. Magic square representation
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2. WATER RETENTION

Due to the importance of water in many aspects of life, in addition to climate change, it was
necessary to find ways to store water and one of these methods are storage of water on the mathematical
surfaces. Water retention on magic squares is one of the beautiful applications of magic square where
the water is stored in the magic square by generating a wall surrounds the cells with the smallest values in
which the retention of water. It was reported for the first time in 2007 by Knecht. In 2010 a competition was
organized to find the magic squares which can store as much water as possible. It is possible to determine
the total units of water trapped by finding the difference between each cell within the wall with the lowest
value of the wall and collect all the resulting values to find the total value. The principle of storing water on
magic square does not depend on the natural magic squares, but overrides it to other types of magic squares,
for example semi-magic square, pandiagonal magic square, associative magic square and ultra-magic square
as shown in Figure 2. For more details about this application see [10-16]. Other applications are also used
magic square in combinatorics [17-21]

(@) (b)

Figure 2. (a) Associative magic square retaining 56 units of water (b) Semi —magic square retaining 4 units of water

3. SOME TYPES OF MAGIC SQUARE
In this section some definitions and types for the magic square are given.

Definition (1).[22]
Semi-magic square is a magic square which satisfies the condition of magic except that the sum of
one of the diagonals or both is not equal to the magic constant as given in Figure 3.

11519
6172
8134

Figure 3. Semi magic square

Definition (2). [23]
In a square matrix which achieved the condition of a natural magic square and in addition the sum of the
broken diagonals are equal to the magic constant it is called a pandigonal magic square which is given in Figure 4.

1 [ 15124 8 |17
231 71165 |14
20 4 |13 (22| 6
1221 ]10]19] 3
9 18] 2 | 1125

Figure 4. Pandigonal magic square
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Definition (3). [24]
A natural magic square for which each pair of numbers is symmetric versus centre, sum to n2+1 is
known as associative magic square as in Figure 5.

4 19 |2
3 |5 |7
8 1116

Figure 5. Associative magic square

Definition (4).
Squares that are both pan diagonal and associative are called ultra-magic as given in Figure 6.

27 146 |31 | 1 | 6 |17 | 47
819 120[26|34]43 35
29 [ 28 | 11 |32 (37 |36 2
45 138 |40 [25]10 12| 5
48 | 14 [ 13 | 18|39 | 22| 21
151 7 | 162430 |41 |42
3 133|144149(19| 4 |23

Figure 6. Ultra-magic square

Definition (5). [25]

Hetero square is square matrix whose entries positive numbers from 1 to n? such that the sum of
rows, columns, and diagonals has different sums. It can be constructed by arranging successive integers in a
spiral way as in Figure 7.

91 8 |7
2| 1 |6
3| 4 |5

Figure7. Hetero square

4. AN ALGORITHM FOR BUILDING WATER RETENTION ON MAGIC SQUARE OF ORDER
7,9, 11, 13.
Two algorithms are given in this section for magic squares of order 7, 9, 11 and 13

Algorithm 1

Input: magic square of order n

Output: the unit of water retention on magic square.

Step 1

The first and last rows and the first and last columns are a wall surrounding the inner matrix.
Step 2

Thepcorners of the inner matrix can be determined using the following four formulas.
a=max (]n—S,m—S ’ min (]n—6,m—5 v]n—S,m—6 ))

b = max (]n—l,m—s ! min (]n—l,m—6 v]n,m—s ))

C =max (]n—s,m—l ’ min (]n—6,m—1 r]n—s,m ))

d=maX (Jp_1,m-1 MN (Jpm-1+Jn-1m )
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Step 3

Thepcorners of the row that divide the internal matrix into two equal parts can be found using the following

formulae.

€ = max (]n—3,m—5 J min (]n—3,m—6 ' & b))

f = max (]n—3,m—1 ’ min (]n—3,m ' G d))

Step 4

The corners of the column that divides the internal matrix into two equal parts can be determined using

the following formulas.

g = max (]n—S,m—S ! min (]n—é,m—3 ' & C))

h= max (]n—l,m—3 ' min (]n,m—3 ) &, b))

Step 5

Find the pillars of the second column of the inner matrix as follows.

i= maX]n—S,m—4- , min (]n—e,m—4- ' & b))

j = maX]n—l,m—4- J min (]n,m—4- ' b, d))

Step 6

Find the pillars of the fourth column of the inner matrix as follows.

k = max (]n—s,m—z , min (]n—e,m—z ' & b))

I = max (]n—l,m—z ' min (]n,m—z ' & C))

Step 7

Find the pillars of the second row of the inner matrix as follows.

m = max (]n—4-,m—5 ) min (]n—4-,m—6 1 G, d))

n =max (]n—4-,m—1 ' min (]n—4-,m 1 G d))

Step 8

Find the pillars of the fourth row of the inner matrix as follows.

