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Abstract 
In this paper, we investigate the efficiency of some kind of Greedy Algorithms with respect to 

dictionaries from Hilbert spaces. We establish ideal Lebesgue-type inequality for Orthogonal Matching 
Pursuit also known in literature as the Orthogonal Greedy Algorithm for   -coherent dictionaries. We show 

that the Orthogonal Matching Pursuit provides an almost optimal approximation on the first [1 / 20 ]  . 
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1. Introduction 

In this paper we continue to study the convergence of greedy algorithms with regards to 
dictionaries with small coherence (see [1-9]). The purpose of the research of approximation with 
regard to incoherent dictionaries was to apply in compressed sensing. In [1, 8, 10, 11], it was 
shown that the Orthogonal Matching Pursuit is effective for signal recovering. In this paper, we 
will discuss this problem from the point of view of Approximation Theory. We obtain upper 
estimate for the error of approximation by OMP in terms of the error of the best m -term 
approximation. This article is a development of recent results obtains by Eugene Livshitz in [12]. 

Let us recall the standard definitions of Greedy Algorithms. We say that a set D  from a 
Hilbert Space H is a dictionary if 

 

|| || 1, .and span H    D D   

 
The coherence of a dictionary is defined as 
 

, ,
: sup | , |

D   
  

 
     (1) 

 
Dictionaries with coherence   are called  -coherent. 

ORTHOGONAL MATCHING PURSUIT (OMP) Set 0 : ,f f H  and 0 ( , ) : 0OMP f D .  

For each 0m  , we can find a 1mg  D  such that  

1| , | sup | , |m m m
g

f g f g


    
D

 , 

and define 
 

1 11 ( , , )( , ) : ( ),
mm span g gOMP f Proj f
  D   

 

1 1: ( , ).m mf f OMP f   D   

 
The best m -term approximation for a function ,f H  is defined as 
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, ,1
1

( ) : ( , ) : inf .
   



  
i i

m

m m i i
c i m

i

f f f c


  
D

D   

 

Suppose that dictionary D  is  -coherent and 11
( 1).

2
m    It is well known (see [3,4] ) that 

if  f H  is m -sparse, that is ( , ) 0m f D , then 

 

( , ). mf OMP f D   (2) 

 

Moreover, Temlyakov and Zheltov showed that if 11
( 1)

2
m   , then equality (2) does not 

hold for all  -coherent dictionaries D  and all m -sparse f : 

 

11
, ( ( ) 1), : ( , ) 0,

2 mm f H f OMP f      D D D   (3)   

( , ) 0.m f D   

 
Following Temlyakov, we recall results of Lebesgue type inequalities  which 

connecting the error of Greedy approximation and the best m -term approximation. These 

inequalities do hold not for all m , but only for ( )m C  ; they provide an estimate for the 

quality of approximation of A(m) iteration of OMP by the best m -term approximation: 
  

( ) ( , ) ( ) ( , ), ( )  A m mf OMP f B m f m C D D   (4) 

  
with some ( ) , ( ), ( )A m B m C   . 

The first Lebesgue type inequality for Greedy Algorithms was obtained by Gilbert et al. 
in [3] They established (4) for an optimal ( ) : ,A m m  an order-optimal 

 
1

( ) 1,
8 2

C 


    

 
and fast growing 
 

1/2( ) : 8 .B m m   

 
Donoho et al. [2] obtained inequality (4) with optimal (up to a constant factor) B(m)=24, 

but not optimal A(m):= logm m    and 
2/3

1
( )

20
C 


 . 

Temlyakov and Zheltov [10] proved inequality (4) with 
log( ) : 2 ,mA m m      B(m):=3 

and ( ),C   which guarantees inequality 
2log 1

2
26

mm


 In other words, they proved 

.Theorem1 , For every coherent dictionary and any function f H D  

 

log

2log

2

1
( , ) 3 ( , ), 2 .

26 
  

  
m

m
mm

f OMP f f if m


D D  
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Recently Eugene Livshitz [6] prove (4) with 
1

( ) : 2 , ( ) : 2.7, ( )
20

A m m B m C 


   . In 

other words, he provedhich guarantees inequality 
2log 1

2
26

mm


 . In other words, they 

proved 
 

2.Theorem , For every coherent dictionary and any function f H D   

 

2 2( , ) 2.7 ( , )  m m mf OMP f f fD D   

 

for all
1

1 .
20

m


   

  
The aim of this paper is to prove (4) with 
 

1
( ) : 2 , ( ) : 2.47(1 ), 0, ( ) ,

20
A m m B m C  


        (5) 

 
and thereby  improves above result. 
 

