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This work suggests several multi-step three-term Conjugate Gradient (CG)-
algorithms that satisfies their sufficient descent property and conjugacy
conditions. First, we considered (39) well-known three-term CG-method,
and we have, therefore, suggested two new classes of this type of algorithms
based on Hestenes and Stiefel (HS) and Polak-Ribiére (PR) formulas with
four different versions. Both descent and conjugacy conditions for all
the proposed algorithms are satisfied, at each iteration by using the strong
Wolfe line search condition and it's accelerated version. These new suggested
algorithms are some sort of modifications to the original HS and PR
methods. These CG-algorithms are considered as a sort of the memoryless
BFGS update. All of our new suggested methods are proved to be globally
convergent and numerically, more efficient than similar methods in the same
area based on our selected set of used numerical problems.
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1. INTRODUCTION

This paper considers the calculation of a local minimizer x*, say, for the problem:

Min f(x);where f:R" >R 1)

Is a nonlinear function and its gradient vectoris g, is available. The Hessian matrix is not available.

At the current iterative point X, the CG-method has the following form; based on the quadratic form:

X1 = X, + oy dy

dk+1 _ {_ gk+17

(2a)

k=0 )

— Oia + By, k=1

Here, o, ; step-length, d, ; search direction, ﬂk; parameter. Standard algorithms for solving this

problem include CG-algorithms, with very low memory requirements, which are iterative algorithms and
generate a sequence of approximations of the f(x). For more details, see Hassan [1].
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The first Three-Term CG-method was proposed by Beale [2] as:

|
dl?ffe =01+ +1d . B =B B BT ete... (32)

0, k=t+1
Vi = (3b)
Oy /dly, k>t+1

And d,, is a restart direction and Yy, =—0,,; —J, . Nazareth [3] proposed another three-term
recurrence formula:

A ==Y + Ve Vi /Yo d )y + (Ve Y / Yead)d g dy =0and dg =0 (4)
Also, two different three-term CG-algorithms was considered by Zhang [4, 5], that is,

dif ==+ BRd, — QIED Yo et =0 +Be°S — ek(Z) Y (®)
08 = 9eali 1 9x 9is 67 = 9GS ISy Vi (6)

Zhang [6] introduced a three-term recurrence formula based on Dai and Liao [7] CG-method as
follows:

d ZDL

k1 — Gkn +[9L1(Yk _tsk)/dgyk]dk - ngdk /dl;ryk (Y —tsy) (72)

where do=-go t > 0. The sufficient descent condition also holds independent of the used line search
procedure, i.e. for this method:

9;dy =g, foraik (7b)

A specialization of (7) was developed by Nazareth [8] where the search direction is computed as:

dlirsl =—0yu t kDHSk - ngsk /gggk (YK _tsk)k (8a)
kDL+ = maX[ylgm/YISK,O]—tSIgm/yISk:t = 2||yk||2/yl—sk (8b)

Furthermore, it is easy to see that (8) satisfies the sufficient descent condition independent of the
line search used. Moreover, a different three-term CG-method was improved by Al-Bayati and Hassan [9],
and their search direction, with inexact line search (ILS), is as follows:

doh ==0a + B0 A + 77 == 94.0) 1 94 9, ©)

Recently, a three-term CG-method was introduced by Al-Bayati and Al-Khayat [10] and their search
direction is as follows:

delf =—0s + B° A +4 (Vi —ts, )i = Se i/ VoS L =1+Ye Y /Yes, (10)
Conjugate Gradient algorithms could be regarded as a sort of the Memoryless QN-updates,

especially, for the BFGS update. This type of method was suggested for the first time by Perry [11] noted
that the scalar 3, has been chosen so that the search directionsd, and d, ,; are conjugate using ELS. Perry
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relaxed this requirement where [, is defined by HS formula in an equivalent form, but assuming ILS, thus
he obtained,

P1 TyNT
Ay =—(1 =dy Yy 7dy Vi) Gia (11a)
but this matrix is not of full rank; Perry modified it further as:
P2 T T T T
A = =(1 =S Vi /S Vi + 88 /S Vi) G (11b)

Then Shanno [12] addressed that (11) does not satisfy the actual QN-condition, so he modified it to obtain:

o =1 =(5,S¢ + YViSe 1 Ve Si) + @+ Y Vi ! Ve S )(SeSe ! Ve Si) (12)

This new form of the projection matrixQ, ,has a special relationship with the BFGS update
formula; defined by Dennis and More [13].

