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Abstract
In Graph Theory, independent number and, dominating number are three of the important
parameters to measure the resilience of graphs, respectively denoted by «(G) and y(G) for a graph G

. But predecessors have proved that computing them are very hard. So computing «(G) and y(G) of
some particular known graphs is extremely valuable. In this paper, we determine (G) and y(G) of
(n, k) -star graphs, denoted by Sn  » followed by some relative conclusions of N -star, denoted by Sn as

the isomorphism of Sn a1 - In addition, our method giving dominating set of Sn ¢ Is more easily understood

than [7], which presented a broadcast algorithm to determine dominating set of Sn K-
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1. Introduction

It is widely known that independent number, dominating number and bondage number
are the important parameters to measure the resilience of graphs. Next, we see their
conception:

Definition 1.1 Let G be a graph, and | be a nonempty subset of V (G), then | is
one independent set of G if any two nodes of | is not adjacent in G . Moreover, we call that
||| is independent number of G if ||| is maximum in all independent sets of G, denoted by
a(G).

Definition 1.2 Let G be a graph, and S be a nonempty subset of V (G), then S is
one dominating set of G if all nodes of G is either in S, or adjacent to a node of S.
Moreover, we call that |S| is dominating number of G if |S| is minimum in all dominating sets
of G, denoted by y(G) .

Clearly, a maximum independent set of graph G is a dominating set of G by Definition
1.1 and Definition 1.2, so itis easy to get y(G)<a/(G).

In a graph, predecessors have shown that computing a(G) and y(G) are extremely
difficult. So computing «(G) and 7(G) of some particular known graphs is very valuable. For
example, the (n, k) -star graphs was first proposed in 1995 by W.K Chiang et al [1]. Because of
good topological properties of Sn‘k, its many properties have been researched such as

diameter and connectivity [1] [8], pancyclicity [2], k" (G) and k?(G) [3] [5] [6], fault
hamiltonicity and fault hamiltonicity connectivity [4] and the orthers issue [9][10]. In this paper,
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we determine «(G) and 7(G) of (n,K)-star graphs, so that can get (S, ) and (S, ) and
of N-star, denoted by S, .

2. Preliminaries

For given integers N and K, where 1<k <n-1,let J, ={1,2,....,n} and let P(n,k)
be the set of K-permutatons on J. forl<k<n-1, that is, P(n,k)z{
PiPP iR €d, Py = Py l<i= <k}

Definition 2.1 The (n,k)-star graph, denoted bySn'k, is an undirected graph with

n

vertex-set P(n, k). The adjacency is defined as follows: a vertex P, P,...[p;...p, is adjacent to
a vertex

(1) PPy PiyPPiy - Py Where 2<1 <K (swap p, with p,).

(2) Xp,...p, , where X€ J, —{ p,:1<i< k} (replace p, by X).

Figure 1 shows a (4,2)-star graph S4'2.

Figure 1. The structure of a (4,2)-star graph 84'2

The edges of type (1) are referred to as i-edges (2 <i<K), and the edges of type (2)
are referred to as 1-edge. The vertices of type (1) are referred to as swap-adjacent vertices, and
the vertices of type (2) are referred to as unswap-adjacent vertices. We also call i-edge as

swap-edge, and call 1-edges as unswap-edge. Clearly, every vertex in S, has (K—1) swap-
adjacent vertices and (N—K) unswap-adjacent vertices. Usually, if V= p,p,...p, is a vertex in
S, ., we call that p; is the i-th bit for each i = 1,2,..k.

nk?

By Definition 2.1, we know S, ;=S and S , =K  where S is N-star graph and

nn-1= nl =

K, is complete graph with order N. So S, is a generalization of S . It has been shown by

Chiang and Chen [1] that S, is an (n—l) -regular, (n—l) -connected vertex-transitive graph
with n!/(n—k)! vertices.
Lemma 2.2 For any ae€P(nk-1)(k>2), let V, ={pa:ped,\a} Then the

a
n—k+1 -

subgraph of S | induced by V, is a complete graph K, ,, denoted by K
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Proof. For any two vertices pa and Qo in V, with p#(, by the condition (2) of

definition 2.1, pa and (o are linked in S, by an unswap-edge. Thus, the subgraph of S
induced by V_ is a complete graph K, . .0

Let ‘P(n,k—l)‘z p(n,k—1). The vertex-set P(n,k) of S, can be decomposed
into p(n,k—l) subsets, each of which induces a complete graph by Lemma 2.2. It is clear
that, for any two distinct elements X and Y in P(n,k), if they are in different complete
subgraphs K?, , and Kf_m (a * ﬂ) , then there is at most one swap-edge between X and

y in S,,, whichis an i-edge if and only if & and f differ only in the i -th bit. Thus, we have
the following conclusion.