.Theorem3  , For every coherent dictionary and any function f H D  0  , we 

have 
 

2 2 ( , ) 2.47(1 ) ( , )   m m mf f OMP f f D D  

 
for all  

 
1

1 .
20

m


   

 
 
2. Preliminary lemmas 

By conditions of Theorem 3 , we have  
 

1/ 20.m     (6) 

 
We use several standard lemmas to prove Theorem 3. 

Lemma 1. , 1 2 ,For any n n m and   

 

1

, , ,


  
n

i i i i
i

h c c  D   

 
we have  

1 1
max | , | max | | (1 2 )i i

i n i n
h c m 

   
    , (7) 

 

1 1
max | , | max | | [1 (2 1) ],i i

i n i n
h c m 

   
       (8) 

 



                   ISSN: 2302-4046 

TELKOMNIKA Vol. 11, No. 1, January 2013 :  213 – 226 

216

1
1 1
max | | max | , | ,i i

i n i n
c K h 

   
     (9) 

 
where   

 

1

1 10 10
:

1 (2 1) 9 10 9
K

m  
  

  
  (10) 

 
proof . For any 1 i n  , using (1), we have 

 

1 ,

, , ,i i i i j j i
j n i j

h c c    
  

          

 

1
( 1)(max | |)i i

i n
c n c 

 
     

 

1
(max | |)2i i

i n
c c m

 
    

 

 
1

(max | |)(1 2 ).i
i n

c m
 

    

 
Then we get inequality (7). 
Similarly 
 

1
, ( 1)(max | |)i i i

i n
h c n c 

 
       

 
This imply inequality (8). 
Inequality (9) follows from (8). 
As a consequence of Lemma 1, we derive the following lemma. 
     

Lemma 2. 2 , , ,1 .    iLet n m h H i n D  Suppose that 

1( , , )
1

( ) .
n

n

span i i
i

Proj h c  


   

Then 

1
1 1
max | | max | , | .i i

i n i n
c K h 

   
    

 
proof .Set   

 

1( , , )
1

( ) .
n

n

span i i
i

h Proj h c  


     

 
It is easy to see that  
 

, , ,1 .i ih h i n          

Thus the lemma follows from inequality (9) for h . 
For 1n   we define  
 

1: , .n n nd f g     (11) 

Let number , , 1,i nx n  1 i n    satisfy the equality  
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1 ,
1

.
n

n n i n i
i

f f x g


    (12) 

 

The following lemma tell us how the value of ,i nx  depends on the coherence of the dictionary. 

Lemma 3. 2 , :For any n m we can get the following estimates  

 

, 1| | | |, 1 1,i n nx K d i n      (13) 

 

, 1| | | | .n n n nx d K d    (14) 

 
proof .By the definition of OMP  

 

1( , , ): ( , ) ( ).     ll l span g gf f OMP f f Proj fD   

 
Then we can see 

 

, 0,1 .l if g i l       (15) 

Hence 
 

11 ( , , ) 1( )
nn n span g g nf f Proj f     

11 ( , , ) 1( ).
nn n n span g g n n nf d g Proj f d g       (16) 

 

Using (1) and (15) we have for 1: ,n n nh f d g   

 

1| , | | , | | , | | |, 1 1,i n i n i n nh g f g d g g d i n             
(11)

1| , | | , | | , | | | | | 0.n n n n n n n nh g f g d g g d d            

 

Suppose that , , 1 ,i nx i n    satisfy 

 

1 1( , , ) ( , , ) 1 ,
1

( ) ( ) .
n n

n

span g g span g g n n n i n i
i

Proj h Proj f d g x g


     

 
By Lemma 2  

 

, 1 1
1 1
max | | max | , | | | .i n i n

i n i n
x K h g K d

   
       (17) 

 

It follows from (16) and (12) that 
(16) (12)

1 , 1 ,
1 1

.
n n

n n n i n i n n i n i
i i

f d g x g f f x g 
 

       

Then we get the relation between , , , 1 ,i n i nx and x i n    

 

, , , ,, 1 1, .i n i n n n n n nx x i n x d x        

 
This and (17) complete the proof. 

The following lemma provides an estimate of {| |}nd      
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Lemma 4.  1 2 1For any l n m    , we have 

 

2| | | |,n ld K d  

 
where   
 

2

10
: exp(2 ) exp(1/ 9).