T T T T
s,y H,+H,y,.s H S, S
HI?+IZ1GS=HI<_|: kyk kT kyk k:|+|:1+ ykayk:| Ifrk (13)
Yi Sk YiSk | YiSk
It is easily seen that (12) is equivalent to (13) when H, replaced by I, i.e. if H, = |, the identity

matrix. For more details, see Hassan [14]. The Memoryless BFGS method is defined by:

i =Qua0u (14)
A = =0 G0 Yi 7S Vi) = Ve Yie ! S Vi) Sk Gin S YiISi + (Sg DSk Vi) (Vi = Si)

Finally, Al-Bayati, et al. [15] introduced a new CG-algorithm with different parameters, namely for:

A= (1+t)s-krgk+1/ylgk+l; P = (A ylgkﬂ _tslgkﬂlsl—gkﬂ (15a)
2
Aot = =G + WP Ve Gier + Sk YOS — AcSe Vi OaSi 5] Sk vi) s (@sh)

2. ONMULTI-STEP THREE-TERM CG-ALGORITHMS
Nazareth and Nocedal [16] developed a multi-step CG-method which does not need ELS; by
defining the following matrices:

D=d,,d,,..... d,:G=0,,0,, .9, —G=DB, where B is an (NxN) upper triangular
matrix with, . =1, for =123, k. Assuming the Hussain matrix G=I (identity matrix), to get a set of
mutually orthogonal vectors g, , g, ,.......,g,, - Let us define:

g =9 (16a)

iterate for k =2,3,4, ...... with
9 =0 - [(gl gi_l)/(gl_f /gE_l)J Oyt (16b)

Oy =09 +Cy (16¢)
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. (cgﬁ[(glgiz)/(gll o) o kk= :3142 ns

Note that, (16), for the first iterate, is equivalent to the normal set of gradients, while it gives better
approximations for the next iterates. In this paper; we have the following (four) new CG-algorithms:

dl:\fl :_g:u +:BkHSSk +(SIQE+1/YZTSk)(YE —-ts,),1=12 (173)
dl:\fl’ =0 +ﬂkHSSk +(Sk n ! Vi SOV, —15) +155, (17b)
dei :_9k9:+1 + kSPRSk _(S;(rg:ﬁ—l/y:—rsk)'Pk 5 y* = g|:+1 _g:' (170)

Wolfe line search procedure is fully described by many researchers, see for example Nocedal [17]
and Liu and Nocedal [18]. This line search scheme has been modified by Andrei [19]. The standard Wolfe
line search conditions can be defined as:

f(x, +d) < f(x)+uag,d, (18a)
f (% + e d) = f(x)+ A~ oy g, d, (18)
The strong Wolfe line search conditions can be defined as:

f(x +a,d) < f(x)+ue g, d, (18¢c)
96404 <o gid, (18d)
The accelerating Scheme for Wolfe line search technique is as follows:

X =X + A4, d, A4, =-a, /b, (18e)
a =,0,d,, b =-(9,-9,)'d,, 9,=Vf(z) and z=x +ed,. (18f)

Hence, ifb, # 0. The new estimation of the solution is computed as, X,, = X, + 4, &, d, , else

X = X, + o d, . For this reason, using the definitions ofg, , S,, Y, and the above acceleration
scheme can present the accelerated Wolfe line search procedure.
NOTE: (For the rest of this paper, and for simplicity, set g; =0, y: =Y )

First Multi-Step Three-Term CG-Method (N1)
To compute the new search direction, de+11 let us consider the QN-(BFGS update with H=I).

d kN+ll = _eliﬂg K+1 (19)
Ol =1 —(sT Y +Vis/yis) L+ |yl 7 viscd(sesy 1 yis) (20)

dey =—0a +ﬂkHSdk +(Sg Gur ! Vi Si) i _[1+||yk||2/yl—sk](slgkﬂlygsk)sk (21)
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Or, equivalently:

b =509l Vs, t=A+y ] /vis) (22)
de+11 =0k +ﬂkHSdk +o (Y —t8,) (232)
de+11 = _gk+1 + max[(ngyk /dkT yk)10]dk + @ (yk _tlsk) (23b)

Outline of N1-Algorithm.
Stl. Given x, e R", let 0<d <o <1, t>0and d; =—g,.Set K=0.

St2. If stopping criteria (||gk ||O0 <107°) satisfied, then stop.

St3. Compute ¢, by accelerated Wolfe line search condition (18).

St4. The parameters ¢, , t, are computed from (22).

St5. The new search direction d,; is computed from (23).

st6. Check whether ( |Oy,;0y| > 0.2]gyq[*) is satisfied then set d% = —g, .,
st7. Setk =k +1, go to St2.

Second Multi-Step Three-Term CG-Method (N2)
To compute the new search direction dej let us consider Al-Bayati [20] QN-update with H=I

He™ = H, + QY Ho Y, /65¢ i) )8k —(Ho st +Sc Y H) 7 Yi s, (24)
Let dy,; =—Qg,,, ; and H=I (25)
Q& =1+yy Y /(5 Yi)?)SeSk — (YiSe +5:Ye ) Vi s (26)
b =Se0en ! Vesc: =20y ] /yis,) (27)
deit = =G + B de + o (i —1,5,) (282)
ded = =i + max[ gy Vi /di Yy, 01d, + @, (Vi —1,8,) (28b)

Outline of N2-Algorithm.
All the steps as in Algorithm (N1) except:

St4. The parameters ¢, , 1, are computed from (27).