Lemma 2.3 The vertex-set of S, can be partitioned into ‘P(n, k —1)‘ subsets, each of
which induces a complete graph of order (N—K +1). Furthermore, there is at most one swap-

edge between any two complete graphs.
Let Sr'hkdenote a subgraph of S induced by all vertices with the last symbol I for

some i€ J,.

Lemma 2.4 (Chiang and Chen [1]) Sn’k can be decomposed into N subgraphs S,iH’H,

(n—2)!

( k)' k-edges between
n—Kj!

Sy1c @nd S}, which forms a matching between them, for any i, j € J, with i # j.

which is isomorphic to S, , for eachi € J . Moreover, there are

-1

Corollary 2.5 An Sny2 can be decomposed into N subgraphs S:H]l, which is

isomorphic to complete K, foreach i€ J, .

3. Independent number of S,

In this section, we mainly determine the independent number of S_, . SinceS , =K,

we only consider the case K > 2, in the following discussion.

n!
Lemma 3.1 a(Sn k)S— for 2<k <n-1.
T (n—k+1)!
Proof. Assume that Ik(cV(Sn'k)) is a maximum independent set of S ,, then
n!
|I,|=a(S, ) by definition 1.1. 1f &(S,, ) > ————— then there are at least two nodes of

(n—k+1)!
(a eP(nk —1)) since S, can be decomposed into different

o

., which are from one K, .,

p(n,k—l)(:(n+!+l)!

the two nodes is adjacent. Thus, it is contrary to definition 1.1. o
Lemma 3.2 a(Snvz) =n for n>3.

) complete graphs Kﬁikﬂ(a eP(nk —l)) by Lemma 2.3, so that
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Proof. Let |, (CV (Sn,z)) be a maximum independent set of S, ,, then ||2| = a(Sn'Z)

by definition 1.1. By Lemma 3.1, we get ||2| = a(sn,z)- Thus, Lemma 3.2 can be proved if we
can construct an |,, so that ||2| =n.

By Lemma 2.5, let |, ={12, 23,---,(n —1)n, nL}, then each vertex of 1, is from different
complete K¢, (a S P(n,l)) , clearly, any two nodes of |, is not adjacentin S, by Definition
21,and [l,|=n.0o

n!

Theorem 3.3 a(Snvk)=(nT'+1)! for 2<k <n-1.
Proof. By Lemma 3.1, we get||k| = a(Sn’k)S(n+!+l)!. Thus, Theorem 3.3 can be
!
shown if we can construct an |, , so that ||k| =L.
(n—k+1)!

Let Iéi’j) be a vertex-set, which includes the vertices of |, if the vertices don't include
element i, and Ilgi'j) includes the vertices of |, if the vertices include element i but swap i
with .

Step1:In S, ,,,,, by Lemma 3.2, let 1, ={12,23,---,(n—k +1)(n—k+2),(n-k+2)1-
Clearly, ||2| =n-k+2;

Step2: In S, 53, let Is(n7k+3) :{ﬂ(n—k+3)|ﬂe I,} and I, Z{ﬂX|XeJn_k+2'ﬂ€
ng,n—k+3)}. Now, we let |3 = z |3x , Clearly, ||3x| :(n—k+3)(n—k+2);~..

Xednys3

Step ki In S, i let 1y :{(n—k+k)|,8 el, ,} and ||kx| :{ﬂX|X € ik
LelX™ Y. Now, we let l,= > I, cleary, [l,|]=n(n-1)---(n—k+3)(n-k

X€J kK
n!
+2)=—
(n—k+1)!
In step i(i € Jk), it is easy to verify that any two vertices of |, are not adjacent in
Sn_ksi; by the rules of our construction. o

n!
Corollary 3.4 In n-star graph S, a(Sn)=? forn>2.