9
K m    (18) 

 
proof .  Using Lemma 3, for 1 2l n m   , we have   

 

1 1 1 , 1
1

| | , | | , |
n

n n n n i n i n
i

d f g f x g g   


        

1 1 , 1
1

| , | | , |
n

n n i n i n
i

f g x g g  


       

1(1)

, ,
1

| | (| | | |)
n

n n n i n
i

d x x




    

1| | [1 (1 2 )]nd m K     
(6),(10) 2 10

| | [1 (1 ) ]
20 9nd     

10
| | (1 ).

9nd    

 
Hence for any , 1 2 1n l n m    , we can get 

 

2
2

10
210 109| | | | (1 ) | | (1 ) | | (2 ) | | .

9 2 9
n l m

n l l l l

m
d d d d exp m K d

m


        

 
 
3.  Notations 

By the definition of the best m -term approximation there exist ,0 ,ja  ,j D  

1 , j m  and 0 H  such that 

 

0 ,0 0 0
1

, , 0,1 ,


       
m

j j j
j

f f a j m     

0 (1 ) ( , ) (1 ) ( ), 0.     m mf f     ‖ ‖ D   (19) 

 
Set  

1: ( , , ), (.) : (.), (.) : (.),    m L L L LL span P Proj P Proj   

: ( ), 0 2 .  n L nP f n m  

 

Let the number , , 0,1 ,  j na n j m  satisfy equalities  
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,
1

: ( ) ( ) .



   
m

n L n L n j n j n
j

f P f P f a     (20) 

 
Define 
 

1 1 2 1: { {1, ,2 }: { } }, : {1, ,2 }\ .     m
i j jT i m g T m T  

 
Then, for 1n , we let 

 

2

2
2 2: {1, , }, : .



    n
n

n T

T T n D d   (21) 

 
 
4. Main lemmas 

Lemma 5.  21 2 , , .   Let i n m i n T  Then we have 

 
19

| ( ), | .
18

  L n iP g g   

proof .Let 
1

( ) .



m

L n j j
j

P g c  

Since 2n T  and 

 

, | , | , 1 ,     n j n jg g j m    

 
it follows from Lemma 2 that 
 

1
1
max | | .
 

j
j m

c K   

 
Therefore, we have 
 

| ( ), | | ( ), | | , | | ( ), |           L n i n L n i n i L n iP g g g P g g g g P g g  

1 1
1

| , | (max | |)(max | , |)
   



       
n

j j i j j i
j m j m

i

c g c g     

1

19
( ) .

18
  m K     

                                                          □  

Lemma 6. 1;Let n T  then we have 

 
2 2

1 0.20 . n n D  ‖ ‖ ‖ ‖  

 
proof . Let  

2: . n
nt T#   (22) 

 

If 2  nT , then 1 0 n n    and no prove is needed, so we can assume that 1nt . By 

Lemma 4 
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2
2| | min | | .




nn i
i T

d K d   (23) 

 
On the other hand, by definition (21) and (22), we have 
 

2
22

2 2 2(min | |) ,
 

   n
n

i n i i
i T i Ti T

d t d d D  

 
so we get  
 

2

1/2min | | ( ) .



n i

i T
n

D
d

t
  

 
Combining this with (23), we obtain 
 

1/2
2| | ( ) ,n

n

D
d K

t
 

2 2
2 .n nd t K D   (24) 

 
Define 
 

1

1
2 2

, ,: .




 

  
n n

n T

i n i i n i
i T i T

h x g x g   (25) 

 

According to the definition of n , we have 

1 ,
1

( ) ( ) 




  
n

n L n L n i n i
i

P f P f x g
2

1 , 1( ) ( ). 
 



   
n

L n i n i n L
i T

P f x g P h  

So we get 
 

2 2 2 2
1 1 1|| || || ( ) || || || 2 | , ( ) | || ( ) ||  
        n n L n n L LP h P h P h     

2 2
1 12 | , | || || .     n n h h    (26) 

 

Thus to prove the lemma, we must estimate 1| , | n h  and 2|| ||h . Using (15) and (25), we 

obtain 
(15)

1 1 , 1 , 1
1 1

| , | | , | | , |   
 

         
m m

n n j n j j n j
j j

h f a h a h    

1
2

(25)

, 1 ,
1

| , | 



 

   
n

m

j n j i n i
j i T

a x g  

1
2

, 1 ,
1

| | | , | .



