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1. INTRODUCTION

In recent years, the topics of fuzzy integral equations which attracted increasing interest, in particular in
relation to fuzzy control, have been rapidly developed. The concept of fuzzy numbers and arithmetic operations firstly
introduced by Zadeh [1], and then by Dubois and Prade. Also, in [2] have introduced the concept of integration of
fuzzy functions. The fuzzy mapping function was introduced by Cheng and Zadeh [1]. Moreover, Dubois and Prade
[3] presented an elementary fuzzy calculus based on the extension principle. The fuzzy integro-differential equations
are a natural way to model uncertainty of dynamical systems. Kaleva [4] chose to define the integral of the fuzzy
function, using the Lebesgue-type concept for integration. Recently, Hence various other methods for solving them
such as using homotopy perturbation method [5], expansion method [6], Laplace transformation method [7], homotopy
analysis method [8], differential transform method [9], fixed point theorems [10], variational iteration method [11].
Also, some mathematicians have studied fuzzy integral and integro-differential equation by numerical techniques [12]-
[21] [23, 26]. As we know the fuzzy integral and integro-differential equations are one of the important parts of the
fuzzy analysis theory that play a main role in the numerical analysis.

In this work, we will examine HAM to approximate the solution of the fuzzy Volterra-Fredholm integro-
differential equation of the second kind. The structure of this paper is organized as follows: In Section 2, we state
some known notations and definitions and also some theorems which are used throughout this paper. In Section 3,
the fuzzy Volterra-Fredholm integro-differential equation of the second kind is briefly presented. In Section 4, we
convert a fuzzy Volterra-Fredholm integro-differential equation of the second kind to the system of Volterra-Fredholm
integro-differential equation of the second kind in a crisp case and approximate with HAM. In Section 5, the existence
and uniqueness results and convergence of the proposed method is proved. In Section 6, the analytical example is
presented illustrate the accuracy of this method. Finally, we will give a report on our paper and a brief conclusion in
Section 7.
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2. PRELIMINARIES

The concept of fuzzy numbers is generalized of classical real numbers and we can say that a fuzzy number
is a fuzzy subset of the real line which has some additional properties. The concept of fuzzy number is vital for fuzzy
analysis, fuzzy integral equations and fuzzy differential equations, and a very helpful tool in different applications of
fuzzy sets. Basic definition of fuzzy numbers is given in [1, 2, 3, 27].

Definition 2..1 [2] Let us denote by R x the class of fuzzy subsets of the real axis w: R — I = [0, 1], satisfying the
following properties:

e u is upper semi-continuous function,

o u is fuzzy convex,i.e, u(Ax + (1 — A)y) > min{u(x),u(y)} forall z,y € R, X € [0,1],
e w is normal, i.e, 3xg € R for which u(xg) = 1,

e supu = {z € Rlu(z) > 0} is the support of the u, and its closure cl(sup u) is compact.

Let IE be the set of all fuzzy numbers on Rz. The (o — cut) a-level set of a fuzzy number u € E,0 < « < 1, denoted
by [u]a, is defined as

_J {zeR:iulz)>a}l, 0<a<l,
[ulo = { cl(sup u), a=0.

where cl(supu = = € Rju(z) > 0) denotes the closure of the support of . It is clear that the a-level set of a fuzzy
number is a closed and bounded interval [u(«), u(a)], where u(a) denotes the left-hand end point of [u],, and T(«)
denotes the right-hand end point of [u],. Since each u € R can be regarded as a fuzzy number @ defined by:

w0={4 1

An equivalent parametric definition is also given in [1] as:

Definition 2..2 [2] A fuzzy number  in parametric form is a pair (u, ) of functions u(«), u(«),0 < « < 1, which
satisfy the following requirements:

e u(«) is a bounded non-decreasing left continuous function in (0, 1], and right continuous at 0,
e T(«) is a bounded non-increasing left continuous function in (0, 1], and right continuous at 0,
e u(a) <u(a),0 <a <l

A crisp number « is simply represented by u(a) = u(a) = «,0 < a < 1. We recall that for a < b < ¢ which
a,b,c € R, the triangular fuzzy number u = (a, b, c) determined by a, b, ¢ are given such that u(a) = a + (b — a)«
and u(a) = ¢ — (¢ — b)a are the end points of the a-level sets, for all a € [0, 1].

