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 The determinant factor in transient stability study of electric power systems 

is the behavior of synchronous generators when subjected to sudden and 

large disturbances. The objective of this paper is to develop a mathematical 

model, general algorithm, and a computer program to investigate the 

transient stability of multi-machine power systems. The developed 

mathematical model is established as a first step. The new developments lie 

in modeling the fault occurrence and fault clearance as well as the procedure 

of computing the system matrices during and after the fault through only 

modification of the matrix before the fault. Based on the developed 

mathematical model, a general algorithm was built and translated into a 

computer program using an object-oriented and visual language called 

Delphi. The algorithm adopted the Runge-Kutta method for numerical 

solution of differential swing equations and was programmed within the 

program. The developed program was validated by applying it to small 

sample electrical networks. The program was used to analyze the transient 

stability of a relatively large test network and accurate results were obtained 

that could be relied upon for protective relays settings and optimization of 

control system parameters. It was found that the developed program is an 

effective and rapid tool for estimating transitory stability for real power 

systems. 
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1. INTRODUCTION 

The transient stability (TS) as a branch of rotor angle stability, refers to the ability of  

synchronous machines to maintain its synchronism after the electric power system has been subjected to a 

severe disturbance such as a shunt fault, sudden line outage or sudden connection or disconnection of large 

loads [1-5]. For disturbances such as faults, we are interested to find a critical clearing time that the faults are 

cleared without causing stability problems. To obtain the critical clearing time for a fault, we must solve the 

swing equations of the generators. The swing equation of a synchronous generator describes the dynamics of 

the machine, and it is a second-order differential equation [6]. 

There are various tools to investigate TS such as PSS-NETOMAC which is a Professional software 

for simulating electromagnetic and electromechanical power system transients [7], MATLAB/SIMULINK, 

Electrical Transient Analysis Program (ETAP), and DIgSILENT PowerFactory which offers among much 

more things, stability analysis functions (RMS) and electromagnetic transients (EMT) [8]. The professional 

programs are normally multifunctional software requiring significant time for the user to be familiar with, in 

addition to the high purchase or rent cost. MATLAB/SIMULINK can be used for studying TS but for 

relatively small power systems with limited number of machines [9]. The DIgSILENT PowerFactory 
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software is capable to simulate all types of stability of power systems integrated with renewable energy 

sources [10-14]. In [15], the authors presented TS study for 400 kV Iraqi grid focusing on load flow program 

and simple TS model using Modified Euler’s method. [16] proposed a method for analyzing TS of a certain 

power system with 9 buses and 3 generators using generators closed loop transfer functions derived swing 

equations in Laplace domain. [17] introduces a TS approach which transform the multi-machine system to a 

simple one machine-infinite bus system. Various authors have proposed FACTS devices to improve the 

stability of multimachine power systems [18-21], and others proposed fuzzy controllers to stability 

enhancement [22]. 

In this paper, a new improved model is presented compared to classic models [23-25] to investigate 

the multimachine transient stability of power systems. The new model is characterized by the modeling of the 

fault occurrence and fault clearance as well as the procedure of computing the system matrices during and 

after the fault through only modification of the matrix before the fault. 

 

 

2. MATHEMATICAL MODEL 

Figure 1 represents an equivalent circuit of a multi-generator power system suitable for transient 

stability studies. The model contains n sources (synchronous generators and infinite buses) and a passive 

network having m buses. Each generator is represented by an equivalent circuit consisting of  

an electromotive force (emf) connected to one of the buses from 1 to n, and a transient reactance  

integrated with the passive network. Thus, the total number of system buses is m + n. The passive network 

consists of reactances of generators, transformers, lines and loads that connect to each other to form m 

internal buses [26]. 