 

   
n

m

j n i n j i
j i T

a x g   (27) 

For any1 l m , we have 
 

(20)

, 1 , 1 1 1
1 1

| , | | , | | , | | | .   
 

          
m m

j n j l j n j n l n l n
j j

a a f d       
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By Lemma 1, we get 
 

, 1 1 , 1 1
1 1

1

max | | (max | , | | | .     

   
m

j n j n j l n
i m l m

j

a K a K d    (28) 

 
Then we obtain the estimate  
 

, 1 1
1

| | | | .



m

j n n
j

a mK d   

 
It follows from (1) and Lemma 3 that for1 j m , 

 

1
1 2

2

(13) (22)
1 2

, 2 , 2 1 1| , | # max | | # | | | | .








     n
n

n n
i n j i i n n n n

i T
i T

x g T x T K d K d t       

 
Thus, we can continue (27) as 
 

 
1

2

2 2 2
1 , 1 , 1

1

| , | | | | , |


 
 

      
n

m

n j n i n j i n n
j i T

h a x g m K d t     

2 2 2 2 2 2
1 2 1 2 2

5

81
  m K K D m K K D K D     

 
By condition (6), we can suppose that0 1/ 40  , so 

 

1

1 0 1 1
.

99 1 0 3 71
10

  
 

K





  (29) 

 
According to Lemma 3, we can write 
 

1
1 2

2

2 2 2 1 1 2
, , 2 2|| || # #(max )[ ( ) ]




 



   n
n

n n
i n i i n

i T
i T

h x g x T T ‖ ‖  

2 2 2 1 1 2
1 2 2#[ ) ]#(  n n

nK d T T   
2 2 2 2 2 2 2

1 1 2( ) (1 2 )   n n nK d t t K K D m     

2 2 2
1 1 2 2 2

10 1 11
( ) (1 2 ) 1.1 .

9 37 333
   K K K m D K D K D       (30) 

 

Now using the estimates for 1| , | n h  and 2|| ||h , we can continue inequality (26): 

 
2 2 2

1 1|| || || || 2 | , | || ||     n n n h h     

2 2 2
1 2 2

5 11
|| || 2

81 333  n K D K D     

2
1|| || 0.20 . n D   

 
This estimate completes the proof of the lemma. 

Now we proceed to the estimate of || ||n  for 2.n T  
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Lemma 7. 2;Let n T  then we have 

 
2 2 2

1 0.76 . n n nd ‖ ‖ ‖ ‖  

 
proof . Just as in the proof of Lemma 6, we use the element 

 

1
2

,: .


 
n

i n i
i T

h x g   

 
Set  
 

1 ,: ( ).
  n L n n n nP f x g   

 
Then we can write 
 

1 ,
1

( ) ( ) 




  
n

n L n L n i n i
i

P f P f x g  

1

1 , ,
1

( ) ( )


 




   
n

L n n n n L i n i
i

P f x g P x g  

1
2

,( ) ( ),


 



    
n

n L i n i n L
i T

P x g P h   

2 2 2 2 2|| || || || 2 , ( ) || ( ) || || || 2 | , | || || .            n n n L L n nP h P h h h      (31) 

 
Therefore, to prove the lemma it suffices to obtain upper bounds for 2 2|| || , | , |, || ||  n n h h  . To 

estimate 2|| || ,h  we can use inequality (31) from Lemma 6  

 
2 2 2 2 1 1 2

1 2 2|| || [ (# ) ]#  n n
nh K d T T   

2 2 2 2 2
1 1 1[2 (2 ) ] ( )2 (1 2 )   n nK d m m K K m m d      

2 2 210 1 1 11
1.1 0.004 .

9 10 37 3330
  n n nd d d   (32) 

 

Then we proceed to the estimate of 2|| ||n . 

Using (20), (28) and the inclusion 2n T , we can write 

1 1 , 1
1

| , | | , |  


       
m

n n n n j n j n n
j

g d f a g d   

1 , 1 , 1
1 1

| , , | | , |  
 

          
m m

n n j n j n n j n j n
j j

f g a g d a g   

, 1 1
1 1

(max | |) max | , | | | .   
   j n j n n

j m j m
a m g K d m    (33) 

 
Then using Lemma 3 and (29),(6), we obtain the estimate 

 

, 1 , 12 , 2[ ( )][ ( , )]         n n n n n n n n n n n nx g d x d d g d   

                         1 12(| | | |)(| | | | )  n n n nd K d d K d m   
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                         2
1 12 | | (1 )(1 )  nd K K m   

                       2 21 10 1 68
2 | | (1 )(1 )

37 9 20 37
   n nd d  

 
and finally, obtain 
 

2 2 2
1 , 1 ,|| || || ( ) || || ( ) || 
     n L n n n n n n n L nP f x g x P g   

 2 2 2
1 , 1 ,|| || 2 , ( ) || ( ) || 
     n n n n L n n n L nx P g x P g   

2 2 2 2 2
1 , 1 , 1 ,

68
|| || 2 , || ||

37         n n n n n n n n n n nx g x d x    

2 2 2
1 1

68
|| || (| | | |)

37   n n n nd d K d   

2 2 2 2 2 2
1 1 1

68 1 68
|| || [(1 ) ] || || [(1 ) ]

37 37 37        n n n nd K d    

2 2 2 2
1 1

1072
|| || || || 0.78 .

