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1. INTRODUCTION

The optimization problem finds application in several fields, such as classical continuum physics,
theoretical, mathematical & computational physics, particle and nuclear physics, physical chemistry, pure
mathematics, mathematical physics, fluid dynamics, actuarial science, applied information economics,
astrostatistics, biostatistics, business statistics, traffic routing in telecommunication systems (24.), cyber-
physical security (25.), intelligent transportation systems (26.) and smart grids(27.). Consider the
unconstrained optimization problem.

(p); min{f(x);x € R} (1)

where f; R™ - R continuously differentiable. The nonlinear conjugate gradient (CG) method
usually takes the following iterative formula

Xpp1 = X+ di x>0 k=0;1,2;3 )

For solving (1), where x; is the current iterate point, k > 0 is a step length, and d, is a search
direction defined by,

_ —Vf(x) if k=1
= syt e f k22 )
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Where g,the gradient of f(x) , B, € R is a scalar which determines the different conjugate gradient methods.
(2) and (3). Well-known formulas for B, are called Conjugate-Descent (CD) (Fletcher 1997) [1], Fletcher-
Reeves (FR) (Fletcher and Reeves 1964) [2], Hestenses.Stiefel (HS) (Hestenes and Stiefel 1952) [3],
Liu.Storrey (LS) (Liu and Storey 1992) [4], and Polak. Ribiére.Polyak (PRP) (Polak and Ribiére 1969;
Polyak (1969) [5], and some modified formulas (Dai 2002 [6]; Dai and Yuan 2001 [7], 1995 [8], Qi et al.
1996 [9], Wei et al. 2006b [10]). The convergence behavior of the different conjugate gradient methods with
some line search conditions (Armijo 1966 [11], Al-baali 1985 [12], Dai 2001 [13], Dai et al. 1999 [14], Dai
and Yuan 1996, Grippo et al. 1986 [15], Grippo and Lucid 1997 [16], Liu and Han 1995 [17].
The well-known formulas for B, are,

= nl('ézgiﬂ'ﬁz [ @
B = oo ®
s < Mttt 0
BPRP = Vf(xk)T”((z;((ii)_—jﬁz(xk—l)) [5] )
Be' = <Vf<l§(-xé‘ﬁ::f_(f§‘3 a7 ®
BiS = Vf G (VF Gei) =S (ege-1)) [4] )

df_; Vf(xg—1)

V7 GooT 07 Ge -ty
B,L/VYL _ lvf (xge—)l 1 [10] (10)

N Vf (-1 T (Vf (=)

In order to find the step length («;), we use Strong Wolf Powell (SWP) line search,
f Qe +oc die) = o) < Sag) V()" dye (11)

[Vf(x, +¢4 d)T.dg | < —oVf(x)7d, (12)

Where(0<6<%)and(0<o-<1)

From a bibliography point of view, the Nonlinear Conjugate Gradient methods can be improved by
using novel techniques proposed in (20.), (21.), (22.), (23)".

In this paper, we will present the new formula in section 2. In addition, the sufficient descent
condition and the global convergence of the new method under the inexact line search (11) and (12), in the
following theorem. Will be presented in section 3. Finally, we will discuss the numerical results and
conclusion in sections 4 and five respectively.

2. THE NEW FORMULA
In this section, we propose the new B, which is extention of the B,Zvyl [10] that we named B,:”y”" ,

)TV () =Vf ) T o die—
BWylM — Vf(xg 1 13
k IVF Ger—I1? (13)
Where ¢, = _M7Cedl o |l || means the Euclidean norm

(VS (eIl

3. CONVERGENT ANALYSIS OF WYLM METHOD
In this section, we will show the convergent properties of B,L”y”" using inexact line searches.

Indonesian J Elec Eng & Comp Sci, Vol. 18, No. 1, April 2020 : 525 - 532



Indonesian J Elec Eng & Comp Sci ISSN: 2502-4752 d 527

3.1. Convergent Analysis Based on Inexact Line Search

In this section, we will show the convergent analysis based on the inexact line search by means of
strong Wolfe line search. We will also show that these CG coefficients will possess sufficient descent
conditions and global convergence properties. Under this inexact line search (11) and (12). In the following
theorem; we discuss the sufficient condition,

Vi) d < =C II(Vf(x)lI?, € >0 (14)
Where k > 0 and C € (0, 1) under SWP line search.