 

 

 
 

Figure 1. Power system model for multimachine transient stability studies 

 

 

2.1.   Admittance Matrix of A Multimachine Power System 

The node voltage equation for any electric network with node 0 as reference is  

 

𝐼𝑏𝑢𝑠 = [𝑌𝑏𝑢𝑠 ]𝑉𝑏𝑢𝑠 (1) 

 

where 𝐼𝑏𝑢𝑠 and 𝑉𝑏𝑢𝑠 are vectors of injected bus currents and bus voltages respectively. [𝑌𝑏𝑢𝑠 ] is the network 

bus admittance matrix which will be denoted as [Y’] in the following equations. 

The node voltage equation for the network in Figure 1 is 

 

[
𝐼𝑆
0
] = [𝑌′] [

𝐸
𝑉
] (2) 

 

Where, 

𝐼𝑆 =

[
 
 
 
 
𝐼1
.
.
.
𝐼𝑛]

 
 
 
 

 (3) 
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0 = 𝑉𝑒𝑐𝑡𝑜𝑟 𝑜𝑓 𝑚 𝑧𝑒𝑟𝑜𝑠 (𝑚 × 1) (4) 

 

𝐸 =

[
 
 
 
 
𝐸1

.

.

.
𝐸𝑛]

 
 
 
 

= 𝑉𝑒𝑐𝑡𝑜𝑟 𝑜𝑓 𝑒𝑚𝑓𝑠 𝑜𝑓 𝑆𝐺𝑠 (5) 

 

�̅�𝑖 = 𝐸𝑖
′𝛿𝑖 (6) 

 

𝑉 =

[
 
 
 
 
𝑉𝑛+1

.

.

.
𝑉𝑛+𝑚]

 
 
 
 

= 𝑉𝑒𝑐𝑡𝑜𝑟 𝑜𝑓 𝑖𝑛𝑡𝑒𝑟𝑛𝑎𝑙 𝑏𝑢𝑠𝑒𝑠 𝑣𝑜𝑙𝑡𝑎𝑔𝑒𝑠  (7) 

 

[𝑌′] = [
[𝑌𝑛𝑛] [𝑌𝑛𝑚]

[𝑌𝑚𝑛] [𝑌𝑚𝑚]
] (8) 

 

From (2) we obtain: 

 

0 = [𝑌𝑚𝑛]𝐸 + [𝑌𝑚𝑚]𝑉  (9) 

 

𝑉 = −[𝑌𝑚𝑚]−1[𝑌𝑚𝑛]𝐸  (10) 

 

𝐼𝑠 = [𝑌𝑛𝑛]𝐸 + [𝑌𝑛𝑚]𝑉  (11) 

 

𝐼𝑠 = {[𝑌𝑛𝑛] − [𝑌𝑛𝑚][𝑌𝑚𝑚]−1[𝑌𝑚𝑛]}𝐸  (12) 

 

𝐼𝑠 = [𝑌]𝐸 (13) 

 

Where, 

 
[𝑌] = [𝑌𝑛𝑛] − [𝑌𝑛𝑚][𝑌𝑚𝑚]−1[𝑌𝑚𝑛]  (14) 

 

[Y] is the so called reduced admittance matrix with the dimension (n x n), where n is generators 

number. [Y] is computed for three cases: prefault, faulted, and postfault. The prefault matrix is used for 

computing the initial power angles, whereas the faulted matrix is used for the period from the fault 

occurrence at t = 0 until fault clearance at 𝑡 =  𝑇𝐶. The postfault matrix is required for 𝑡 >  𝑇𝐶.  

The electrical real power injected into the system by a generator 𝑖 can be obtained in a similar way 

as power flow equations: 

 

𝑃𝑒𝑖 = ∑ 𝐸𝑖
′𝐸𝑗

′𝑌𝑖𝑗 𝑐𝑜𝑠(𝛿𝑖 − 𝛿𝑗 − 𝜃𝑖𝑗)
𝑛
𝑗=1  (15) 

 

Where, 

 

�̅�𝑖𝑗 = 𝑌𝑖𝑗
𝜃𝑖𝑗   (16) 

 

For the system in steady state, the mechanical power input is equal to the electrical power output if 

losses are neglected, and we have 

 