St5. The new search directiond,? is computed from (28).

Third Multi-Step Three-Term CG-Method (N3)
To compute the new search direction, d 3

«+1 » let us consider Oren [21] QN-update with H=I.
HE" = Hi = Vi Hie - HVsO Vs + Onc+ Y Hiyi Vs dsese [ Vs (29)

Me =S¢ Vi ! Yo Vi H=I (30)

Indonesian J Elec Eng & Comp Sci, Vol. 19, No. 3, September 2020 : 1564 - 1573



Indonesian J Elec Eng & Comp Sci ISSN: 2502-4752 O 1569

=TSOV Y i+ Vi Y IVISSe 188y —(YieSe +ScYi) Vi s, (31)

0y, =g, + 50y | Yilea o _{S{yk L YV } G 2
Ve Vi Ve Vi VeV YiSc ] VS

A =ScGia Vi G =(Sc Vi / Vi Vi + Y Vi / Y Si) (33)

ded = =G T A de 0 (Vi —t584) (342)

ded = =Gy +max[gy, Vi / di Vi, 01d, + ¢ (Vi —158,) (34b)

Outline of N3-Algorithm.
All the steps as in Algorithm (N1) except:

St4. The parameters ¢, , {; are computed from (33).

St5. The new search direction dlﬁj is computed from (34).

Fourth Scaled Multi-Step Three-Term CG-Method (N4)
Here, we describe our new CG-method (N4) as a scaled CG-algorithm; (for details of scaled CG-algorithms;
see Al-Bayati, at el. [22] and Hassan et al. [23]). This algorithm is independent of the line search, at every

step. The search direction d,; is computed as:

de+£11 =—019c1 T+ kSPRSk — 1 Py (35)
2

O =(Sk S/ YeSi) . P =6 Yy =S Ty =Sy Uy /”gk” (36)

= 0190 (91 — 90 ) 46,94 9, (37)

deé ==019a t (9k+191+1(9k+1 =0y )/ akekgl 9,)S, — 5; Oy /||gk||2(‘9k Ye — Sk) (38)

Outline of N4-Algorithm.
All the steps as in Algorithm (N1) except:

St4. The parameters 8, , P, , 77, are computed from (36).

St5. ﬂkSPR and the new search direction dlﬁj are computed from (37) and (38) respectively.

3.1 CONVERGENCE ANALYSIS

Descent and global convergence conditions properties of HS and PR methods can be found directly in
Hestenes and Stiefel [24] and Polak and Ribiére [25]. To show that our new multi-step TTCG-algorithms
(N1, N2, N3, and N4) have a descent and global convergence properties using Wolfe conditions (18).
Consider

Theorem-I.

Suppose that Wolfe conditions (18) are satisfied, then new search directions, N1, N2, N3, and N4 defined by
(23), (28), (34), and (38) satisfy the descent property, i.e.

g;+ldk+l < 0 (39)

Proof.
I: For d,] and from Wolfe conditions (18), we get y, S, > O then:

New multi-step three-term conjugate gradient algorithms with inexact line searches (Abbas Y. Al-Bayati)
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07 10 = 0ual? Lty 7T s ksl 0e)?/ vis, <0

I1: For d,'2 and from Wolfe condition (18), we get y, S, > O then:

078 =00l |2l 1 ¥T s ST 017 1yTs, <0
lI: For d,3 and from Wolfe condition (18), we get y, S, > O then:
T 2 24,7 T
yk kel = ||gk+1|| — (Y, S, /||Yk|| +||yk ” 1Y )(S¢ 9yin) <0
IV: For d,'] and (18) isheld, then y, s, # 0. From (36):
T T T 2
Oiabin =Sk Sk /Yy S ”g k+l||
s, s, >0, thens,s, /y;s, >0, forall k >0

Hence, dej, defined in (38), satisfies and

T 2
gk+1dk+l = _C||gk+1|| ' c> 0
Therefore, our new algorithms N1, N2, N3, and N4 are descent.

Assumption (H):

(40)

(41)

(42)

(43)

(44)

(45)

()- "The level set S = {X xeR", f(x)< f (Xl)} is bounded, and X, is the starting point".
(b)- "In a neighborhood Q of S, f is continuously differentiable and its gradient is Lipchitz continuously,

namely, there exists a constant L > O such that Hg xX)—g (Xk)” < L"X - Xk”, VX, X, Q"

under these assumptions on f there exists a constantI” > O such that Hg(x)” <I',VxeS§S.
We know that the new search directions generated by (23), (28), (34) and (38) are always descent directions.