3.2.1. Sufficient Descent Condition
For the sufficient descent condition, we present the following Theorem,
Theorem 1: If the sequences g,and d, are generated by the methods (2), (3) and (13) with step

length «,, determined by (10) and (11) ifo € (0, i), then the sufficient descent condition holds.
Proof: We use proof by induction from (3). We know that for k = 0 it is hold. Suppose that it is:

V() dy = =1 (VF ) IP+B MMV f ()T dy—4
Divide ||(Vf (x;)|I? indicated that;

VG Tdye wylM Vf ()T dg—4
) Yk — _ 14 B VI \Xk)” G—1
I(VF CerlI? + By IV FxlI2

—oVf () diy VG Tdp_y

- Vf(xk—1)TVf(xk—1)( - ||vr<xk)||||vﬂxk_1)||) (15)

Using (12), we have,

ﬁf(xk)Tdkz <14 —chf(xk)Taz;;_1 (1 VG Tdg ) (16)
Vf Gl I(VF i)l 1VF G NIV G-l

ﬁf(Xk)Tdkz > 14 chf(xk_l)Tdf_l ( /LGN ) 17)
Vf Gl 1(VF Gl V£ GV F G-l

And applying the Cauchy-Schwartz we get,
< Ubldes g (18)

IV Cerd NV F G-l
This implies that,
142 oVf Ceg—1) T di—1 < Vf G dy <-1-2 aVf (g dgq (19)
1V CerdlI2 (Vf Cerdll 1(Vf CerdlI2

By repeating this process and the fact V£ (x;)7d; = —|IVf (x)||? U Owe have,

- B3 20) TR < o 4 BHY20) (20)

since T (20) < Xi2(20)! = ——

As shown in (19) Can be written as:

e ST < 2t @y

By making the restriction o € (O,i) we have Vf(x,)Td, <0so by induction, Vk €
N,Vf(x,)"d, < 0holds.
Now, we prove the sufficient descent property of d; if o € (0, i)
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Set 1 = 2 ———then 0 < A < 1, and (18) turns out to be
Vf ()T di

) < LK Tk~
A-2s IvFGellZ = A (22)

Thus we obtain Vf (x;)7d), < —yIIVF(x)II? Ory =—2 + ﬁ where 1 € (0,1)
The proof is completed.

3.2.2. Global Convergent Analysis

The following assumption is needed in order to proceed with the proof of global
convergence properties.

Assumption 1

(i) The function f is bounded below on the level set R™ and is continuous and differentiable in
neighbourhood N of the level set Q ={x € R™; f(x) < f(x,)} at the initial point x,

(ii) The gradient g(x) is Lipschitz continuous in N, so a constant L> 0 exists, such that that

lg(x) — gl < Lllx —yll : Forall x,y € N
Theorem2: Suppose Assumption 1 is true, consider any CG method of form (2) and (3), where
satisfied. SWP line search and the sufficient descent condition holds, then }lim IVF(x )l = 0.

Proof
Subtracting Vf (x;)"d, from both sides of (12) and using the Lipschitz condition we have

—(1 = OVF () dy < (VF(x) = VF(teer)) die < L o lldill 2 (23)
Therefore,

_ -0 Vr ) dk
Lo llagll?

<o (24)

With (11) we obtain:

- Ta,|?
£Ga) = f o+ di) = =8 o5, Vf ()7 d, = 5 Lo oo (25)

Moreover, from the hypothesis (1), we have that {f (x,)} is a decreasing sequence and has a limit in,
which shows that ,lim f(xr41) < +ooand after (25) we have,

x)Tdg)?
llagll?

o0 > f;) = lim f(tan) = BIFCo0) = f(ean)| 2 65528 X (26)

T 2
Then 5 ST < o
k

Hence, lim IVF(x,)|l = 0 Then proof is completed.