O = max (]n—Z,m—S , min (]n—Z,m—é b, d))

P = max (]n—Z,m—l ! min (]n—z,m ' b, d))

Step 9

For the cells that lie in the centre of the inner matrix there are two steps.

1. For the main diagonal and all diagonals parallel to it, find the greatest element with the exception of
values that were previously extracted

2. The same procedure is followed for the second diagonal and the parallel diagonal for it.

By using the formula z = max (/,,—3 -3 ,» min (g, h, e, f)) Which varies according to the selected cell, where

Jn-3m-3 is the cell located in the center and (g, h, e, f) are the corners of the row and column that the

intersection of them is the cell/;,_3 ;3.

Step 10

If J;—5.m—s is less than J,,_¢ -5 then consider J,_¢.,—s to be a block in the wall and if J,,_5 ,,_s is less than

Jn-5m—e then consider J,_s,_¢ as a block in the wall. Otherwise if J,,_s,,_s is less than the both then they

both cell are a blocks in the wall. If J,,_s .,_s is greater than both cell this mean that it is a block in the wall.

Step 11

If J—1m—s is less than J,,_; ,,_¢ then consider J,,_; ,,_¢ to be a block in the wall and if J,,_; ,,_s is less than

Jnm-s then consider J,, ., _s as a block in the wall. Otherwise if J,,_; ,,_s is less than both cells then they are a

blocks in the wall. If J,,_, ,,,_5 is greater than both cells this mean that it is a block in the wall.

Step 12

If J;—5m—1 IS less than J,,_¢ 1 then consider J,_¢ ., to be a block in the wall and if J,,_5 ., is less than

Jn-s,m then consider J,_s ., as a block in the wall. Otherwise if J,,_s ,,_, is less than both cells then they are a

blocks in the wall. If ,,_5 ,,,_; is greater than both cells this mean that it is a block in the wall.

Step 13

If J—1m-1 is less than J,,_ ., then consider J,,_, ,, to be a block in the wall and if J,,_; ,,,_, is less than J,, ,,_,

then consider J,, ,,—, as a block in the wall. Otherwise if J,,_; ,,_, is less than both cells then they are blocks

in the wall. If J;,,_, ,,_, is greater than both cells this mean that it is a block in the wall.

Step 14

The amount of water that are retained in the magic square are calculated by finding the difference between

every cell that retaining water and the smallest value in the wall, at least calculate the sum of them.

Algorithm 2
Step 1
Consider the first and last rows and the first and last columns as a wall surrounding the inner matrix.
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Step 2
Divide the matrix into four parts as shown.

A C

Step 3

The cells of the Wall that are located in part A can be determined using the same method as in the following
formula and the coordinates change depending on the location of the selected cell.

A =max (J, , min (12 —J1)

Step 4

The cells in part B are determined using the same way as in the following formula.

B = max (Jg2, Min (/o1 —/72)

Step 5

The cells in C are determined as in the formula.

C =max (J26, Min (J16 —/27)

Step 6

To find the cells in D use the same method as in the formula.

D =max (Js6, Min (J76 —J67)

Step 7

If ,, is less than J;, then consider J,, as a block in the wall and if J,, is less than J,; then consider J,, to be a
block in the wall otherwise if J,, is less than both cells then they are blocks in the wall if J,, is greater than
both cells, this mean that it is a block in the wall.

Step 8

If /¢, is less than J, then consider J,, as a block in the wall and if J, is less than ], then consider J,, to be a
block in the wall. Otherwise if J,, is less than both cells then both cells are blocks in the wall if J, is greater
than both cells this mean that it is a block in the wall.