To ensure the global convergence property of these algorithms let us consider:

Theorem-11

Assume that (H, a) and (H, b) hold, and consider the algorithms (2), (23), (28), (34), and (38) where N1, N2,
N3and N4 are descent directions and ¢, computed by (18). Suppose that f is a uniformly convex function on

S, i.e. there exists a constant & such that:
2
" (VE(X) - VE(Y) (x—-y) = Sx—y[ "
Forall X, ye N then I!im||gk||=0

Proof.

(46)

(47)

Consider CG-algorithms (2), (23), (28), (34) and (38). From "Lipschitz continuity", we get ||yk|| < L||Sk||.

2
Furthermore, from uniform convexity yI Sy = ,u||Sk || . Using the Cauchy inequality, assumption (H, a) and

(H, b) and the above inequalities, we get:
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ol ar o [sl0 b v
‘IB ‘ ‘Sk Y la \Sfllskll I < ‘yksk‘ Sﬂ||5k|| |t|_1+\ykksk‘_1+ (48)
2y, | i k\ ||yk|| 2
o u u (49)
. ‘yk Sk‘ | I ”yk” ‘yk Sk‘ |—2 [ u

Therefore, putting (48) and (49) in (17a) and (17b) yields:

r L?

Hdk+l = ||gk+1|| + ‘ﬂkHS la, H|Sk|| +|(Pk |||yk|| +|(0|< ”tlmSk” <I +m(|— +1+ M) (50)

N2 HS r 21°

Hdk+l :||gk+l||+‘ﬁk e H|Sk||+|¢k |||yk ||+|(Pk ||t2|||3k||<r+ﬁ(|— —) (51)
r M 21°

de] = laal +B°  alsl + oyl + o talls] < Fr(Lez+0) 6

Similarly, for dm, using assumption (H) and the above inequalities, we get:

|¢9 | ‘Sk Sk‘ < ”Sk” _; ‘ SPR‘S|9k+lgL}lyk|£ I'L ;|77 | ‘ kgkj <

‘yk Sk‘ |Sk|| n ‘akekgk gk| Isi | la.| ” ”

Hence, putting (53) in (17c¢) yields:

r 1
-l s s <+ LT L1

Hdk+1

Hence, d,\s, d2, d,\3, and d,'] ensure the global convergence property and lim ||gk|| =0.
—0

3. RESULTS AND DISCUSSION

Here, we report the performance of the new proposed CG-algorithms, namely (N1, N2, N3, N4) on
a set of (39) large-scale nonlinear test problems; CUTE library (see Bongartz [26] for details of these test
problems) using codes written in Fortran. We have taken (10) numerical experiments with N=1000, 4500,
10000 for each test problem. To assess the reliability of our new proposed method, we have tested it against
other similar CG-algorithms with the stopping criterion lo,], <10°°0r when the iterations exceed 10000 or

the number of function gradient evaluations (NOFG) reach 15000 without satisfying the stopping criteria. In
all these tables: N = "Dimension of the problem™; NOI = "Number of iterations"; TIME = " Total time
required to complete the evaluation process for each test Problem". All our numerical results are represented
in Figures 1, 2, 3, 4, 5, and 6.

Figures 1 and 2 compares N1, N2, N3, and N4 against TT(BS; PR and HS) due to NOI. Figures 3
and 4 compares N1, N2, N3, and N4 against TT(BS; PR and HS) due to NOFG. Figiures 5 and 6 compares
N1, N2, N3, and N4 against TT(BS; PR and HS) due to TIME.
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Performance profile: 2.000000e-01 profile: 2.000000e-01 Performance profile: 2.000000e-01
T o r v T v .

1
oslf 09
08 081
807 o7
]

o1 VETEHS U; . . . . 0;7 :;sr
Figure 1. Performance due to NOI Figure 2. Performance due to Figure 3. Performance due to
NOI NOFG

Performance profile: 2.000000e-01 Performance profile: 2.000000e-01 Performance profile: 2.000000e-01

1 2 3 4 5 6 7

Figure 4. Performance due to Figure 5. performance due to Figure 6. performance due to Time
NOFG Time

4. CONCLUSION

In this work, we have investigated new three-term multi-step search directions defined in (17).
The goal of these new algorithms is a multi-step property that combines three-term CG-techniques with
memoryless QN-updates. Our theoretical implementation related to the requirement of sufficient descent
property and ensures the property of global convergence. Also, we have presented four new three-term multi-
step CG-algorithms, which they use Wolfe's and it's acceleration as a line search subprogram. Moreover, Our
numerical results show that our new algorithms have robust numerical results as compared to other similar
algorithms in the same field.
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