The Hausdorff distance between fuzzy numbers given by
DSR]:XR;—)R+U{O}.

D(u,v) = sup max{|u(e) — v(a)], [u(a) — v(@)[}

wehre u = (u(a),w(w)), v = (v(a),v(a)) C R is utilized in [1]. Then, it is easy to see that d is a metric in E and
has the following properties:

e D(u+p,v+p)=D(u,v), Yu,v,pé€R,
e D(ku,kv) = |k|D(u,v), Vk€R;u,v€R,
0D(w—l—v,p—l—e)SD(w,p)—&—d(U,eL VW7U>P»€€E,

e (D,E) is a complete metric space.
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Definition 2..3 The function [ : [a,b] — R is called a Lipschitz function if there exists a real constant L > 0 such
that, for all z,t € [a, b]

D(f(x), f(#)) < Llz —t].
We refer to L as the Lipschitz constant of the function f.
Remark 2..1 Let u(a) = (u(a),u(a)), be a fuzzy number, we take

u(a) +u(e)

ut(a) = 2T,

It is clear that u®(a) > 0 and u(a) = u®(a) — ut(a) and u(a) = u¢(a) + ud(a), also a fuzzy number u € E is said
symmetric if u®(«) is independent of o for all 0 < o < 1.

Definition 2..4 Let f : R — E be a fuzzy valued function. If for arbitrary fixed ty € R and Ve > 0,39 > 0 such that
[t —to] < d = |f(t) — f(to)| < e [ is said to be continuous.

Theorem 2..2 Let f(x) be a fuzzy-valued function on [a,00) and it is represented by (f(x, ), f(x, «)). For any fixed

t € [0,1] assume f(x,c) and f(z, ) are Riemann-integrable on [a,b] for every b > a, and assume there are two

positive M («) and M («) such that ff |f(z,a)|dz < M(a) and f: |f(z,q)| dz < M(«) for every b > a. Then
f(zx) is improper fuzzy Riemann-integrable on [a,c0) and the improper fuzzy Riemann-integral is a fuzzy number.

Furthermore, we have:
/:O fla)dx = (/:0 f(x,a)dx,/aoof(La)dx)

Proposition 2..3 [25]. If each of f(x) and g(x) is fuzzy-valued function and fuzzy Riemman integrable on 2 = [a, c0)
then f(x) + g(x) is fuzzy Riemman integrable on Q). Moreover, we have:

@)+ gtande = [ payia+ [ gz

Definition 2..5 [25] The integral of a fuzzy function was define by using the Riemann integral concept. Let | : [a,b] —
E, for each partition P = tg, 11, ..., t, of [a,b] and for arbitrary &; € [ti—1,t;],1 <1i < n, suppose

n
Ry, = Zf(fi)(ti —ti-1)
i=1
A = max|ti—ti,1|7 1§z§n
The definite integral of f(t) over [a, b] is

b
/a f(t)dt = lim R,.

Provided that this limit exists in the metric d. If the fuzzy function f(t) is continuous in the metric d, its definite integral

exists, and also
b b T b
/f(t,r)dt:/ St r)dt, /f(t,r)dt:/ f(t,r)dt.

More details about the properties of the fuzzy integral are given in [2, 26, 25].

Theorem 2..4 [28] (Banach contraction principle). Let (X,d) be a complete metric space, then each contraction
mapping T : X — X has a unique fixed point x of T in X i.e. Tz = x.