Step 9

If J,¢ is less than J, then consider J,, to be a block in the wall and if ], is less than J,, then consider J,, as a
block in the wall. Otherwise if ], is less than both cells then both cells are blocks in the wall if J,. is greater
than both cell this mean that it is a block in the wall.

Step 10

If J¢¢ is less than J, then consider J,, as a block in the wall and if J, is less than J,, then consider J,¢ to be a
block in the wall. Otherwise if J, is less than both then both cells are blocks in the wall if J, is greater than
both cells this mean that it is a block in the wall.

The last four steps are only executed for the coordinates listed.

5. EXAMPLES
Some examples of water retention algorithms using magic squares for order 5, 7 and 9. Now an
example for Applying algorithm 1 is introduce.
Example (1): To find the units of water retention on the magic square of order 7.
Step 1
Consider the first and last rows and the first and last columns as a wall surrounding the inner matrix.

4 25 |46 |19 |31 |32 |18
27 |44 |16 |45 |12 |2 29
47 |10 |14 |6 48 |20 | 30
21 |43 |1 42 |5 41 | 22
33 |11 |49 |3 24 |15 | 40
34 |7 13 |37 |17 |39 | 28
9 35 |36 |23 |38 |26 |38
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Step 2

a =max (44, min (25, 27)) = 44

b =max (7, min (34, 35)) =34

¢ =max (2, min (32, 29)) = 29

d = max (39, min (28, 26)) = 39
Step 3

e = max (43, min (21, 44, 34)) = 43
f = max (41, min (22, 29, 39)) = 41
Step 4

g = max (45, min (19, 44, 29)) = 45
h = max (37, min (23, 44, 34)) = 37
Step 5

i = max (16, min (46, 44, 29)) = 29
j =max (13, min (36, 34, 39)) = 34
Step 6

k = max (12, min (31, 44, 34)) =31
I =max (17, min (38, 44, 29)) = 29
Step 7

m = max (10, min (47, 29, 39)) = 29

n = max (20, min (30, 29, 38)) =29
Step 8
0 = max (11, min (33, 34, 39)) = 33

p = max (15, min (40, 34, 39)) = 34.

Step 9

g = max (42, min (45, 37, 43, 41)) =
r = max (48, min (31, 29, 29, 29)) =
s =max (49, min (29, 34, 33, 34)) =

Step 10

42.
48.
49,

44 >25 and 27, thus 44 is block in the wall.

Step 11

7 < 34 and 36, thus 36 and 34 are blocks in the wall.

Step 12

2 < 32 and 29, thus 32 and 29 are blocks in the wall.

Step 13

39 >28 and 26, thus 39 is block in the wall.

Step 14
(29 -12) + (29 -2) + (29 -20) =53

(42 -16) + (42 -10) + (42 - 14) + (42-6) + (42— 1) = 163
(33-11)+(33-7)+(33-13)=68

(37 -5)+(37-3)+(37-24) + (37 -15) + (37 - 17) =121
Units =53 +163 + 68 + 121 = 405 in Figure 8.

Figure 8. Magic square of order 7 with 405 units of retention
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Now an example for applying algorithm 2 is introduce.

Example (2): To find the units of water retention on the magic square of order 5, the following steps are used
Step 1

The wall of the matrix is the 1% and 5™ row and the 1 and 5" column.

Step 2

Divide the matrix into four parts as shown.

Step 3: find the value in block A
a; =max (24, min (11, 14)) ——» a, =24
a, =max (1, min (22, 24)) ——» a, =22
as =max (6, min (24,15)) —» a3 =15
a, =max (23, min (1,6)) —» a;=23
Step 4: find the value in block B
b; =max (7, min (18,17)) ——» b, =17
Step 5: find the value in block C
¢; =max (5, min (20, 21)) —» ¢; =20
Step 6: find the value in block D
d, =max (25, min (12, 13)) ——» d, =25

The wall cells that are calculated using the algorithm. I:l

The block from the wall that surround the inner matrix. |:|

The cell which retains water. !

Calculate the unit of retaining water as follow
The lowest value in the wall is 15

(15-1)+ (15-5) + (15-2) + (15-6) + (15-7) + (15-3)
The unit of the cell that retaining water is 66 units

6. CONCLUSION

Magic square is very important in many real life applications; our work gives one of their important
applications which are water retention. New algorithms are written for magic square of order 7 then the work
was expanded to include all odd magic square.
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