𝑃𝑚𝑖 = ∑ 𝐸𝑖
′𝐸𝑗

′𝑌𝑖𝑗
′ 𝑐𝑜𝑠(𝛿𝑖 − 𝛿𝑗 − 𝜃𝑖𝑗)

𝑛
𝑗=1   (17) 

 

2.2.   Swing Equations 

In the study of the transient stability of a generator-infinite bus simplified system, we assumed that 

the reference axis rotates at constant synchronous speed. In the case of the multi-machine system, we will 
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consider that the reference axis is the rotor of a generator which rotates at a variable speed 𝜔𝑟𝑒𝑓 over time. 

Thus, the swing equation for any generator: 

 

𝑃𝑚𝑖 − 𝑃𝑒𝑖 =
𝐻𝑖

𝜋𝑓
(�̈�𝑖 + �̇�𝑟𝑒𝑓) 𝑖 = 1,… , 𝑛   (18) 

 

The above equation includes per unit (pu) quantities based on the common 𝑆𝑏𝑎𝑠𝑒. If 𝐻𝐺𝑖 is the inertia 

constant of generator 𝑖 based on its rated 𝑆𝐺𝑖, then 𝐻𝑖, which is inertia constant based on common 𝑆, is 

calculated by 

 

𝐻𝑖 = 𝐻𝐺𝑖
𝑆𝐺𝑖

𝑆𝐵
  (19) 

 

We select one of the generators as reference generator and we have 

 

𝑖 = 𝑟; 𝛿𝑖 = 𝛿𝑟 = 0  (20) 

 

𝑃𝑚𝑟 − 𝑃𝑒𝑟 =
𝐻𝑟

𝜋𝑓
�̇�𝑟𝑒𝑓   

 

∴  �̇�𝑟𝑒𝑓 =
𝜋𝑓

𝐻𝑟
(𝑃𝑚𝑟 − 𝑃𝑒𝑟)  (21) 

 

Now substituting (21) into (18), we have 

 

�̈�𝑖 =
𝜋𝑓

𝐻𝑟
[(𝑃𝑚𝑖 −

𝐻𝑖

𝐻𝑟
𝑃𝑚𝑟) − (𝑃𝑒𝑖 −

𝐻𝑖

𝐻𝑟
𝑃𝑒𝑟)]  (22) 

 

If we select an infinite bus as reference, 𝐻𝑟 becomes ∞ and (22) becomes  

 

�̈�𝑖 =
𝜋𝑓

𝐻𝑟
(𝑃𝑚𝑖 − 𝑃𝑒𝑖) (23) 

 

Thus, the TS problem of a multi-machine power system leads to the problem of solving a system of 

𝑛 second order non-linear differential equations that must be solved simultaneously. It is appropriate to 

transform these equations to a set of 2n first order nonlinear differential equations: 

 

�̇�𝑖 = 𝛼𝑖   (24) 

 

�̇�𝑖 =
𝜋𝑓

𝐻𝑖
[(𝑃𝑚𝑖 −

𝐻𝑖

𝐻𝑟
𝑃𝑚𝑟) − (𝑃𝑒𝑖 −

𝐻𝑖

𝐻𝑟
𝑃𝑒𝑟)]  (25) 

 

𝛼𝑖 is the angular velocity deviation of the generator 𝑖 from the angular velocity of the reference generator. 

Since the Runge- Kutta method is the proper method to solve the differential equations, we will choose this 

method to solve the differential equations (24) and (25). 

 

 

3. ALGORITHM AND COMPUTER PROGRAM 

Based on the mathematical model and the algorithms we have already presented, we have designed 

a general algorithm that allows for the simulation of transient stability of electrical power systems, taking 

into account all generators Figure 2.  

We have translated the developed algorithm into a computer program written in an objective-

oriented language Delphi. The program studies the multi-machine TS of an electric power system, which is 

modeled using data related to its components such as generators, transformers, lines and loads. We arranged 

the data into four tables as input files. The main interface of this program is shown in Figure 3. 