Theorem 2..5 [24] (Schauder’s fixed point theorem). Let X be a Banach space and let A a convex, closed subset of
X. If T : A — A be the map such that the set {Tw : u € A} is relatively compact in X (or T is continuous and
completely continouous). Then T has at least one fixed point u* € A : Tu* = u*.
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3. FUZZY VOLTERRA-FREDHOLM INTEGRO-DIFFERENTIAL EQUATION
In this section we consider the fuzzy Volterra-Fredholm integro-differential equation

] z 6
¥(a) = F@)+ ) [ k(e OF @)+ [ ke Pt (1)

a

with initial condition
i (0) = (0), 2

where A\, € R, f(z),k1,ke and Fy(a(t)) are analytical functions k1, ko : C([0, 8]?) — R, that have suitable
derivatives on an interval 0 < ¢ < z < 8 and @(x) is unknown function. The solution is expressed in the form:

i) = i(z). 3)
i=0
Let ~ B
’a($7 t) = (Q(SC, t),ﬂ(l‘, t))v f(SU, t) = (i(l’, t)v f(!)% t))
and } .
’al(xa t) = (ﬂl(‘rv t),ﬂ/(l‘, t)), f/(l‘, t) = (il(xa t)a f (:E7 t))
Therefore, the related fuzzy integro-differential equation (1) can be written as follows
x B
u(x,t) = f(x,t) + )\/ k1 (z, s)F1(u(s,t))ds —|—,u/ ka(z, s)Fa(u(s,t))ds 4)
@ B
' (z,t) = f(z,t) + )\/ ki(z, s)Fy(u(s,t))ds + ,u/ ko(z, s)Fo(u(s,t))ds (5)
Similar to Remark 2.1, let
’U/C(Qf,t) _ Q(l‘,t)—;ﬂ(.’l),t)7 ud(m,t) — ﬂ(x,t) ;Q(xat) (6)
and
petwy = LEDEIED gy gy LD 00, ™
then (4) and (5) can be written as
z B
W, t) = fo(a, 1)+ A / ko (, ) Fy (u(s, 1)) ds + / o, 5) Fa(u(s, 1)) ds ®)
z B
'z, t) = fx, 1) —|—)\/ kl(x,s)Fl(ud(s,t))ds—Fu/ ko(z, ) Fa(ul(s,t))ds )
and
we(0,1) = L0 FTOY —arg - TOH —u©8) (10)

2 2

4. HOMOTOPY ANALYSIS METHOD (HAM)

In this section, we shall describe the solution approaches based on HAM for fuzzy Volterra-Fredholm integro-
differential equations. For this, we consider the first equation of (8) namely we apply HAM for finding u¢(z, t), and
second equation approach is similar to the first one [22]. Consider

xT

x B
u'(z,t) = fc(a:,t)—i—)\/ kl(sc,s)Fl(uC(s,t))ds—f—u/ ka(z, 8)Fa(u(s,t))ds, (11)

a
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with initial condition u¢(0, t). We first construct the zero-order deformation equation

(1 = q)¥[e(z,t; q) — ug(z, )] = ¢hN[p(x, t; q)]; (12)
subject to the initial condition
©(0,t;q) = ug(z,t) = u(0,1t), (13)
where ¢ € [0,1] is the embedding parameter and 4 # 0 is an auxiliary parameter and
Ip(z,t;q)]
v Lg)|=—7F—"" 14
e, trq)) = S22, (14)
with the property
v[C] =0, (15)

where C'is integral constant. Also from (11), we can define

Nt tia) = PEEED ooy 3 [k )Rl t)ds
B
i [ ka5 Falils, i), (16)

When parameter of ¢ increases from 0 to 1, then homotopy solution ¢(z, t; ¢) varies from u§(z, t) to solution u°(¢, r)
of the original equation (11). Using the parameter ¢, ¢(x, t; ¢) can be expanded in Taylor series as follows

(oo}
o(z,t;9) = uf(x, t) + Z ul (x,t)q™,

m=0
where
) 1 0™ [p(x,t;q))
¢ t = — | —0.
um(x7 ) m| amq |Q70

Assuming that auxiliary parameter £ is properly selected so that the above series is convergent when ¢ = 1, then the
solution u°(x, t) can be given by