1369    n n n nd d    (34) 

 

It remains to estimate | , | n h . Equalities (15) imply that 

 

1, 0.  nf h  

 
We have 
 

          1 , 1 ,| , | | ( ) ( ), | | ( ), |  
          n L n n n L n n n n L nh P f x P g h x P g h   

           1 , 1 ,
1

| ( ), |
 



    
m

n j n j n n L n
j

f a x P g h   

           , 1 ,
1

| , | | ( ), |




     
m

j n j n n L n
j

a h x P g h  

           
1 1

2 2

, 1 , , ,
1

| | | , | | ( ), |
 




  

       
n n

m

j n j i n i n n i n L n i
j i T i T

a x g x x P g g  

                       : . A B  (35) 
 
Let us estimate the summands A and B separately.  
 

1
2

, 1 ,
1

| | | | | , |



 

   
n

m

j n i n j i
j i T

A a x g  

1
12

2

, 1 ,
1

1

max | | max | |



    

  n
n

m

j n i n
j m i T j i T

a x   

2 2 2
1 1 1| | | | ( 1) | | (2 1)   n n nK d K d m n d m m K    

2 2 2 2 2 2 2
1 1 1

10 1 10 1 1
[2 ( ) ] | | [2( ) ( ) ]

9 20 9 37 20
   n nK m K K m d d    

2 242
0.005 .

8991
 n nd d  
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Using Lemma 5 and Lemma 3, we find that 
 

1 1
2 2

, , , ,

19
| | | ( ), | | | | |

18 



 

    
n n

n n i n L n i n n i n
i T i T

B x x P g g x x   

2
1 1 1 1

19 19
(| | | |)( | |) (1 )2

18 18
   n n n nd K d nK d d K m K       

2 2 21 1 19 1 361
(1 ) 0.003 .

37 37 18 10 123210
   n n nd d d  

 
Substituting estimate for A and B into (35), we obtain 

 
2| , | 0.008 .    n nh A B d   (36) 

 
Using inequalities (33), (34) and (36), we can continue estimate (31) and complete the proof: 
 

2 2 2|| || || || 2 | , | || ||     n n h h    
2 2 2 2

1|| || 0.78 2(0.008 ) 0.004   n n n nd d d  
2 2

1|| || 0.76 . n nd  

 
Lemma 8. The following estimates hold 
 

1/2 4
(1 ) ( ), 0,

3
   mD f     (37) 

 

2 0|| || || || .m    (38) 

 
proof . Using Lemma 6 and Lemma 7, we obtain 

 
2

2 2 2 2 2 2
0 0 2 1

1

((1 ) ( )) || || || || || || (|| || || || )


     
m

m m n n
n

f        

1 2

2 2 2 2
1 1(|| || || || ) (|| || || || ) 

 

    n n n n
n T n T

     

2

2
1# ( 0.20 ) 0.76



   n
n T

T D d  

( 0.20 ) 0.76 0.75 0.    m D D D  

 
Hence 
 

1/2 1/2 4
(1 )(0.75 ) ( ) (1 ) ( ).

3
   m mD f f     

 
5. Proof of theorem 2  

First we estimate 2 ,2
1

|| ( ) || || ||


 
m

l m j m j
j

P f a  , using (28) and Lemma 4, we can write for 

any , 1 2 , l l m  
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,2 1 2 1 1 2
1
max | | | | | | . 

 j m m l
j m

a K d K K d   (39) 

 

Since 2# T m , using definition (21), we obtain 

 

2

2 2 2 2
,2 ,2 1 2 1 2

1
1

max ( | |) ( ) .
  

   
m

j m j m l
j m

j l T

a m a K K d K K D   

 
Applying a well-known inequality (see, for example, lemma 2.1 from [4]) and substituting the 

values of 1K and 2K  (see (10) and (18)), we will find the estimates   
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Then using lemma 8 and (40), for 0   , we obtain the. 
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This complete the proof of Theorem 3. 
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