By selecting the command “New”, a window containing the four system tables is opened. The 

program is equipped with a mechanism to read the data of these tables from pre-saved files in addition to the 

mechanism of saving the information entered in files that the user name and location to retrieve later, using 

the Open, Save buttons at the top of each table. The program is effectively and reliably protected against 

errors caused by inserting table information into another table. After entering information manually or in a 

saved file, the interface will look like Figure 4. 
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Figur 2. Flow Chart for the developed program 

 

 

 
 

Figure 3. Main program window interface 

 
 

Figure 4. Main program window when entering 

machine data 

 

 

The system's characteristic matrices [𝑌’] and [𝑌] before, during and after the fault are computed as 

explained below: 

a. By clicking “cal 𝒀′′′, the prefault [𝑌′] will be computed, and by “show 𝒀′′′ command the computed 

matrix can be displayed (Figure 5).  

b. In order to compute the faulted[𝑌′], the fault must be first selected from the Calculation menu as follows:  

Enter the number of buses that have occurred between them (𝑖, 𝑗) and a factor a (where a is a real 

number greater than zero and less than one) that determines the location of the fault. This is provided by the 

following window that appears automatically when the Calculation [𝑌′] command is clicked from the Fault 

menu (Figure 6). 
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Figure 5. Display of the computed elements of [Y '] 

 

 
 

Figure 6. The mask for determining the fault 

location (the faulted branch and distance of fault 

point from one of branch buses) 

 

 

A fault occurrence will cause a change of some elements of prefault [𝑌′] . Thus, to obtain the faulted 

[𝑌′], the changed matrix elements that are affected by the fault are computed according to the following 

developed procedure: 

 

𝑌𝑖𝑗
′ 𝑛𝑒𝑤 = 0  (26) 

 

𝑌𝑖𝑗
′ 𝑛𝑒𝑤 = 𝑌𝑖𝑗

′ 𝑜𝑙𝑑 − 𝑌𝑖𝑗 +
1

𝛼𝑍𝑖𝑗
= 𝑌𝑖𝑗

′ 𝑜𝑙𝑑 − 𝑌𝑖𝑗 +
1

𝛼
𝑌𝑖𝑗 = 𝑌𝑖𝑗

′ 𝑜𝑙𝑑 − (1 +
1

𝛼
)𝑌𝑖𝑗   (27) 

 

𝑌𝑖𝑗
′ 𝑛𝑒𝑤 = 𝑌𝑖𝑗

′ 𝑜𝑙𝑑 − 𝑌𝑖𝑗 +
1

(1−𝛼)𝑍𝑖𝑗
= 𝑌𝑖𝑗

′ 𝑜𝑙𝑑 − 𝑌𝑖𝑗 +
1

1−𝛼
𝑌𝑖𝑗  

 = 𝑌𝑖𝑗
′ 𝑜𝑙𝑑 − (1 +

1

1−𝛼
)𝑌𝑖𝑗   (28) 

 

where 𝑌′ is an element of [𝑌′] and 𝑌𝑖𝑗  is the natural admittance of faulted branch 𝑖𝑗. 

a. The postfault [𝑌′] is computed by using the computed prefault [𝑌′] with modified elements affected by 

fault clearance according to the following developed procedure: 

 

𝑌𝑖𝑗
′ 𝑛𝑒𝑤 = 0   

𝑌𝑖𝑖
′ 𝑛𝑒𝑤 = 𝑌𝑖𝑖

′ 𝑜𝑙𝑑 − 𝑌𝑖𝑗 = 𝑌𝑖𝑖
′ 𝑜𝑙𝑑 − 𝑌𝑗𝑖𝑗

′ 𝑜𝑙𝑑  (29) 

𝑌𝑗𝑗
′ 𝑛𝑒𝑤 = 𝑌𝑗𝑗

′ 𝑜𝑙𝑑 − 𝑌𝑖𝑗 = 𝑌𝑗𝑗𝑖
′ 𝑜𝑙𝑑 − 𝑌𝑗𝑖𝑗

′ 𝑜𝑙𝑑  

 

b. The three reduced matrices [𝑌] are computed from the stored three matrices [𝑌′]by the menu “Stability” 

and can be displayed as shown in Figure 7. 

c. At this point, sufficient initial information is computed to study the stability of the machines of this 

system by clicking “Stability Calc” from the Stability menu. A mask will appear to be filled in by data 

required for the numerical solution method as shown in Figure 8. 