(o)
u(z,t) = ug(z,t) + Z ug, (x,t).
m=0

Differentiating (12) and initial condition (13) m-times with respect to ¢, then setting ¢ = 0, and finally dividing them
by m!, we gain the m‘"-order deformation equation

\I/[Ufn(l‘7 t) - Xmufn—l('rv t)] = hé}em/(ufn—137 (17)

subject to the following initial conditions,

up, (0,1) =0, (18)
where
- 1 O™ ' Np(z,t; q
R (ur, 1) = (m—1)! an[fgq ) lg=0 (19)
B ous, 1 (z,t) .
= T (1= Xm)f (2, 1)

z B
—A/ kl(x,s)Fl(ufn_l(s,t))ds—u/ ko (2, $) o (s, (5, ))ds,

0 m<1,
Xm =

and

1 m>1.

—
Note that the high-order deformation Eq.(17) is governing the linear operator L, and the term ., (u$,_;) can
x

1
be expressed simply by Eq.(19) for any nonlinear operator N. Similarly, we can apply HAM for finding u®(x, t).
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5. MAIN RESULTS
A function u is a solution of the initial value problem (1)—(2) if and only if it is continuous and satisfies the
integral equation

a(z) = fo + / " Fa+ / ’ / t k1 (8, 8)Fy (a(s))dsdt + / ' / ’ ik (t, ) Fo(ii(s))dsdt,

By changing the order of the integration, we have

—uo—l-/ ft dt+/ / Ak (t, s)Fr(a dtds+/ / wka(t, s)Fo(t(s))dsdt,

Since the function k; and k; are with no sign changes by assumption, we have
/ e (1, 5) Fi (ii(s) ) dt = / Nea (1, 5)dt - Fy (ii(s))
/ ik (£, 5) P (ii(s))dt — / ks (2, $)dt - Fa(ii(s))

thus

z B
() = §(z) + A / K (2, 8)Fy (a(s))ds + / Koz, 5)F(ii(s))ds, (20)

where
g x):ﬂo—&—/xf(t)dt, Kl(m,s):/wkl(us)dt, Kg(x,s)z/wkz(as)dt.

Lemma 5..1 Let ki (t, s) be continuous in (t, s) and Lipschitz with respect to s. Then K1 (x, s) is Lipschitz with respect
to s.

Proof. Let 0 < s1 < s9 < . Then

|K1(£L‘, 81) — Kl(x, 82)| = | kl(t Sl)dt — / ]fl(t 82)dt|

51
s2

= | kltsldt+/k1t81dt /k1t$2dt|

S1

S2

S / ‘kl(t,81)|dt + / |]€1(t,81) - kl(t,82)|dt
< M|sy — s2|+ L|s1 — s2|(z — s2)

< (M4 L(B—a))|s1 — s2,

where M = (1()(1'§x><G|I€1(x7 s)|, G :={(z,t)|x € J,t € [a,z]} C J x J, and L is the Lipschitz constant of k1 and thus
x,s)E

K satisfies in Lipschitz condition. Similarly, we can proof the procedure of K (x, s) is Lipschitz with respect to s.
Before starting and proving the main results, we introduce the following hypotheses:

(A1) There exist two constants M7, My > 0 such that, for any uq, ug € C(J,R)

D, (uf,u$) := SupeingID(uﬁ(s),ug(s)),s >1,
xzeJ

as a metric on X.

(A2) There exist two functions K, Ky € C(D,R™), the set of all positive function continuous on D = {(z,t) €
RxR:0<t<az<1}suchthat M; = ma>é|)\K1(a:,t)| < 00, My = ma>é|uK2(x,t)| < 00,
x,s8€ T,s€
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(A3) The function g : J — R is continuous.