4. Dominating number of S|
In this section, we mainly determine the dominating number of Sn‘k. Similarly, since

S,1 =K, , we only consider the case K > 2 in the following discussion.

—1)!
Lemma 4.1 7(Sn,k)2(n—1).| for 2<k <n-1.

(n—k)

Independent Number and Dominating Number of (n,k)-Star Graphs (Yunchao Wei)



314 m ISSN: 2302-4046

Proof. Let S (CV (Sn,k )) be a minimum dominating set of S, then |S| =7(S,,) by

definition 1.2. By definition 2.1, we have known that S , is a (n—1)-regular graph, so each

1!
vertex of S can at most dominate (n - 1) vertices in S, =S . If (Sn, k)< ((n ]k-))l —1 then
' n—kK):
. (n-1)! _
S can at most dominate ( k)'_l (n—1) verticesin S, —S . Thus,
n—kK): '
Y !
S+ (8, - 9)| <| B g |(nogy e 2DE g
’ (n—k)! (n—k)!

n!
prEr TR TS

It is contrary to the definition of dominating number. o

(n-1)!
Theorem 4.2(S, ) = for 2<k <n-1.
' (n=k)!
(n-D! -
Proof. By Lemma 4.1, we have shown |S| =7(S,,) 2= (k) Thus, by definition 1.2,
' n—K):
. . (n-1)!
Theorem 4.2 can be proved if we can construct a dominating set S, so that |S| = W
n—K):

We now split V(S,,) into 3 vertex-subsets: V, ={na|ae P(n-1k-1)}, V, =
{0{|0{ eP(n-1LK)} and V,)={p,p,..- P, 1NPsss--- Py | p,ed, ,a>2} It is easy to verify

that V,,V, and V. have no intersection, and [\/n|+’\/n +\V. =|V(Snk)|=( n!k)| since
’ n—k)!
(n-1O1 . (n-1)! . (n=1)!
v [ W= =D = =D gy
Mol=Cnao Ve (n—k-1! " v TR

Let p,P,... P, be any one vertex of V, , then all neighboring-edges of p,p,... p, must
have one unswap-edge connected to nNp, ... p, of V,

Let P,P,... P, 1NP,.;--- P, be any one vertex of V" , then all neighboring-edges of p,
P,... P, 4NP,.;--- P, Mmust have one swap-edge connected to NP, P, , P, P,.;--- Py of V, .
(n-1)!
e
(n-Kk!
Corollary 4.3 In n-star graph S, , 7(S,) = (n—=1)!.

Thus, we canlet V, =S, and |Vn| =

Corollary 4.4 If let VX={Xp1p2...pk_1‘pj eJ \x}(xed,), then each V, is a
minimum dominating set of S, for Xx=1,2,...,n.

Corollary 4.5 If S is a minimum dominating set of S then any two vertices of S

nk?
aren't adjacent in Sn’k , and any two neighboring-vertices of S aren't common.

Proof. Let v, and V, be any two vertices of S , if v, and V, are adjacentin S, then
V; and V, can at most dominate 2n—4 vertices of S , —S since either v, or v, only

dominate N—2 vertices of S , —S. Thus, we can get that S can at most dominate

TELKOMNIKA Vol. 11, No. 1, January 2013 : 310 — 315



TELKOMNIKA ISSN: 2302-4046 m 315

(|S|—2)(n—1)+2n—4vertices of §,-S, and can get |S|+(|S|—2)(n—1)
+2n—-4= n|S| -2= ‘V (Sn]k )‘ -2< ‘V (Sn’k )‘ a contradiction.

If there exist two neighboring-vertices of S who are common, then S can at most
dominate |S|(n—1)—1 vertices of S, —S Therefore, we have|S|+|S|(n—1)—1:

‘V (Sn,k)‘ -1< ’V (Sn,k )‘ , a contradiction. o

In any case, in Graph Theory, it is rather difficult to compute independent number and
dominating number of the graphs. Up to now, the conclusions in this respect are confined only
to a few specific graphs such as cube, hypercube and so on. Thus, the paper is very valuable since
it solves independent number and dominating number of (Nn,K) -star graphs and n-star graphs.
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