4. NUMERICAL RESULTS AND DISCUSSIONS

In this section, we present the results of our proposed method WYLM on comparison with CG
methods FR, DY, WYL, and PRP. We will use some of test problems considered in Andrei [18] to analyze
the efficient of B/"*'™ We considered €= 107%; ¢ = 0.1; § = 0.01 and the gradient value as stopping
criteria. The tolerance €= 107° is selected for all algorithms to investigate the rapidity of iteration of these
algorithms towards the optimal solution, We used Matlab R2010 the performance results are shown in
Figures 1-6. We use the following algorithm,

Algorithm 1: BYY™M method
Step 1: Choose an initial point x, € R" setk = 1.e = 107° setdy, = —g, = —V [ (x()
Step 2: Compute By, based on (13). (15), (7), (8), or (10)
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Step 3: Compute d,, based on (3); if |V f(x;)|| = 0, then stop.

Step 4: Compute step length «, by one line search technique, let x, ., = x; +o¢; d;

Step 5: Updating new point based on. (2).

Step 6: Convergent test and stopping criteria, if (x,) < f(x,_; ) and [|[Vf(xx)|| < e, then stop, otherwise
gotoStep Lwith k =k + 1101.

Table 1.Test Problems used with the Strong Wolf Condition €= 107¢; ¢ = 0.1; § = 0.01

No Functions N Initial points

1 Booth 2 (10, 10),(14,14),(40,40)

2 Rosenbrock 2 (5,5),(25,25),(-12,-12)

3 Goldstein-price 2 (2,2),(-11,-11),(-13,-13)
4 Extended Powell 4 (7,7,7,7) (15,15,15,15)
5 2
6 2
7 2

Tridiagonal 1 (2;2), (17,17),(100;100)
Strait (100,100), (50;50)
Generalized Quartic (10,10),(200,200),(17,17)

Figures 1-3 list the performance of the above methods relative to iterations number, the number of
gradient evaluations and the CPU time, respectively.

Figure 1. Performance based en the number of Figure 2. Performance based on the number of
iterations gradient evaluations

P ke

Figure 3. Performance based CPU time

Remark 1: Figures 1-3, shows that “WYLM” method has best performance since it solves about
99% of the test problems successfully
Example: Extended Rosenbrock function,

f,y) = (1 —x)? +100(y — x*)? , x optimal = (1,1).
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—2 + 2x — 400xy + 400x3>

Vi, =(
feey) 200y — 200x%y

Table 2. Extended Rosenbrock function f(x,y) = (1 — x)? + 100(y — x2)?, x optimal = (1, 1) Numerical
results for BYYt™ WY L, DY, FR and PRP in terms of number iterations (NI) and CPU time

Initial point WYLM WYL PRP FR DY
NI/CPU NI/CPU NI/CPU NI/CPU NI/CPU
(1000,1000) 290/0/8948 Failed 8377/42.896843 Failed Failed
(30, 30) 119/0.29190 1511/ 2.613863 8377/ 42.896843 3944/ 16.488 Failed
(-1,-1000) 316/1.2419 2324/ 7.481274 Failed Failed Failed
(-1,3) 88/1.993644 14532/ 75.441580 466/ 2.602825 420/ 2.6787 170/ 0.21942
0,1) 124/0.425383 20000/ 118.46089 510/ 3.010145 88.0.215204 100/ 0.376978
1,4) 224/0.809022 2000/113.847652 456/2.338696 130/ 2.086794 100 /0.376978
(100, 100) 210/ 0.607405 Failed Failed 5840/ 25.106 Failed
(-1, 7) 201/0.754304  20000/113.847652 527/6.118101 130/2.086794 219/0.442945

Remark 2: in table 2, the WYLM method was successful in all attempts to achieve the optimal
solution, while the other methods failed.

Table 3. Summary of Results

Méthod Ranking The success rate
WYLM 1 100%

PRP 2 75%

FR 3 75%

WYL 4 75%

DY 5 50%

Remark 3: Table 3, shows that “WYLM” has best performance since it solves about 100% of the
test problems successfully.