Theorem 5..1 Assume that (Al), (A2) and (A3) hold. If

eaMlx _ elea es]MgB _ es]\/lza
+ < 1.
3 S

Then the initial value problem (1)-(2) has a unique solution.

Proof. Let the operator A : X — X. To do this, it is evident that (Au®)(z) € Rz for all € J and thus
Au¢ : J — Rz be defined by

(Au®)(z) :gc(x)—i—)\/ Kl(x,s)Fl(uC(s))ds—&—u/ Ko, 5) Fa(u(s))ds,

x B
D(Aus(o). Aus(a)) = D(g"(a) + A [ Kaloo)Fa(us(s))ds 4 [ Ko, o) Fa(u (s))ds. (o)
x B
+)\/ Kl(%s)Fl(ug(s))ds—f—u/ Ko(x, s)Fa(us(s))ds),
T B T
= D(/\/ Kl(x,s)Fl(ui(s))ds—l—,u/ Kg(x,s)Fg(uf(s))ds,)\/ Ki(z,s)Fy(us(s))ds

B
i / Ko (2, 8) Fa(u(s)) ds)

x
< /D()\Kl(x,S)Fl(uﬁ(s)),)\Kl(ms)Fl(ug(s)))ds
a
B
+ [ DKol s)Fatus (5), na(a, o) Fa(u (5))ds
a
x B
< / MiD (s (s), uS(s))ds + / MaD (s (s), uS(s))ds
x B
= / MyesMise=eMis D(y$ (s), uS(s))ds —|—/ MyesM28e=eM2s D (S (5), uS(s))ds
x B
< [ M s us)ds + [ Mo D u us)is
eEle _ eaMla . . eMz,@ _ esta . .
< D ug) + D u)
es]\/hz . elea esMgﬁ o esMga
= ( 5 + . ) D (u§, us).
. esMiz _eMja esM2B _ eMaa . . . .
Since ( = + = < 1, the operator A is a contraction mapping. By the Banach fixed point

theorem we conclude that the initial value problem (1)-(2) has a unique solution. Similarly, we can proof the procedure
of u?(x,t). Now, we will discuss the convergence of HAM for Eq.(1) in the fuzzy case which divides into two crisp
integro-differential equations as Eqs.(8)-(9).

Theorem 5..2 Let the series y - _, uS, (x,t) converge to u®(x,t), where ut, (x,t) is produced by the m-order defor-

mation (17), and besides " _ uS, (x,t) converges, then u®(x,t) is the exact solution of Volterra-Fredholm integro-

differential equation (8) when using HAM.

Proof. We assume »_°_ u, (z,t) converge uniformly to u“(x,t) then

lim wy (x,t)=0, Y0<z<pB,0<t<1.

m—r oo
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‘We can write,

Z \I/[ufn(x,t) - Xmucm—l(xat)] = \I/ucl(:]),t) + (\IJUCZ('Iat) - \I/ucl(l’,t))
+(Pus(x,t) — Pue(z,t)) + ...
+(Pu,(x,t) — Pus_q(x,t))
= Wu,(x,t). 21

Hence, from Eq.(21)
lim v, (z) = 0. (22)

n—oo

So, using Eq.(22), we have
Z\Ilumzt — Xm U m—1(z,t)] Zummt — XmPup_1(z,t)] = 0.
m=1 m=1

Therefore from Eq.(22), we can obtain that

00 0o
Z \I’[Uc,m(l‘, t) - X’mucm—l(xa t)] =h Z %'m—l(ucm—l(xa t)) =0.
m=1

m=1
Since A # 0 and we have
> —
> R 1 (W1 (2, 1) = 0. (23)
=1

—
By substituting $,,,_1 (u¢,,,—1) into the relation (23) and simplifying it, we have

[3ucm_1(:r, t)
ox

m=1

B
_/1'/ kQ(ZL',S)FQ(qu,l(S,t))dS— (1_Xm)fc(wvt)]a

_ Wmafi;(wﬁ _A/:' (s S Pt (5,8l

Ron—1(um—1(x,t))