 

 

 
 

Figure 7. Display window for the three matrices 

[Y] 

 
 

Figure 8. Mask to be filled in with final information 

required for numerical solution method 
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4. ILLUSTRATIVE SYSTEM EXAMPLE 

We consider a 50-Hz power system comprising 3 machines (two generators and an infinite bus), 16 

buses, 9 transmission lines, and 7 loads as shown in Figure 9. The data for generators, transmission lines, 

transformers, and loads are given for the test system under consideration in per unit based on 100 MVA and 

voltage bases written on Figure 9. A wide range of case studies have been carried out by the developed 

program with balanced faults occurring on different locations and cleared at different times. The main results 

are swing curves of the 3 machines showing stable or unstable operation and the critical clearing time as well 

for the considered fault. Two case studies will be presented. 

 

 

 
 

Figure 9. One-line diagram of three machine power system. 

 

 

Case study 1 

Assume that a balanced fault occurs on the line between buses 11 and 9 at a location very close to 

the bus 11 (2% of the line length from bus 11). We try to find the critical clearing time for this fault by trial 

and error method. The computation results show that the last stable operation is possible for fault clearing 

time 𝑇𝑐 =  0.20 sec as shown in Figure 10. If the clearing time is longer by a half cycle (10 𝑚𝑠) the 

operation becomes unstable for at least machine 2 as Figure 11 shows. This is logical because the fault is 

closer to the generator 2. When moving the fault location away from bus 11 as if it is in the middle of the 

line, the critical clearing time rises to 0.26 sec. 

 

 

 
 

Figure 10. Swing curves for a fault on Line 9-11 

(2% from 11) for clearing time TC = 0.20 sec. 

 
 

Figure 11. Swing curves for a fault on Line 9-11 

(2% from 11) for clearing time TC = 0.21 sec.  

 

 

Case study 2 

Suppose a balanced fault occurs at the middle of the line between the buses 11 and 12. Through a 

number of program runs with different fault clearing times (𝑇𝐶), the critical clearing time (𝑇𝐶𝐶) for this fault 

is found to be 0.25 sec (Figure 12). To verify this result, the program is run with 𝑇𝐶 = 0.26 𝑠𝑒𝑐, meaning 10 
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ms longer than 0.25 sec. The computed swing curves show that the operation of both generators becomes 

unstable (Figure 13).  

 

 

 
 

Figure 12. Swing curves for a fault on Line 11-12 

(50% from 11) for clearing time TC = 0.25 sec. 

 
 

Figure 13. Swing curves for a fault on Line 11-12 

(50% from 11) for clearing time TC = 0.26 sec. 

 

 

5. CONCLUSIONS 

The outcome of this paper is a computer program in Delphi environment which is based on a newly 

improved mathematical model and a developed general algorithm for investigation of TS in multimachine 

electric power systems. The program is capable of studying the TS of an electrical power system consisting 

of an unlimited number of synchronous generators. It has been designed to provide a flexible and efficient 

dialogue environment for the user, through which the swing curves of all machines and consequently the 

critical clearing time of a fault can be found very quickly.  

The program was used to study the TS of a relatively large test network and accurate results were 

obtained that could be relied upon for protective relays settings and optimization of control system 

parameters. The developed program can be extended in a future work to include generator control systems 

and to study their impact on improving stability as well as using more accurate models of synchronous 

generators. 
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