Table 4. Rosenbrock Function, Initial Point [-3 100]

WYLM WYL DY PRP FR
NI 309 Failed 3505 Failed 2456
CPU(s) 1,0048 Failed 13,2389 Failed 8,5297
X optimal (1,1) (1,1) (1,1)

Figures 4 and 5, list the comparison of WYLM method and DY, WYL, PRP, FR methods
x0=[-3 100].

] L 1 L L L L L L L " L 1 L L L L L L L
(L] L g mAa oH LLE 1 L 4 iH 13 - u L L] L] L8] 1 e n4 1iH 13 F

b z m Lo i z

Figure 4. Performance profiles based on the number of Figure 5. Performance profiles based on the
function evaluations number of gradient evaluations
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Remark 4: From the Figures 4-5, The WYLM method performs better than other methods by
selecting a starting point with the Resenbrock function f(x,y) = (1 — x)? + 100(y — x2)?
And she is best performance in terms of values gradients and functions and the number of iterations.

5. CONCLUSION

We present a new CG formula BYYM that similar to WYL method and the global convergence
properties are presented with several line searches. Results showed that the new coefficient satisfies the
sufficient descent conditions and converge globally under strong Wolfe-Powell line search.it is proved that
the algorithm is practical and effective to be used. Our numerical results have shown that our new method
has the best performance compared to the FR, PRP, DY and WYL Methods

ACKNOWLEDGEMENTS
We are grateful to anonymous referées for their useful suggestions and comment on this paper.

REFERENCES
[1] Fletcher, R. (1997). “Practical method of optimization”, Vol I. Unconstrained optimization (2nd ed.). New York :
Wiley

[2] R. Fletcher, C.M. Reeves, “Function minimization by conjugate gradients”, Computer Journal 7 (1964)149 154.

[3] Hestenes, M. R., & Stiefel, E. (1952). “Method of conjugate gradient for solving linear equations“. Journal of
Research of National Bureau of Standards, 49,409.436.

[4] Liu, G., & Han, J. (1995). “On the global convergence of conjugate gradient methods with inexact line search®.
Numerical Mathematics. A Journal of Chinese Universities, 2, 147.153.

[5] Polyak, B. T. (1969). “The conjugate gradient method in extreme problems“. USSR Computational Mathématics
and Mathematical Physics, 9, 94.112.

[6] Dai, Y. H, Yuan, Y. (2000). “A Nonlinear Conjugate Gradient with Strong Global Convergence Properties®. SIAM.

[7] Dai, Y. (2001). “Convergence of nonlinear conjugate methods“. Journal of Computational Mathematics,
19, 539.549.

[8] Dai, Y., & Yuan, Y. (1995). “Further studies on the Polak-Ribiére-Polyak method*. Research report [CM-95-040,
Institute of Computational Mathematics and Scienti.c/Engineering computing, Chineseb Academy of Sciences.

[9] Liu, G., & Han, J. (1995). “On the global convergence of conjugate gradient methods with inexact line search®.
Numerical Mathematics. A Journal of Chinese Universities, 2, 147.153.

[10] Wei, Z., Yao, S., & Liu, L. (2006b). “The convergence properties of some new conjugate gradient®.
methods. Applied Mathematics and Computation, 183, 1341.1350.

[11] Armijo, L. (1966). “Minimization of functions having Lipschitz conditions partial derivatives“. Paci.c Journal of
Mathematics, 16, 1.3.

[12] Al-baali, A. (1985). “Descent property and global convergence of the Fletcher-Reeves method with inexact line
search®. IMA Journal of Numerical Analysis, 5, 121.124.

[13] Dai, Y., & Yuan, Y. (2001). “An efficient hybrid conjugates gradient method for unconstrained optimization®.
Annals of Operations Research, 103,33.47.

[14] Dai, Y., Han, J., Liu, G., Sun, D., Yin, H.,& Yan, Y. (1999). “Convergence properties of the nonlinear conjugate
methods®. SIAM Journal on Optimization, 2, 345.358.

[15] Grippo, L., Lampariello, F., & Lucidi, S. (1986). “A nonmonotone line search technique for Newton’s method*.
SIAM Journal on Numerical Analysis, 23,707.716.

[16] Grippo, L., & Lucidi, S. (1997). “A globally convergent version of the Polak-Ribiére gradient method“.
Mathematical Programming, 78, 375.391.