- )\/I k1(z, 8)F1(uCm—1(s,t))ds

m=1 m=1
ﬁ oo
—u/kgxs ZFgumlst Zl—xm “(x,t),
a m=1 m=1
Ou’(x,t r .
- % f)\/a ke (x, ) F1 (u®(s, £))ds
B
i [ bl OFa(u(s,))ds — £5(w,0) 4)

From Eq.(23) and Eq.(24), we have

uC(x z 8
QAL _ petat) 2 [ it s By s, 00+ [t s) Faluc(s ),

a

therefore, u¢(z,t) must be the exact solution of Eq.(8). Similarly, we can proof the procedure of u?(z,¢). Then,
u(x,t) must be the exact solution of Eq.(1), and the proof is complete.

6. ILLUSTRATIVE EXAMPLE
In this section, we present the analytical technique based on HAM to solve fuzzy Volterra-Fredholm integro-
differential equation.

Indonesian J Elec Eng & Comp Sci Vol. 11, No. 3, September 2018: 857 -867
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Example 1.
Let us consider fuzzy Volterra-Fredholm integro-differential equation:
du(z,t - v !
iz, t) +a(z,t) = f(x,t) + )\/ xs?i(s,t)ds + ,u/ zsu(s, t)ds, (25)
0 0

ox

where

2x

’[L(l‘,t) = (Q(w7t)7ﬂ(x7t))> f(w7t) = (i(xvt)7?<x7t))
f(z,t) :t<+1>, flx,t) = 2t?"]c—szfln—tJFés, A=

0 =1
3 M

with initial conditions
u(0,t) =0, u(0,t) =8.

Exact solution of this fuzzy Volterra-Fredholm integro-differential equation is given by

(z,t) = (vt,8 — xt).
From Eq.(7), we have

fc(l‘at):w:Zl_?xa fd(x’t):

The exact solution of related crisp equations are as follows

w(x, t) +u(x, t)

T = Jet) _,
2 3

u(x,t) — u(x, t)

u(z,t) = 5 =4, ul(z,t)= 5 =4 —tx.
From Eqgs.(16) and(25) can be written
Olp(z, t; !
Nigtwtsgl = ZEEE s o) — 4 v 20— [ o) Ra(elostiaas,
0
Now, using m!"-order deformation equation and initial conditions, we recursively obtain
0,t) +w(0,t
Wz t) = uc(0,8) = w —4
ui (l’, = 07
us(x,t) = 0,

Thus the approximate HAM solution
m
Vi () = ub(x,t) =4
n=0
The approximate solution same as exact solution. Similarly, to approximate u®(¢, ),

a[‘ﬁ(xvt§Q)] 2t

1
Nlp(@,t:q)] 5 Teleta) Attt et — - /0 ka(2, 5)Fa(p(s, 15 ¢))ds,

Now, using m!"-order deformation equation and initial conditions, we recursively obtain

(0, 1) — u(0,1)

ud(z,t) = ud(0,t) = 5 =4,
4 hi
Ul(ili,t) = gzt(S +I’),
h
ud(z,t) = —axt(h(72 + 45z + 8x%) + 72 + 24x),

72
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Thus the approximate HAM solution when A = —1
Yo(a,t) =Y ui(z,t) = uf(w,t) + uf (@,1) + - + uf, (2, ) ~ 4 — ta.
n=0

Note that, we can control the convergence region of HAM series solution by the auxiliary parameter /.

7. CONCLUSION

Homotopy analysis method has been performed to find approximate analytical solutions for fuzzy Volterra-
Fredholm integro-differential equations. The reliability of the method and reduction in the size of the computational
work give this method a wider applicability. The method is very powerful and efficient in finding analytical as well
as numerical solutions for wide classes of linear and nonlinear fuzzy integro-differential equations. Obtained results
show that we can control the convergence region of HAM series solution by the auxiliary parameter A. The illustrative
example and convergence theorem show the efficiency and accuracy of the HAM.
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