[17] Liu, G., & Han, J. (1995). “On the global convergence of conjugate gradient methods with inexact line search®.
Numerical Mathematics. A Journal of Chinese Universities, 2, 147.153.

[18] Andrei, “An unconstrained optimization test functions collection”, Adv Model Optim10 (2008), 147-161.

[19] Andrea, C., Giovanni, F. & Massimo, R. “Novel preconditioners based on quasi-Newton updates for nonlinear
conjugate gradient methods Optim Lett April 2017¢, Volume 11, pp 835-853.

[20] Al-Baali, M., Caliciotti,A.,Fasano, G. et al. “Exploiting damped techniques for nonlinear conjugate gradient
methods Math Meth Oper Res (2017) «, 86: 501.

[21] Caliciotti Andreal, Fasano Giovanni, Roma M. “Preconditioning strategies for nonlinear conjugate gradient
methods*, based on quasi-Newton updates AIP Conference Proceedings 1776, 090007 (2016).

[22] Al-Baali M., Caliciotti A., Fasano G., Roma M. (2018) “Quasi-Newton Based Preconditioning and Damped
Quasi-Newton Schemes for Nonlinear Conjugate Gradient Methods“. In: Al-Baali M., Grandinetti L.,
Purnama A. (eds) Numerical Analysis and Optimization. NAO 2017. Springer Proceedings in Mathematics &
Statistics, vol 235. Springer, Cham.

[23] Caliciotti, Andrea, Fasano, Giovanni ;Roma, Massimo, “Preconditioned Nonlinear Conjugate Gradient methods
based on a modified secant equation®, Applied Mathematics and Computation, Volume 318, 1 February 2018,
Pages 196-214.

A new modification nonlinear conjugate gradient method with strong wolf-powell... (Chergui Ahmed)


https://aip.scitation.org/author/Andrea%2C+Caliciotti
https://aip.scitation.org/author/Giovanni%2C+Fasano
https://www.sciencedirect.com/science/journal/00963003/318/supp/C

532

a ISSN: 2502-4752

[24]

[25]

[26]

[27]

A. Pietrabissa and L. Ricciardi Celsi, "Discrete-Time Selfish Routing Converging to the Wardrop Equilibrium," in
IEEE Transactions on Automatic Control, wvol. 64, no. 3, pp. 1288-1294, March 2019.
doi: 10.1109/TAC.2018.2847602.

A. Di Giorgio, A. Giuseppi, F. Liberati, A. Ornatelli, A. Rabezzano and L. R. Celsi, "On the optimization of energy
storage system placement for protecting power transmission grids against dynamic load altering attacks,” 2017
25th Mediterranean Conference on Control and Automation (MED), Valletta,2017,pp.986-992. doi:
10.1109/MED.2017.7984247.

L. R. Celsi, A. Di Giorgio, R. Gambuti, A. Tortorelli and F. Delli Priscoli, "On the many-to-many carpooling
problem in the context of multi-modal trip planning,” 2017 25th Mediterranean Conference on Control and
Automation (MED) Valletta, 2017,pp. 303-309.doi: 10.1109/MED.2017.7984135.

V. Suraci, L. R. Celsi, A. Giuseppi and A. Di Giorgio, "A distributed wardrop control algorithm for load balancing
in smart grids,” 2017 25th Mediterranean Conference on Control and Automation (MED), Valletta, 2017,
pp. 761-767.

BIOGRAPHIES OF AUTHORS

Ahmed chergui professor of Mathematics, Department of Mathematics and Computer Science
Larbi Tebessi University-Tebessa, Algeria. Email: ahmed.chergui@univ-tebessa.dz,
University of khenchela Department of Mathematics and Computer Science, Algeria Email:
Ahmedc.48@gmail.com

£ N\
-

&

Taher Bouali Dr Mathematics, Department of Mathematics and Computer Science, Larbi
Tebessi University - Tebessa, Algeria, Email: tahar.bouali@univ-tebessa.dz

Indonesian J Elec Eng & Comp Sci, Vol. 18, No. 1, April 2020 : 525 - 532



